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Abstract

A novel semi-analytical model is presented here for accurate estimation of stresses and displacements in composite and sandwich lam-
inates. Displacements and corresponding transverse stresses are considered as primary variables of interest. Formulation is based on
solution of a two-point boundary value problem (BVP) governed by a set of linear first-order ordinary differential equations (ODEs)
through the thickness of a laminate. These first-order ODEs are numerically integrated by using fourth-order Runge-Kutta—Gill routine.
Present model is free from any simplifying assumptions and also satisfies the continuity requirements of displacements and interlaminar
transverse stresses at the laminae interfaces. Solutions for a wide range of composite and sandwich laminates are obtained to validate the
present formulation. Results obtained through this technique are seen to compare well with the available three dimensional (3D) elas-
ticity and other two dimensional (2D) analytical and 2D/3D finite element (FE) solutions. Few new benchmark solutions are also pre-

sented for future reference.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Fiber reinforced polymer composites (FRPCs) lami-
nates posses ideal engineering properties like high stiff-
ness/strength along the fiber direction, light weight, etc.
and therefore these materials are used in many engineering
applications. Simple theories applicable to homogenous
material like steel cannot be directly employed to analyze
layered composites because of mismatch of properties of
different layers. Furthermore, delamination is one of the
major failure modes of laminated composites that involve
separation of layers of composite laminate due to the trans-
verse/interlaminar stresses. Thus, a laminate theory which
predicts these stresses accurately is an essential prerequisite
for understanding of the failure behavior.

The behavior of composite and sandwich laminates can
be characterized by a complex 3D state of stress. In many
instances, these laminated structural elements are moder-
ately thick in relation to their span dimensions. As a result,
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a refined analysis is required by incorporating transverse
shear deformation in analytical 2D models. The classical
laminate plate theory (CLPT) based on the Kirchhoff [1]
hypothesis ignores effects of transverse shear deformation,
normal stress/strain and non-linear inplane normal strain
distribution through the thickness. On the other hand,
the first-order shear deformation theory (FOST) based on
Reissner [2] and Mindlin [3] considers effects of the trans-
verse shear deformation by assuming it to be constant
through the thickness. Thus a fictitious shear coefficient is
introduced to correct the strain energy due to the shear
deformation. In order to remove the limitations of FOST,
higher-order shear deformation theories (HOSTSs) involv-
ing higher order terms in the Taylor’s expansion of dis-
placements in the thickness coordinate were developed.
In these theories, an additional dependent unknown was
introduced [4-11] with each additional power of the thick-
ness coordinate. All these theories are referred to as equiv-
alent single layer (ESL) theories. The ESL theories have
been reported to predict the overall response like gross
deflections, buckling modes, inplane stresses, etc. reason-
ably well. However, these fail to capture the transverse
stresses accurately.
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Nomenclature

1, 2, 3 local coordinate system of lamina (principal

material directions)

x, y, z reference coordinate system of laminate

a, b, h length, width and thickness of laminate

E\, E>, E5 Young’s moduli of lamina in principal mate-
rial directions

Gy», Gy3, G»3 Shear moduli of lamina in three orthogo-
nal planes

u,v,w displacement components along reference direc-
tions x, y and z, respectively, at a point

Oy, Oy 0Oz Ty Ty, Ty, CcOomponents of stress at a
point

Exs Eys £z, Vxp» Vxz» Vyz COmMponents of strain at a point

n order of partial differential equation

Elasticity solution of layered laminates [12,13] indicates
that the interlaminar continuity of the interlaminar trans-
verse normal and shear stresses as well as the layerwise con-
tinuous displacement field through the thickness of a
laminate components is an essential requirement for their
accurate estimation. Thus, a layerwise analysis is necessary
for composite and sandwich laminates. Various displace-
ment based layerwise theories have been proposed by Reddy
[14], Soldatos [15], Wu and Kuo [16], Wu and Hsu [17] and
others. However, only continuity of displacement field
through the thickness of a laminate could be satisfied in
the displacement based layerwise models and continuity of
the transverse normal and shear stresses at the layer inter-
faces could not be enforced. To overcome this lacks, another
group of researchers including Spilker [18], Wu and Lin [19],
Shin and Chen [20], Ramtekkar et al. [21,22] have worked
on development of layerwise mixed/hybrid FE models with
displacement and the transverse stresses as primary vari-
ables. Such models satisfy requirements of continuity of dis-
placements and transverse stresses through the thickness of
composite and sandwich laminates.

