Engineering Mechanics

Force resultants, Torques, Scalar
Products, Equivalent Force
systems
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Resultant of Two Forces

* force: action of one body on another;
characterized by its point of application,
magnitude, line of action, and sense.

» Experimental evidence shows that the
combined effect of two forces may be
represented by a single resultant force.

» The resultant is equivalent to the diagonal of a
parallelogram which contains the two forces
in adjacent legs.

» Force is a vector quantity.
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Resultant of Several Concurrent Forces

» Concurrent forces: set of forces which all
pass through the same point.

A set of concurrent forces applied to a
particle may be replaced by a single resultant
force which 1s the vector sum of the applied
forces.

 JVector force components: two or more force
vectors which, together, have the same effect
as a single force vector.
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Rectangular Components of a Force: Unit

j KMugnitudc =1

4

Vectors

May resolve a force vector into perpendicular
components so that the resulting parallelogram is a
rectangle. ﬁx and F. are referred to as rectangular
vector components and

—

F=Fx+Fy

Define perpendicular unit vectors i and j which are
parallel to the x and y axes.

Vector components may be expressed as products of the
unit vectors with the scalar magnitudes of the vector
components.

—
.

F=Fi+F,j
F, and F, are referred to as the scalar components ot [
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Addition of Forces by Summing
Components

 Wish to find the resultant of 3 or more
concurrent forces,

R=P+0+35

* Resolve each force into rectangular components

Ri+R,j=Pi+P,j+ ij +Q,j+8, i +8,j
= (Px + 0, +Sx)i +(Py +Qy +Sy '
* The scalar components of the resultant are

AR, ] equal to the sum of the corresponding scalar
| components of the given forces.
R, =P.+0,+85, R,=P,+0,+S§,
=25 =5,

 To find the resultant magnitude and direction,

R
R=1/R)%+R§ 0 =tan_1R—y
X
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Sample Problem 2.3

d SOLUTION:
'F,; =150 N * Resolve each force into rectangular
\ / components.
"\ 30°
St x » Determine the components of the
B ot resultant by adding the corresponding
force components.
 Calculate the magnitude and direction
Four forces act on bolt 4 as shown. of the resultant.
Determine the resultant of the force

on the bolt.
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Sample Problem 2.3

SOLUTION:
» Resolve each force into rectangular components.

force | mag X —comp y —comp
F | 150 +129.9 +75.0
F, | 80 ~27.4 +75.2
(F sin 15°)j F'3 110 0 -110.0
- Fy | 100 +96.6 -25.9
R, =+199.1] R, =+14.3
* Determine the components of the resultant by
e ————— \(; e, R adding the corresponding force components.
h—' |
143 N)j Jr=091 %0 Calculate the magnitude and direction.
R=+199.1% +14.3> R =199.6N
I 143N IR
199.1N =

© Tata McGraw-Hill Companies, 2008



Vector Product of Two Vectors

* Concept of the moment of a force about a
point 1s more easily understood through
applications of the vector product or cross

product.

* Vector product of two vectors P and @ is
defined as the vector V which satisfies the (@)
following conditions: i

1.Line of action of Vis perpendicular to plane 1
containing P and Q. 1
2.Magnitude of Vis, V = POsin0 5
3.Direction of V is obtained from the right-
hand rule.

* Vector products:
1.are not commutative, OxP=-(PxQ)
2.are distributive, Px(Q,+Q,)=Px0,+PxQ,

3.are not associative, (PxQ)xS = P x@ggx S , ,
ata McGraw-Hill Companies, 2008



Vector Products: Rectangular

Components
e Vector products of Cartesian unit y y’
vectors, . ,

.- e A Ir jxi=-k
ixi =0 jxi=-k kxi=]j : 7
L eon o s Sk -
ixj=k jxj=0 kxj=-i . i
;xE=—j jxl€=17 EX£=O / I 3

e Vector products in terms of
rectangular coordinates

V = (Px7+Py]'+PZl€)x (sz7+Qy]'+QZl€J
-(P0.-P0, ) +(PO,-PO.)]
+(o,-PO. )

ik
- P, P, P
O, 0, 0O,
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Moment of a Force About a Point

A force vector 1s defined by its magnitude and
direction. Its effect on the rigid body also
depends on 1t point of application.

* The moment of F about O 1s defined as
My =rxF

« The moment vector M, 1s perpendicular to

the plane containing O and the force F.

