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Abstract The effect of directional behaviour of
correlation structure of cone tip resistance on the
bearing capacity of shallow strip footing resting on
cohesionless soil deposit in 2-D random field is
analysed using probabilistic approach. The results
obtained from the analysis show that the assumption
of perfect (or infinite) correlation of cone tip resis-
tance data leads to lower values of probability
of failure. In contrast, the isotropic assumption of
correlation behaviour based on vertical scale of
fluctuation leads to higher values of probability
of failure. The results also show that the transforma-
tion model would play a major role in the evaluation
of variability of design property. In conclusion, the
need for a proper evaluation methodology for calcu-
lation of correlation lengths of soil properties and
their influence in foundation design is highlighted.
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1 Introduction

The soil properties exhibit large variations and their
directional behaviour has been observed by many
researchers (Vanmarcke 1983; Jaksa et al. 1999,
2004; Phoon and Kulhawy 1999; Griffiths and Fenton
2000; Nobahar and Popescu 2002; Fenton and
Griffiths 2003; Sivakumar Babu and Mukesh 2004;
Uzielli et al. 2005; and Wei et al. 2005). Owing to
the nature of soil formation and depositional pro-
cesses, the vertical and horizontal correlation
structures of soil properties are generally anisotropic,
with greater variability in the vertical direction
(Uzielli et al. 2005). The effect of anisotropy of soil
properties on the bearing capacity in a probabilistic
framework has not been studied extensively in the
literature. In general, due to economic feasibility,
speed of exploration, unavailability of equipment,
and time constraints, vertical cone penetration data
alone is obtained and used in the evaluation of
strength properties (Wei et al. 2005). In this study the
effect of anisotropy on the allowable bearing pressure
of shallow strip foundation resting on cohesionless
soil deposit is evaluated using cone tip resistance
data.

This paper addresses two important issues. Firstly,
analysis has been done for the evaluation of simpli-
fied variance reduction functions in 2-D space using
the corresponding functions developed for a 1-D
field. Secondly, the effect of scale of fluctuation
on the reliability of foundations has been studied.
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The contribution from all the three phases of uncer-
tainty (inherent variability, measurement uncertainty,
and transformation uncertainty) has been recognised
and considered appropriately in the analysis.

The effect of assumptions of isotropy or perfect
spatial correlation of cone tip resistance on the
performance of shallow strip foundation in shear
criterion is analysed through the following five cases.

1. Effect of assuming isotropic correlation structure
based on vertical correlation length

2. Effect of assuming isotropic correlation structure
based on horizontal correlation length

3. Effect of assuming perfect correlation in hori-
zontal direction

4. Effect of assuming perfect correlation in vertical
direction

5. Effect of assuming perfect correlation in both
directions

Equation 1 shows the variance reduction function
suggested by Vanmarcke (1977) for theoretical
triangular function fitted to experimental or detrended
autocorrelation data, where d and L are respectively
the scale of fluctuation and the spatial averaging
distance of the soil property under consideration.

Vanmarcke (1977) also proposed an approximate
and simplified resultant variance reduction factor in
2-D space as the product of individual variance
reduction factors in vertical and horizontal directions
in terms of scale of fluctuation and spatial averaging
distance in the respective directions as shown in
Eq. 2.

d d
Fﬁ::{(l-—)] for L/d > 1
L 3L

(1
L
Mi=1-3

forL/d<1

I =r*xr: (2)

From Eq. 1, we can see that the variance reduction
factor is a function of L/d ratio. Averaging distance
depends on the nature of the problem in hand and for
design of shallow foundations for shear criterion, this
distance is equal to the extent of shear failure zones
within the soil mass (Cherubini 2000). This distance
for shallow foundations in cohesionless soil subjected
to vertical loading is approximately taken as 2B
below the base of footing in the vertical direction and
2.5B from the centre of footing in the horizontal
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direction, where B is the width of the footing.
However, the scale of fluctuation of cone tip resis-
tance varies from site to site. Moreover, it also varies
with type of soil, as Jaksa et al. (2004) reports smaller
scales of fluctuation in sands than clays due to their
nature of formation. Further, Fenton and Vanmarcke
(1998) argue that the scale of fluctuation depends
largely on the geological processes of transport of
raw materials, layer deposition, and common weath-
ering rather than on the actual property studied. In
this paper a parametric study has been conducted and
results on the effect of spatial correlation of the
bearing capacity are presented.