An attempt is made here to look at the governing exact
3D partial differential equations (PDEs) of laminate. Tak-
ing a cue from Kantorovich and Krylov [23] for the dimen-
sion reduction through an assumption of global solution
functions in all but one independent coordinate, mathe-
matical model as a two point BVP governed by a set of lin-
ear coupled first order ODEs,

36 = AGYE) +0) (1)

in the interval —h/2 < z < h/2 with any half of the depen-
dent variables prescribed at the edges z = +4/2 is formu-
lated. Clearly, mixed and/or non-homogenous boundary
conditions are easily admitted in the formulation. Here,
y(z) is an n-dimensional vector of dependent variables
whose number (n) equals the order of PDE, A(z) is a
n x n coefficient matrix and p(z) is an n-dimensional vector
of non-homogenous (loading) terms.

2. Theoretical formulation

A laminate composed of a number of isotropic/ortho-
tropic, linear elastic laminae of uniform thickness with plan

dimension axb and thickness ‘%’ is considered (Fig. 1). The
angle between the fiber direction and reference axis ‘x’ is
measured in anticlockwise direction as shown in Fig. 1.
Simply (diaphragm) supported end conditions on all four
edges of laminates are considered (Table 1). The top sur-
face of laminate is loaded with transversely distributed
load. The intensity of transverse loading is expressed in
the form of a double Fourier series as

Z Z Pomn sin ™™ sin % (2)

where p,,,, 1s the peak intensity of distributed load.
With m and n assumed to be odd in Eq. (2), the loading
is symmetric about the center of the plate.

2.1. Constitute relations

Each lamina in the laminate has been considered to be in
a 3D state of stress so that the constitutive relation for a
typical ith lamina with reference to the principal material
coordinate axes (1, 2 and 3) can be written as

3)
These can be written as

oY [Cun Cn Cs 0 0 07 (&)
02 Cn Cy O 0 0 &
03 Cy 0 0 0 &
w [ Cy O 0 7 [
T13 Sym. Css 0 Y13
23 L Ces | V23

(4)
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Fig. 1. Laminate geometry with positive set of lamina/laminate reference axes and fiber orientation.

Table 1
Boundary conditions (BCs)

BC imposed on
displacement field

BC imposed on stress field

Face x =0 v=w=0 g, = 0 (true)

Face x = a/2 u=0 T =0

Face y=0 u=w=0 g, = 0 (true)

Face y = b/2 v=0 7. =0

Top face — Te = Ty = 0 and a. = py(x, )
z="h/2

Bottom face - Ty =T, =0,=0
z=—h/2

where ¢y, 0,,03,712,T13,T23 are stresses and &, &, €3, 72,
Y13, V23 are linear strain components with reference to the
lamina coordinates 1,2, and 3. C, s (m,n=1,...,6) are
elasticity constants of the ith lamina with reference to the
fiber axes (1, 2, 3) defined in Appendix A. Stress—strain
relations for the ith lamina in laminate coordinates
(x,y,z) can be written as

Ox (O O O Qu 0 0] (&
Oy On Opn Oy O 0 &y
0: _ Oy Oy O 0 &
Txy N Oy O 0 Pxy 7
Txz Sym. Oss Ose | | )
bz L Oos 1 \ 7z

(5)
where 0,,0,,0., 7., T, 7. are stresses and &, ¢y, &, )y,
Vw» 7). are strain components with respect to laminate
axes (x,y,z) and Q) s (m,n =1,...,6) are the transformed
elasticity constants of the ith lamina with reference to the
laminate axes. Elements of matrix [Q] are defined in
Appendix B.

2.2. Strain—displacement relationship

General 3D linear strain—displacement relations can be
written as
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X ax ) 'y ay7 4 62 ) (6)
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2.3. Equations of equilibrium

The 3D differential equations of equilibrium are

0o, arw 0T,
: B, =0,
I R
0t,, 0o, 0t
oy 2Ty B —
x Ty T TB0 )
0t,, 0Ot O,
ox Oy Oz

Here, B,,B, and B. are components of body force in x, y
and z directions, respectively.