- Magnitude of M, measures the tendency of the

force to cause rotation of the body about an

axis along M,
My =rFsin0 = Fd

The sense of the moment may be determined

by the right-hand rule. , . (b)
. A§171y forcg F’ that has the same magnitude and direction

as F, 1s equivalent if it also has the same line of action
and therefore, produces the same moment, . MeGraw.Hll Companies, 2008



Moment of a Force About a Point

Two-dimensional structures have length and breadth but
negligible depth and are subjected to forces contained in
the plane of the structure.

The plane of the structure contains the point O and the force *
F. M, the moment of the force about O is perpendicular to

the plane.

If the force tends to rotate the structure clockwise, the
sense of the moment vector 1s out of the plane of the
structure and the magnitude of the moment is positive.

If the force tends to rotate the structure counterclockwise,
the sense of the moment vector is into the plane of the
structure and the magnitude of the moment is negative. (b) Mo =-Fd
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Varignon’s Theorem

« The moment about a give point O of the y
resultant of several concurrent forces is equal
to the sum of the moments of the various
moments about the same point O.

Fx(ﬁl +F“2 +---)=fo1+7xF2 + .-

» Varigon’s Theorem makes it possible to
replace the direct determination of the moment
of a force F by the moments of two or more
component forces of F.
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Examples of Torque 1n Action

triceps  triceps

Filament

Quter membrane

Periplasmic
space
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Rectangular Components of the Moment of

a Force
d Fy i
WA —Yyplj
The moment of F about B, “ A
My =7 pxF . -
FA/B=FA_FB Ta/B
=(xA_xB);+(yA_yB)j+(ZA_ZB)E B N (1) —xp)i
F=Fi+F,j+Fk e i Pk
o)
X
A
MB=(xA_xB) (yA_yB) (ZA_ZB)
Fx Fy FZ
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Rectangular Components of the
Moment of a Force

For two-dimensional structures, y
MO =(xFy_yFZ)I; _—
Mo=My, yid ~—— o
=xF), - yF;
7' Vi
P Mo=Mk
'AZB =:K?Q JKB)F’ (VA JG;)Fv]% d Ryl o

)

O
///anA%k
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Sample Problem 3.1

100 N

A 100-N vertical force 1s applied to the end of a
lever which 1s attached to a shaft at O.

Determine:
a) moment about O,

b) horizontal force at A which creates the same
moment,

c) smallest force at A which produces the same
moment,

d) location for a 240-N vertical force to produce
the same moment,

e) whether any of the forces from b, ¢, and d 1s
equivalent to the original force.
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Sample Problem 3.1

'i)

a) Moment about O is equal to the product of
the force and the perpendicular distance
between the line of action of the force and O.
Since the force tends to rotate the lever
clockwise, the moment vector 1s 1nto the
plane of the paper.

MO =Fd
d = (24cm)cos60° =12 cm
My =(100N)12cm)

My =1200N-cm
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Sample Problem 3.1

c) Horizontal force at A that produces the
' same moment,
d = (24 cm)sin 60° = 20.8 cm
MO = Fd
1200 N -cm = F(20.8 cm)

I 1200 N -cm
20.8cm

F=57"TN
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Sample Problem 3.1

c) The smallest force A4 to produce the same moment
occurs when the perpendicular distance 1s a
maximum or when F'1s perpendicular to OA.

MO =Fd
1200 N -cm = F(24 cm)
1200 N -
F= i F=50N
24 cm
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Sample Problem 3.1

force to produce the same moment,

MO =Fd
1200 N -cm = (240 N )d
1200 N -cm
d = =5cm
240 N

OB cos60° =5cm

d) To determine the point of application of a 240 1b

OB =10cm
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Sample Problem 3.1

« A ¢) Although each of the forces in parts b), c), and d)
A produces the same moment as the 100 N force, none
are of the same magnitude and sense, or on the same

BaN line of action. None of the forces 1s equivalent to the
100 N force.

24 cm 44/
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Sample Problem 3.4

80 mim
/
/

240 mm

The rectangular plate 1s
supported by the brackets at A
and B and by a wire CD.
Knowing that the tension in the
wire 1s 200 N, determine the
moment about A of the force
exerted by the wire at C.