In this problem, the averaging distance is constant
as the analysis is done for a unique value of width
of foundation (B). With increased value of scale of
fluctuation (d), L/d ratio decreases and the value of
variance reduction factor would be increased. The
increased variance reduction factor results in
increased variance of the data and produces higher
probability of failure.

The effect of the above five cases on the proba-
bility of failure is illustrated by taking an example of
bearing capacity of shallow strip footing of width 1 m
resting on the surface of a cohesionless soil deposit.
As mentioned in the last section, the failure wedges
(zone of influence) are approximately extended to 2B
and 5B in vertical and horizontal direction. By
equating the averaging distance to the zone of
influence, averaging distance in vertical and horizon-
tal directions (L, and L) are 2m and 5 m
respectively. The analysis is done using the scales
of fluctuation of cone tip resistance in vertical and
horizontal directions for cohesionless soil deposits as
0.1-2.2 m and 3-80 m respectively, as reported by
Phoon and Kulhawy (1999). Since, the analysis is 2-
D, the scale of fluctuation in the out-of-plane
direction is taken as infinity.

2 Analysis of Variance Reduction Factor
in 2-D Space

2.1 Case (I): Isotropic Correlation Structure
Based on Vertical Scale of Fluctuation

In majority of the cases due to lack of rigorous
closely spaced data of the site in horizontal space, an
autocorrelation function obtained from the analysis of
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borehole data in the vertical direction, is assumed to
prevail in the horizontal direction too, and hence, the
same correlation distance as evaluated in the vertical
direction is still used in the horizontal direction. This
means that the soil correlation properties are assumed
to be isotropic. It is common in conventional
geotechnical practice to assume isotropic behaviour
of soil properties. Alonso (1976) presented a risk
analysis of Green Creek Slide assuming the isotropic
correlation behaviour, i.e., same correlation distance
in all directions. But in general soil properties do
exhibit directional behaviour, i.e., they behave dif-
ferently in vertical and horizontal directions. The soil
properties in the horizontal direction are generally
more correlated than in the vertical direction, in other
words, the correlation distance for soil properties in
horizontal direction is higher than that in the vertical
direction.

The horizontal scale of fluctuation is in general
higher than the vertical scale of fluctuation, and in the
process of isotropic assumption, we normally extend
the same vertical scale of fluctuation even in the
horizontal direction. In doing so we are analysing for
a lesser value of horizontal scale of fluctuation than
the actual one, and the smaller scale of fluctuation
would imply reduced variance reduction factor.
Hence the resultant variance reduction factor will
also be reduced and produces lower probability of
failure. Hence, the assumption of isotropic behaviour
based on vertical scale of fluctuation underestimates
the probability of failure.

If isotropic conditions based on vertical scale
fluctuation are considered, corresponding to scale of
fluctuation of 0.1 m, L,/d, is equal to 20. Similarly
Ly/dy, corresponding to same scale of fluctuation is
50. Using Eqgs. 1 and 2, the resultant variance
reduction factor is 0.004. Similarly, the scales of
fluctuation of 2.2 m in both directions, give rise to
Ly/d;, and L,/d, of 2.27 and 0.91 respectively. These
values correspond to a variance reduction factor of
0.402. But, the actual value of scale of fluctuation in
horizontal direction is usually higher than that in the
vertical direction. If we replace the actual value of
scale of fluctuation in the horizontal direction
(3-80 m) in the above calculations, the variance
reduction factors obtained for L./d, equals to 20
(=2/0.1 m) are 0.059 (=0.095 x 0.616) and 0.093
(=0.095 x 0.9795) respectively for horizontal scales
of fluctuation of 3 and 80 m. The corresponding