2.4. Partial differential equations

Egs. (5)—(7) have a total of 15 unknowns, 6
stresses (0., 0y, 0z, Tay, Tuzy Tyz)s O SUrains (&v, &y &2, 75y Vios Vy2)
and 3 displacements (u,v,w) in 15 equations. After simple
algebraic manipulations, a system of PDEs involving only
six fundamental dependent variables u,v,w, 1., 7,. and o,
called ‘primary variables’ are obtained as follows:

Ou 1 ow
~ T TA A A~ A~ 7Q ‘L- VZ + Q T.XZ — A b)
0z (055066 — Os560ss) Qe b7 ox
ov 1 ow
= |Os55T) — OsTuz] — 5
Oz (Q55Q66 Q56Q65) [©ss ’ 567 dy
ow 1

oz QJ Q“ ax Q”a Q”a Q346x]

= (o %)
+(on-0u G B2

- (our 82 T (o B2 &

01305 Q43Q34
* <_Q12 ~Qut Os3 Os3 ) Ox dy

— Q4%Q%2) v <Q13> (%) —-—B
- ( O Os; ay 05/ Ox Os; v
01, - (-0 Q43Q31

Oz a Os; @xz

+ (an 0t 2%, 060y

Os3 O3 > Ox dy
0,303 0430
( Ozt Os; )6 ol ( Qu t Os; )axz

0010y | 0503\ 00
- <_Q24 ~ Qe O3 * O3 >6x6y

szsz) v <Q4z> 0o (%) do. 3
( QZZ * Q33 ay Q33 ax Q33 6y Y

e ®)

2.5. Inplane variation of primary variables

The above PDEs defined by Eq. (8) can be reduced to a
coupled first-order ODEs by using a double Fourier trigo-
nometric series for primary variables satisfying completely
the simple (diaphragm) end conditions at all four edges,
x=0,aand y=0, b, as fOIIOWS'

nmy

x W Z E l/lmn COS— SIHT
mn
n‘rcy
X y, E Umn sm— COS —— b
mn
nmy
)C sV Z E Wmn sm— sin 7b
mn
sz X, ),z E szmn COS— sin —~ b
mTmx nmy
(X, 2 E Tyemn (2 s1n— cosT
nmy
x 1 2%4 E (szn Sln— SIHT

mn

in the above both m, nare 1, 3, 5, 7, ...

2.6. Linear first-order ordinary differential equations
(ODEs)

Substituting Eq. (9) into Eq. (8), a set of linear coupled
first-order ODEs involving only primary variables
u(z),v(z), w(z), 1::(2), 1,-(z) and o.(z) are obtained as

duty (2) __ mn ( Oes )
i (2) a * 055066 — Os5606s T (2),

&

dvmn(Z) _ nm (L)
iz~ O TG00 — 0wl )
dwin(2) 051 mn Qp o nm 1
e = g ) Gt () (),

dezmn(Z) — { |:Q _ <Q13Q31):| 72
dz ! O3 a

_ 04303 ﬁ} -
o= (%2)] T fomt0

0,0 0,0 mnm?
[0 (%22) - (%22) o] "ot
O3 mn) )
(Q33 a O zmn B xy7 ):
dtyzma(2) _ 050y 04303 mnm’
dz [Q”_< 0, )‘( 0, )*Q“} ab )

2.2
+ { [sz - <Q2Q3§32> g

0,303\ ] M’ Oy nn
o (Bt (@ 2

7By(x7y7z)7
dog(z)  /mm nm
dZ = (7) szmn(z) + (F) T}zmn(z) - Bz(x7y>Z)' (10)
Eq. (10) defines the governing two-point BVP in ODEs
through thickness of the laminate in the domain

—hf2 <z < h/2 with stress components known at the top
and bottom faces. The basic approach to the numerical
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integration of the BVP defined in Eq. (10) and the associ-
ated boundary conditions when it contains no boundary
layer effects is to transform the given BVP into a set of ini-
tial value problems (IVPs) — one non-homogeneous and
n/2 homogeneous. The solution of BVP defined by Eq.
(10) is then obtained by forming a linear combination of
one non-homogeneous and n/2 homogeneous solutions
so as to satisfy the boundary conditions at z = +4/2 [24].
This gives rise to a system of n/2 linear algebraic equations,
the solutions of which determines the unknown n/2 com-
ponents, X;, X, and X3 (Table 2) at the starting edge
z= —h/2. Then a final numerical integration of Eq. (10)
produces the desired results. Availability of efficient, accu-
rate and robust ODE numerical integrators for IVPs helps
in computing reliable values of the primary variables
through the thickness. Change in material properties are
incorporated by changing coefficients of material matrix
appropriately for each lamina.

2.7. Secondary relations

Secondary variables, oy, ¢, and t,, can be expressed in
terms of primary variables with the help of constitutive
and strain—displacement relation as

mnx . nm
G, = <Q13Q31 ) Z”m" ( ) sin 77 gin 1T
033 P a b

0,0 nm mmx . nmy
( 53312 12) ZU””'(Z ( 5 ) smT SlnT

mn

0,0 nmw mmx nmy
+ ( Qi — 533” > tn(2) (7 ) 03”7 w032
01303 mmn mnx = Ny
+ <Ql4 Q33 - mn ( a )COS p COoS b
+ <Ql3) Z Oon(2) s1n— ™ sin ™ (11)
O3 b

Ty = <Q4Q%—3Q331 ) Z”’”" ( ) sm? sm?

0i0%n ( ) mnx . nny
( Z Omn (2 sin P sin b
+ Q44 Q43Q34 mn nn) COS@ COS@
Q33 mn a b
+ (Q44 Q43Q34) mn> Cosm—nx cos@
b
<Q43> Z Con(2) s1n— smm_ny (13)
O3/ 4 b

3. Numerical results and discussion

A computer code is developed by incorporating the pres-
ent approach in FORTRAN-90 for the analysis of compos-
ite and sandwich laminates. Numerical investigations on
various examples have been performed for validation of
the present semi-analytical formulation. The 3D elasticity
solution given by Pagano [13] and various other analytical
and FE solutions available in the literature have been used
for proper comparison of the obtained results. Material
properties used here have been tabulated in Table 3.

Following normalizations have been used in all numeri-
cal examples considered here for the comparison of the
results excluding Example 1.

a B Eyu B 100E2h3w _ o
sS=—; U=—""—-; W=—-—-—0,=—

h’ hps®’ poat T by’
o 1 o 1
0x;0y;,Tyy) = ——5 (0x3; 0y Txy )3 xzy Uz) = 7 (Txzs
( Vi Txy) 52( ite); (T T2) pOS(T Tp2)

(14)
in which bar over the variable defines its normalized value.

Table 3
Material properties

_ Q23 Q31 ) Z (mn) mmx nmy Examples Source Property
o, = U (Z sin—— sin——
’ 0Os; o a a b 2 and 4 Pagano E1 =1724GPa v =025 G =3.45GPa
13] E, =689 GPa v;3=025 Gj3 =345GPa
nm mTmx nm ( 2 13 13
+ (% - Q22> > vmn(z)( ; ) sin —- SmTy E;=689GPa vy =025 Gy =1378GPa
33 a
mn 3 Pagano Face sheet
+ (0, - 95305 >t (2) (ﬂ) cos T os MY [13] E =1724GPa v, =025 G, =345GPa
) b a b E; =689GPa v3=025 Gj3=345GPa
33 mn
Q Q mr mrox I’ITC)/ E3 = 6.89 GPa Vo3 = 0.25 G23 = 1.378 GPa
23%34
+ <Q24 - O3 ) Z Omn(2) (7) cos a cos b Core sheet
0 mn E; =0276 GPa v =0.25 Gy =0.1104 GPa
mmnx mT _ R _
+ 23 Z Cormn (Z) sin sin Y (12) E, =0276 GPa v3; =0.25 Gj3 =0.414 GPa
(% — a b E3 =3.450 GPa v3; =0.25 Gy =0.414 GPa
Table 2
Transformation of a BVP into IVPs
Intg. Starting edge; z = —h/2 Final edge; z =h/2 Load term
u v w Tyz T2 0. u v w Tyz Ty 0.
1 0 (assumed) O (assumed) O (assumed) O (known) O (known) O (known) Yy Yo Y3 Y Y5 Y1 Include
2 1 (unity) 0 (assumed) O (assumed) O 0 0 Yo Y»n Y Yy Y, Ye Delete
3 0 (assumed) 1 (unity) 0 (assumed) 0 0 0 Yiz Y3 Yz Yi3  Ys3 Y3 Delete
4 0 (assumed) 0 (assumed) 1 (unity) 0 0 0 Yau Y Yy Yy o Ysu Y Delete
Final X; X5 X3 Known Known Known Ut U wr 0 0 p(x,y)  Include
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Table 4
Transverse displacement (w) and shear stress (7.;) in homogenous isotropic plates under an uniform distributed load
v b i w(a/2,b/2,0) 7(0,5/2,0)
Present analysis Elasticity solution® Present analysis Elasticity solution®
0.3 0.2 20 8770.7200 8769.6000 14.7100 14.7960
10 558.1750 558.0600 7.3130 7.3120
7.14 148.3900 148.5800 5.1830 5.1700
0.5 20 6855.0700 6855.0000 13.6150 13.6990
10 437.5200 437.5200 6.7650 6.7920
7.14 116.7300 116.9400 4.7920 4.7990
1.0 20 2761.3100 2761.3000 9.8000 9.8330
10 178.4460 178.4500 4.8500 4.8810
7.14 48.4460 48.4010 3.4220 3.4340
2.0 20 437.5200 437.5200 5.1900 5.3600
10 29.6040 29.6040 2.5520 2.5890
7.14 8.4400 8.45180 1.7850 1.7970
0.2 1.0 10 203.1500 203.1500 4.8460 4.8810
04 1.0 10 153.7600 153.7500 4.8460 4.8810
# Srinivas and Rao [12].
Table 5