values for L,/d, equals to 0.91 (=2/2.2 m) are 0.465
(=0.755 x 0.616) and 0.740 (=0.755 x 0.9795).
These results are shown in Table 1 and Figs. 1 and
2. Fig. 1 and 2 shows decrease of the variance
reduction factors with increase of L,/d, ratio for d,
equals to 0.1 m and 2.2 m respectively. They also
show the results obtained for various combinations of
averaging distance in horizontal direction (L;) and
horizontal scale of fluctuation (dy). From these
results, it is understood that isotropic assumption
based on vertical scale of fluctuation results in lower
variance reduction factor, and hence lower uncer-
tainty in cone tip resistance, and subsequently
underestimates the probability of failure.

2.2 Case (I): Isotropic Correlation Structure
Based on Horizontal Scale of Fluctuation

If the horizontal scale of fluctuation is made available
and the same is incorporated even in the vertical
direction, it results in higher variance reduction
factor, and hence overestimates the uncertainty as
well as the subsequent probability of failure. Of
course, it produces lower (conservative estimates of)
probability of failure. The results are shown in
Table 2 and Figs. 3 and 4. These figures correspond
to vertical scales of fluctuation of 3 m and 80 m,
which are observed extreme ranges for horizontal
scale of fluctuation of cone tip resistance.

2.3 Case (II): Perfect Correlation of Soil
Properties in Horizontal Direction

In some other cases, the correlation distance is
assumed to be perfectly (infinitely) correlated in the
horizontal direction and analysis is done considering
only the vertical correlation distance. The assumption
of infinite scale of fluctuation results in variance
reduction factor of unity in that particular direction,

Table 1 Variance reduction factors in 2-D space for cone tip
resistance for Ly,=2 m and L, =5 m

dy, (m) Isotropic (d,=dy,) dy=3m d,=80m d,= 0

0.1 0.004 0.059 0.093 0.095
22 0.402 0.465 0.740 0.755
o0 1 0.616 0.980 1
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and in this case, using Eq.2 the resultant variance
reduction factor in 2-D space equals to that obtained
in the vertical direction. It is obvious to note that this
resultant variance reduction factor is more than that
of actual resultant, which would have been obtained
by multiplying the variance reduction factors
obtained by using appropriate scales of fluctuation
in vertical and horizontal directions. Hence, the
assumption of infinite correlation length of soil
strength properties in horizontal direction results in
higher uncertainty and produces higher probabilities
of failure than the actual estimates, and the designs
based on this assumption are uneconomical. These
results are shown in Figs. 1 and 2 corresponding to
d;, = co. From Table 1, it can be seen that for d,
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Lv/dv (dv=2.2 m)

equals to 0.1 m, the variance reduction factor
increases from 0.004 to 0.095 with increase in dj
from 0.1 to oo, and in the case of d, equals to 2.2 m,
these values increase from 0.402 to 0.755
respectively.

2.4 Case (IV): Perfect Correlation of Soil
Properties in Vertical Direction

In a similar way, the analysis of variability consid-
ering the estimated correlation distance in the
horizontal direction and assuming infinite correlation
of soil properties in vertical direction also produces
conservative estimates of probabilities of failure and
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Table 2 Variance reduction factors in 2-D space for cone tip
resistance for L,=2 mand L;, = 5 m

dy, (m) Isotropic (d,=d,) dy=0.1m d,=22m d,=o

3 0.606 0.059 0.465 0.616
80 0.989 0.093 0.740 0.990
0 1 0.095 0.755 1

results in uneconomical designs. Table 2 shows the
results obtained for various combinations of vertical
and horizontal scales of fluctuation of cone tip
resistance. The results presented in second and third
rows of Table 2 show the effect of varying degrees of
vertical scales of fluctuation on the variance reduc-
tion factor for horizontal scale of fluctuation of 3 m

and 80 m respectively. For 3 m horizontal scale of
fluctuation, the variance reduction factor increases
from 0.059 to 0.616 with increase in vertical scale of
fluctuation from 0.1 and oo, and corresponding to
80 m horizontal scale of fluctuation these values
range from 0.093 to 0.990.