Maximum stresses (0y, Gy, Ty, 7. and 7,;) and the transverse displacement (w) of symmetric cross-ply (0°/90°/0%) square laminated plates under bi-
directional transverse sinusoidal load

s Source o5 (4,5 10 [ T(0,0, £4) 72(0,4,0) 72(4,0,0) w(%,2,0)
2 Present analysis  1.4360 —0.9370 0.6690 —0.7420 —0.0859 0.0702 0.1640 0.3090 (.33) 0.2590 0.2600 (.03) 5.0950
Elasticity 1.4360 —0.9380 0.6690 —0.7420 —0.0850 0.0700 0.1640 0.3090 (.33) 0.2590 0.2600 (.03) -
solution®
Mixed FE - —-0.9760 - - - 0.0900 - 0.3350 (.33) - - -
analysis®
Mixed FE 1.4600 —0.9540 0.6790 —0.7540 —0.0870 0.0710  0.1660 0.3110 (.33) 0.2600 0.2610 (.03) 5.1100
analysis®
HOST? 1.0910 - 0.6330 - - 0.0803 - - - - 5.2150
4 Present analysis  0.8010 —0.7550 0.5340 —0.5560 —0.0510 0.0505 0.2560 0.2820 (.27) 0.2170 2.0060

Elasticity 0.8010 —0.7550 0.5340 —0.5560 —0.0510 0.0500 0.2560 0.2820 (.27) 0.2170 -
solution®
Mixed FE - —0.7850 - - - 0.0540 - 0.3090 (.27) - -
analysis®
Mixed FE 0.8080 —0.7600 0.5380 —0.5600 —0.0510 0.0500 0.2570 0.2830 (.27) 0.2210 2.0070
analysis®
HOST 0.7670 - 0.5079 - - 0.0500 - - - 1.9260

10 Present analysis  +0.5900 0.2845 —0.2880 F0.0290 0.3570 0.1230 0.7530
Elasticity +0.5900 0.2850 —0.2880 F0.0290 0.3570 0.1230 -
solution®
Mixed FE 0.6100 - - 0.0300 0.3820 - -
analysis®
Mixed FE +0.5940 0.2860 —0.2890  F0.0290 0.3580 0.1240 0.8560
analysis®
HOST? 0.5850 0.2712 - 0.0281 - - 0.7176

20 Present analysis  +0.5520 +0.2100 F0.0234 0.3850 0.0940 0.5164
Elasticity +0.5520 +0.2100 F0.0234 0.3850 0.0940 -
solution®
Mixed FE +0.5550 +0.2100 F0.0230 0.3880 0.1010 0.5170
analysis®
HOST! 0.5507 0.2050 0.0231 - - 0.5058

‘~’ Indicates results are not available.
Number within ‘( )’ indicates position in the thickness dimension where stress is maximum.
4 Pagano [13].
® Wu and Kuo [16].
¢ Ramtekkar et al. [21].
4 Kant and Swaminathan [11].
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A convergence study on number of steps required for
numerical integration in the thickness direction of the lam-
inate is performed first for all examples. It is observed in all
examples that 20-30 steps are enough for converged solu-
tion. Details of the convergence studies are not presented
here for the sake of brevity. Illustrative examples consid-
ered in the present work are discussed next.

Example 1. A homogenous isotropic plate with simple
support end conditions (Table 1) on all four edges and
subjected to an uniformly distributed load has been
considered to show the ability of present formulation to
handle different loadings. The convergence study on
number of harmonics required to define the uniformly
distributed load is performed along with the convergence
study on number of steps for numerical integration and
displacements as well as stresses were observed to converge
after 17 harmonics. Normalized Young’s modulus of
elasticity for isotropic plate has been considered
E =1 GPa and Poisson’s ratios are varied from 0.2 to 0.4
in steps of 0.1. The normalized transverse displacement (w)

and the transverse shear stress (7;) obtained by the
proposed approach for isotropic plate have been compared
in Table 4 with elasticity solution given by Srinivas and
Rao [12] for various a/b ratios as well as Poisson’s ratios.
The transverse displacement and the shear stress have been
normalized by using relations w=wG/(hp,) and
Tz = T2/ Py, Tespectively for a consistent comparison with
the data available in the literature. It is observed from
Table 4 that the present approach predicts highly accurate
values of the transverse deflection and the transverse shear
stress for thin as well as thick isotropic plate.

Example 2. Various three-layered symmetric cross-ply (0°/
90°/0°) square laminates with aspect ratios, s = 2, 4, 10 and
20 and simple supports end condition on all four edges
(Table 1) subjected to bidirectional sinusoidal load on its
top surface are considered next for validation. Material
properties are presented in Table 3. Results of the normal-
ized maximum inplane normal stresses (@, and @), the
inplane shear stress (Ty,), the transverse shear stresses
(T and 7,;) and the transverse displacement (W) are pre-

a 0504, b 0501 7
a/h=4
Present analysis
O Pagano [13]
0.2% o  Ramtekkar et al. [21] 0.25
o, (a/2,b/2,7) u (0,b/2,2)
: ——6:00 X : , —6-60 . :
-1.0 -0.5 (010] 0.5 1.0 -0.010 -0.005 0400 0.005 0.010
5 -0.2
-0.50
c d
0.504 0.50+
0.25- 0.25
T (0,b/2,2) T, (a/2,0,2)
Z 0.00 T T T Z 0.00 T T T T
0/0 0.1 0.2 0.3 0.p0 0.06 0.12 0.18 0.24

-0.254

-0.25+

Fig. 2. Variation of normalized (a) inplane normal stress @, (b) inplane displacement # (c) transverse shear stress 7. (d) transverse shear stress 7,. through
thickness of a 0°/90°/0° symmetric laminate subjected to bidirectional sinusoidal load.
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sented in Table 5. Moreover, the variations of the inplane
normal stress (a;), the inplane displacement (z) and trans-
verse shear stresses (7., and 7,;) through the laminate thick-
ness are shown in Fig. 2 for an aspect ratio of 4. Results
have been compared with the 3D elasticity solution given
by Pagano [13] and also with the HOST of Kant and
Swaminathan [11] and the mixed FE solution by Wu and
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Kuo [16], Ramtekkar et al. [21]. This comparison clearly

indicates that the present results are very close to the elas-
ticity solution compared to those obtained by others and
thus proves the superiority of the present formulation.

Example 3. A symmetric square sandwich laminate (0°/
core/0°) with simple support end conditions on all four
edges (Table 1) and subjected to bi-directional sinusoidal
load on its top surface has been considered here. Material
properties of the face sheets and core materials have been
presented in Table 3. Thickness of the face sheets is one
tenth of the total thickness of the sandwich plate. Results
for aspect ratios, s=2, 4, 10 and 20, have been compared
in Table 6 with elasticity solution given by Pagano [13] as
well as analytical and FE solutions presented by others.
Present results are seen to be closest to the elasticity solu-
tion. Through thickness variations of all the normalized

Table 6

and transverse displacements (i, w) for an aspect ratio
of 4 have been presented in Figs. 3 and 4. Excellent
agreement of the results with the elasticity solution sug-
gests that problem with sudden change in material prop-
erties can be analyzed accurately by using the present
approach.