2.5 Case (V): Perfect Correlation of Soil
Properties in Horizontal and Vertical
Directions

In conventional probabilistic analysis the correlation
studies are totally ignored and soil properties are
considered to be perfectly (infinitely) correlated in
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factors for cone tip e Lv=0.1m dv=3 m
resistance in 2-D space for 09 1 o
isotropic, anisotropic and 08 - Lv=100 m, dv=3 m
infinitely correlated in ‘\E ——Lv=0.1 m, dv=0.1 m
vertical direction usin = 074
dh = 3 J 5 ——Lv=100m, dv=0.1m
=3 m 2
s 064 -e-Lv=0.1 m, dv=2.2 m
c
2 05 - ~Lv=100m, dv=2.2 m
=
9] | - dv=infinity
5 0.4
o
C
g 03
@
>
0.2
0.1 A
%
0 t + ¥
0.1 1 10 100
Lh/dh (dh=3 m)
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space. But, in reality, the properties are correlated
only to certain extent and generally they vary with
direction of measurement. This assumption of infinite
correlation of soil strength properties would results in
higher variance reduction factors. It results in higher
uncertainty than the actual and produces conservative
values of probability of failure, leading to uneco-
nomical designs. Tables 1 and 2 show variance
reduction factors of unity corresponding to infinite
correlation lengths of cone tip resistance in both
directions.

3 Reliability Analysis of Bearing Capacity

The cone tip resistance data in the vertical zone of
influence (2B) is analysed for correlation structure.
The data are checked for stationarity using Kendall’s
7 test. The Kendall’s 7 value for experimental data is
obtained as 0.63. Since, the Kendall’s 7 is signif-
icantly higher than zero, it states that the data follows
a trend. Hence, it is decided to detrend the data to
satisfy the stationarity condition. Jaksa (1999) rein-
states that in random field theory, it is common
practice to transform a non-stationary data to a
stationary one by removing a low-order polynomial
trend, usually no higher than a quadratic using the
method of Ordinary Least Squares (OLS). Since
complete removal of the trend is not possible, only
linear as well as quadratic trends have been removed
from the data and it is observed that the Kendall’s t
for the linear and quadratic detrended data are 0.1 and
—0.05 respectively. Based on the above obtained t
values, a quadratic trend has been selected from the
experimental cone tip resistance data and the data are
sufficiently trend-free. Autocorrelation function is
then evaluated for the detrended data. A triangular
function has been chosen to best fit the empirical
autocorrelation data based on regression analysis, and
autocorrelation distance for the vertical cone tip
resistance data obtained from the parameter of the
triangular fit is 0.32 m. The averaging distance,
which is taken equal to zone of influence, is taken
as 2B and 5B in vertical and horizontal directions
respectively. The following four values of horizontal
scales of fluctuation of cone tip resistance are
assumed. They are 0.32 m, 3 m, 80 m, and infinity.
The assumption of d;, of 0.32 m corresponds to an
isotropic assumption based on vertical scale of
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fluctuation obtained from statistical analysis of cone
tip resistance. The extreme value of d;, equals to oo
would imply a perfect (or infinite) correlation in the
horizontal direction. The other two values (3 m and
80 m) considered in the analysis are the range of
observed of fluctuation in horizontal direction (Phoon
and Kulhawy 1999). The variance reduction func-
tions in vertical and horizontal directions are
evaluated separately using the respective scales of
fluctuation and averaging distance based on Eq. 1.
The point and spatial average statistical parameters
(viz., mean and standard deviation) of the bearing
pressure (Q,) are obtained from that of cone tip
resistance (q.) using the second-moment probabilistic
techniques. The procedure is outlined by Phoon and
Kulhawy (1999). The mean and standard deviation of
point cone tip resistance data within zone of influence
in 2-D field are evaluated as 53.45 kPa and
15.72 kPa. In the present analysis, the variability of
bearing capacity is assumed to be characterized by a
lognormal distribution, since soil properties never
attain negative values and lognormal distribution has
simple relationship with normal distribution (Fenton
and Griffiths 2003).