Example 4. A two layered unsymmetric cross-ply (0°/90°)
square laminate with equal thicknesses under bi-direc-
tional transverse load on its top surface is considered in

this example with simple support boundary conditions

Maximum stresses (75, 0y, T, T,» and Ty,) of symmetric (Oo/core/OO) square sandwich plates under bi-directional transverse sinusoidal load

(Table 1). Exact solution of this example is not available
in the literature. Material properties are presented in
Table 3. The normalized maximum stresses (6%, Gy, Try, Tas
and 7.) have been presented in Table 7. Results with
HOST presented by Kant and Swaminathan [11] and 3D
analytical given by Vel and Batra [25] have been used
for general comparison purpose. Fig. 5 shows the through
thickness variations of inplane normal stress (a;), inplane
displacement (), transverse shear stress (7;) and trans-
verse displacement (w) for an aspect ratio of 4. It is noted
that, only for a thin laminate, results show good agree-
ment with HOST.

s Source or(4,% 0 75(4,% +£0.4h) ZCEE=) 72(0,5,0) 7:(4,0,0) 75(0,0, +4)
2 Present 3.2780 —2.6520 —2.2200 1.6680 0.4520 —0.3920 0.1850 0.3200 (.44) 0.1390  0.1400 (.08) —0.2400 0.2340
analysis
Elasticity 3.2780 —2.6530 —2.2200 1.6680 0.4520 —0.3920 0.1850 0.3200 (.44) 0.1390  0.1400 (.08) —0.2400 0.2340
analysis®
Mixed FEM¢ 3.3250 —2.6840 —2.2320 1.6710 0.4560 —0.3960 0.1860 0.3230 (.44) 0.1420  0.1420 (.08) —0.2430 0.2360
4 Present 1.5560 —1.5120 —0.2330  0.1960 0.2590 —0.2590 0.2390 0.1070 —0.1440 0.1480

analysis
Elasticity 1.5560 —1.5120 —0.2330  0.1960 0.2590 —0.2530 0.2390 0.1070 —0.1440 -
analysis®
FEM-HOST® 1.5230 - —-0.0120 - 0.2410 - 0.2750 - —0.1420 -
Mixed FEM® 1.5480 — - 0.2410 - 0.2490 - —0.1340 -
Mixed FEM¢ 1.5700 —1.5240 —-0.2320  0.1940 0.2600 —0.2550 0.2370 0.1040 - -

10 Present 1.1530 —1.1520  0.6280 —0.6290 0.1100 —0.1100 0.3000 0.0527 —0.0707 0.0720
analysis
Elasticity 1.1530 —1.1520  0.6280 —0.6290 0.1100 —0.1100 0.3000 0.0530 —0.071  0.0720
analysis®
FEM-HOST® 1.1660 - 0.6880 - 0.1050 - 0.3400 - —0.0690 -
Mixed FEM* 1.2100 - 0.6890 - 0.1110 - 0.3240 - -0.0710 -
Mixed FEM*® 1.1590 —1.1580 —0.6330  0.6290 0.1110 —0.1100 0.3030 0.0550 —0.0710 0.0720

20 Present +1.1100 +0.8100 +0.0700 0.3170 0.0360 F0.0510
analysis
Elasticity +1.1100 +0.8100 +0.0700 0.3170 0.0360 F0.0510
analysis®
Mixed FEM® 1.1730 0.8610 0.0720 0.3530 - 0.0520
Mixed FEM? +1.1150 +0.8150 +0.070 0.3170 0.0360 F0.0510

‘- Indicates results are not available.
Number within ‘( )’ indicates position in the thickness dimension where stress is maximum.

# Pagano [13].

® Pandya and Kant [9].

¢ Wu and Kuo [16].

4 Ramtekkar et al. [21].
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Fig. 3. Variation of normalized (a) inplane normal stress @ (b) inplane normal stress &, (c) inplane shear stress T, (d) inplane displacement # through
thickness of a 0°/core/0° symmetric sandwich subjected to bidirectional sinusoidal load.