Q, = 28 — 0.0052 (300 — q.)"? (3)
Z:g<XlaX2a~--aXn> (4)

The performance of the foundation against applied
pressures can be expressed in terms of the reliability
index (f) evaluated for a limit state function of the
form shown in Eq. 4. Where X;, X,, ....., and X,
correspond to load and resistance parameters forming
the transformation equation. Figure 5 shows the
variation of reliability index with assumed horizontal
scale of fluctuation.

Total three cases are analysed in this study. In the
first case, the analysis is done taking into account
only the effect of inherent variability of cone tip
resistance. But, in the remaining two cases the effects
of measurement uncertainty of cone tip resistance and
transformation uncertainty of Eq. 3 have also been
considered appropriately. The coefficient of measure-
ment uncertainty of . (CoVq) is taken in the range
of 5% and 15% (Phoon and Kulhawy 1999). Since,
the data lead to the formulation of the Eq. 3 is not
available to the authors, the transformation uncer-
tainty of this equation is assumed at 15% and 25% of
standard deviation of bearing capacity (SDg,). In the
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Fig. 5 Variation of 30
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analysis for reliability index, the variability in the
load has been neglected. In the case when only
the effect of inherent variability is considered,
the reliability index corresponding to one third
of the deterministic ultimate bearing pressure varies
quite widely from 28 to 7 with increase of horizontal
scale of fluctuation from 0.32 m to co. The reliability
index of 28 corresponds to the assumption of
isotropic correlation behaviour of cone tip resistance
based on vertical cone tip resistance. Hence, it can be
said that isotropic assumption of q. based on vertical
scale of fluctuation (d,) produces higher reliability
indices than that expected and produces unsafe
designs. In contrast, the designs based on the
assumption of infinite correlation lengths in horizon-
tal direction produce lesser reliability indices, which
are uneconomical. This necessitates proper evalua-
tion of horizontal correlation structure of cone tip
resistance by exploring the soil not only in the
vertical direction but also in the horizontal direction.
However, the remaining two cases do not show
significant variations of reliability index with hori-
zontal scales of fluctuation, even though the third
case (CoVeqc = 15% and SDr = 25% SDqu) pro-
duces little lower reliability indices than that
produced in the second case (CoVeqc = 5% and
SDr = 15% SDqu). In case when the analysis is based
on all the three uncertainties (inherent, measurement,
transformation uncertainties) the reliability index is
not sensitive to horizontal scale of fluctuation. Hence,
it is understood that the transformation model has
been identified as the primary factor influencing the
degree of variability of design parameter.

1 10 100 1000
Horizontal scale of fluctuation, dh (m)

Similarly, Fig. 6 shows the variation of reliability
index with vertical scale of fluctuation. Due to lack of
horizontal CPT data, the scale of fluctuation of tip
resistance in the horizontal direction is assumed equal
to 10 m. This value is well within an acceptable
range of 3-80 m (Phoon and Kulhawy 1999). In case
when only inherent variability is used, the reliability
index reduces from 13.6 to 3 for increase in vertical
scales of fluctuation from 0.1 to oo. Isotropic
assumption of q. based on horizontal scale of
fluctuation (dy = dy, = 10 m) produces lower reliabil-
ity indices than that expected, hence, leads to
uneconomical designs. Similar to the isotropic
assumption based on horizontal scale of fluctuation
of q., an infinite correlation of g, in the vertical
direction produces lesser reliability indices and leads
to uneconomical designs.

Figure 7 shows the variation of variance reduction
factor in 2-D random field with the ratio of d./d, for
different d, values ranging from 0.1 m to 50 m. The
variance reduction factor increases with increase in
dp/d, ratio. Except for the case with d, = 0.1 m, the
variance reduction factor increases dramatically in all
the other cases. It is seen from the previous studies
that the changes in the soil properties in vertical
direction are quite obvious even within a few meters
of soil data. These small scale variations of soil
properties in the vertical direction may be attributed
to the soil depositional processes. Hence, the scales of
fluctuation in the vertical direction are in general less
than the corresponding values in the horizontal
direction, which results in dy/d, values greater than
unity. In a condition, where the chances of getting
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Fig. 6 Variation of 16
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information on horizontal scale of fluctuation are
remote, either due to economic constraints or avail-
ability of limited time for in-situ tests, it is generally
observed that scale of fluctuation in the horizontal
direction be taken equal to either that obtained in the
vertical direction, based on isotropic correlation
structure, or infinite length, based on the assumption
of perfect correlation of soil data in the horizontal
direction. In the former case, the variance reduction
factor obtained is lower than that obtained for latter
case. Hence, in this case the analysis based on
isotropic behaviour of correlation structure overesti-
mates the bearing capacity, and in the case of perfect
correlation the bearing capacity is underestimated.

1 10 100 1000

Vertical scale of fluctuation, dv (m)

Moreover, based on the above results, it is suggested
that in the absence of horizontal correlation structure
for soil property, an upper range of horizontal scale of
fluctuation evaluated for similar sites from the past
records should be used rather than using the same
scale of fluctuation evaluated for vertical data.
Figure 8 shows the variation of variance reduction
factor in 2-D space with the ratio of dn/d, for dj
values ranging from 0.1 m to 100 m. In contrast to
the above, it is inferred from the Fig. 8 that for any
value of dy,, as the ratio of d;,/d, increases the variance
reduction factor decreases. This decrease is predom-
inant, especially for dy/d, ratio greater than unity. As
mentioned earlier, since, the scale of fluctuation of

Fig. 7 Variation of 1
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soil property is greater in the horizontal direction than
that in the vertical direction, the ratio of dy/d, is
always greater than unity. Hence, if the information
on horizontal scale of fluctuation is only available
and the analysis is performed by assuming in the
vertical direction either the same autocorrelation
structure as obtained in the horizontal direction or a
perfect correlation (having infinite correlation
length), an increased variance reduction factor is
obtained. This increased variance reduction factor
produces higher probability of failure than that
expected corresponds to dy/d, greater than unity,
and results in conservative estimates of bearing
pressure.

4 Conclusions

(1). Anisotropic behaviour is quite logical for
natural soils because of its depositional pro-
cesses. However, the assumption of isotropic
correlation structure based on vertical cone tip
resistance data underestimates the variability of
design parameter and overestimates the bearing
capacity. In contrast, isotropic correlation
structure based on horizontal scale of fluctua-
tion of cone tip resistance overestimates the
variability and produces uneconomical designs.

(2). Assumption of perfect correlation either in
horizontal or vertical, or both directions, over-
estimates the variability of design parameters,
and consequently produces conservative esti-
mates of bearing capacity.

dh/dv

(3). In general, horizontal scale of fluctuation is
difficult to measure when compared to that in
vertical direction, and hence in the absence of
such data, it is recommended to assume perfect
correlation in the horizontal direction, rather
than isotropic behaviour based on vertical scale
of fluctuation. This assumption guarantees the
safety of the foundation as the analysis pro-
duces lower (or conservative) estimates of
bearing capacity.

(4). In the case of unavailability of scale of
fluctuation in either direction for a particular
site, it may be suggested to use an upper bound
value from the range of observed values from
the records of past experience within the
similar sites, which obviously produces con-
servative estimates of bearing capacity.

(5). The transformation model has been identified
as the primary factor influencing the degree of
uncertainty in the design. It plays a major role
in the estimation of degree of variability of
design parameter.
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