4. Concluding remarks

A novel, semi-analytical methodology with mixed vari-
ables (displacements and transverse stresses) for static anal-
ysis of composite and sandwich laminates under
transversely distributed load has been presented in this
paper. A two point BVP governed by a set of linear cou-
pled first-order ODEs is formed by assuming all primary
variables in the form of trigonometric functions along the
inplane directions. The solution ensures the fundamental
elasticity relationship between stress, strain and displace-
ment fields within the elastic continuum and implicitly
maintains the continuity of displacements and transverse
stresses at the laminae interfaces. It is shown through
numerical investigation that results obtained by present
approach are highly accurate. Since loading term is
expanded in the form of a Fourier series, any system of
loading can be handled with this formulation. Another

important feature of this approach is that both the dis-
placements and the stresses are computed simultaneously
with the same degree of accuracy.

Appendix A. Coefficients of [C] matrix

Ei(1 —vy3vs) E1(var + v31v3)

Cy = Ciy =
1 A ; 12 A ;
Ei(vs1 4+ va1v) E>(1 —vi3v31)
Oy = 2t Vo) o Ball .
13 A ; 2 A ;
E>(v32 + viavsr) E3(1 —viavar)
C = C =
23 A ; 33 A ;
Cu = Grp; Css =Gz Cep = Gz,
where

4= (1 — Vi2Va1 — V23V — V31V13 — 2V12V23V31)-
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Fig. 4. Variation of normalized (a) transverse shear stress 7., (b) transverse shear stress 7,; (c) transverse normal stress o (d) transverse displacement w
through thickness of a 0°/core/0° symmetric sandwich subjected to bidirectional sinusoidal load.

Table 7
Maximum stresses (75, 6y, Tw, T,, and T,,) of symmetric cross-ply (0°/90°) square laminated plates under bi-directional transverse sinusoidal load

s Source or(%,% 0 5,(%,5% £%) 72(0,5,0) 7,:(4,0,0) 7,(0,0, +4)

2 Present analysis 0.1830  —0.8880  1.4040 —0.1110 0.1490  0.2570 (—.187)  0.0668  0.0673 (.28)  —0.0791  0.0681
HOST* - —0.8270  1.1946 - - - - - —0.0729 -

5 Present analysis 0.1010  —0.7670  0.7900 —0.0920 0.1316  0.3220 (—.218)  0.1211  0.3240 (28)  —0.0566  0.0570
HOST? - —0.7510  0.7720 - - - - - —0.0557 -
3D Analytical® - —0.7671  0.7894 — - —0.1211 - - -

10 Present analysis 0.0890  —0.7300  0.7310 —0.0865 0.1250  0.3330 (—.218)  0.1220  0.3320 (.28)  —0.0536  0.0537
HOST? - —0.7270  0.7270 - - - - - —0.0533 -
3D Analytical® — — —0.7304  0.7309 - - - 0.1220 - - -

20 Present analysis 0.0854  —0.7200  0.7200 —0.0849 0.1230  0.3350 (—.218)  0.1220  0.3340 (.28)  —0.0528  0.0528
HOST? - —0.7190  0.7190 - - - - - -0.0527 -

‘~’ Indicates results are not available.
Number within ‘( )’ indicates position in the thickness dimension where stress is maximum.
# Kant and Swaminathan [11].

® Vel and Batra [25].
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Fig. 5. Variation of normalized (a) inplane normal stress &, (b) inplane displacement # (c) transverse shear stress 7, (d) transverse displacement w through
thickness of a 0°/90° unsymmetric laminate subjected to bidirectional sinusoidal load.

Appendix B. Coefficients of [Q] matrix

Oy = Crict + 2(Cpp + 2C44)02S2 + Cos?,

01, = Cia(c* +51) + (C1y + Cyy — 4Cyy)C%s%,

03 = Ci3¢* + Cyss7,

014 = (Ci1t = Cia = 2C44)*s + (Ciz — Cop + 2Cas)cs’,
0y = Cnc* +2(C1y + 2Cus)’s” + Cys*,

0,3 = Cc® + 357,

0y = (Cia — Cn + 2C44)C3S +(Cii —Cip — 2C44)CS37
O3 = Cs,

Oy = (Ca1 — C32)CS7

Ous = (Cit = 2C1y + Cpp — 2C4)35 + Caa(c* + 5%),
Q55 = Cssc? + Ceps?,

Os = (Css — Ces)cs,

Qg6 = Css5” + CesC”.
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