C

SOLUTION:

The moment M, of the force F

exerted by the wire 1s obtained by
evaluating the vector product,

—
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Sample Problem 3.4

SOLUTION:

—

—(7.68 N'm)i

F = (200 NN

M, =7 xF

7, =(0.3m) +(0.08m)k

Yeja =Tc —

F =Fk=(200N)

'D|C

'D|C

P
=103 O
-120 96

— (2()0 N\ (O 3 m)l (O 24 m)] (0 32 rn)k

0.5m

~(120N)7 + (96 N)j - (128 N Jk

—

k
0.08
- 128

(28.8 N'm)k

M, =-(7.68N-m)i +(28.8N-m); +(28.8 N-m )k

© Tata McGraw-Hill Companies, 2008




Scalar Product of Two Vectors

* The scalar product or dot product between
two vectors P and Q is defined as Q

Pe0=PQcosd (scalar result)

 Scalar products: 6
- are commutative, PeQ=0eP
- are distributive,  Pe(0, +0, )=P+0, + P+ 0,

- are not associative, (13 . Q). S =undefined

l)
 Scalar products with Cartesian unit components,

Pel=(Pi+Pj+PRFQ7+0,7+0F,

iei=1 jeoj=1 kek=1 i°j=0 jek=0 kei=0
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Scalar Product of Two Vectors: Applications

» Angle between two vectors:
Pe(Q=PQcosd =P.Q_+ PO, +PO.
PO, +P0,+PO.
PO

cosO

* Projection of a vector on a given axis:
P,, = PcosO =projection of P along OL
= PQcos0

—

Pe
20
Q
 For an axis defined by a unit vector:
P,=Peh\

= P cosO + P cosO  + P cosf,

QI

= Pcos® =P, /
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Mixed Triple Product of Three Vectors

» Mixed triple product of three vectors,

Se (1’3 X Q)= scalar result

* The six mixed triple products formed from S, P, and
0 have equal magnitudes but not the same sign,

§(Px0)-Pe(0xS5)-0(5xP)
=-S+(0xP)=-P+(Sx0)--0(Px5)

 Evaluating the mixed triple product,
Se (PXQ)= Sx(PyQZ _PzQy)'l'Sy(PzQx _ngz)
+SZ(Pny _Pny)

S, S, 8.
-P, P, P,
Or Oy 0
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Some basic facts in Euclidean geometry

- Two parallel lines form a unique plane

* Three non-colinear points form a unique plane

« A line and a non-colinear point form a unique plane

- Two non-parallel but intersecting lines form unique
plane



Moment of a Force About a Given Axis

« Moment M, of a force F applied at the point 4 L
about a point O,
M o =TFX F

o Scalar moment M, about an axis OL i1s the

projection of the moment vector M, onto the

axis,
M, =7C°]\7[0 =7:°(17><F’]

| Moy, = A
 Moments of F about the coordinate axes,
M, = yF, -zF, . | Fr E
M, =zF - XF, r; r, JA
M. =XFy_ny )z ’,,—VOAF2
~~r
O
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Moment of a Force About a Given Axis

for some point C
TAlc =TA—TC
but

FC == FB — )\TBC

SO

A —>

MCL:MBL—FS\'(TBc)\XF)

7

~"

0

 Moment of a force about an arbitrary axis,

e The result is independent of the point B
along the given axis.
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Sample Problem 3.5

A N ———
v
o

A cube 1s acted on by a force P as
shown. Determine the moment of P

a) about 4
b) about the edge AB and
c) about the diagonal AG of the cube.

d) Determine the perpendicular distance
between AG and FC.

© Tata McGraw-Hill Companies, 2008



Sample Problem 3.5

y * Moment of P about 4,

N . MA F/AxP
) ; , l FF/A—az a]=a(z7—]'

f o p=P/\2(i+7)-P/2G+7)
12X /J— i, =a - hPiV2E+7)

/La_/F MA=Q1P/«/§17+]+IEJ

« Moment of P about 4B,
M,=i*M,

=] °(aP/\fr+]+k}
MAB=aP/\E
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Sample Problem 3.5

* Moment of P about the diagonal 4G,

<

M, . =h*M
.7 af—a]'—aE 1 ¢ = =)
A= = = -] -k
PR B
M, = 2z+]+k)

Moo= G-7-FR G+ 7 +F)

aP
—%(1—1—1)

aP
My =-—"F

/6
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Sample Problem 3.5

 Perpendicular distance between AG and FC,

Peh=—\j-k)—\ k)=——=(0-1+1
7 UEF TR 0-141)
=0

Therefore, P 1s perpendicular to AG.

aP

‘MAG‘=%

= Pd

Sk

Pl 7¢ This 1s straightforward currently since
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General rule to get distance between

lines
Line-1 : A
Line-2 : F
Find : M)
FiL =F —(F- )\
Obtain distance between 1 and 2 :

M, = |F.|d




Moment of a Couple

* Two forces F and -F having the same magnitude, F
parallel lines of action, and opposite sense are said
to form a couple. | /
F
* Moment of the couple, y

—

M= xF+i,x(cF
=(’7A _fB)Xﬁ
=FxF

M =rFsinf = Fd

* The moment vector of the couple is
independent of the choice of the origin of the
coordinate axes, 1.€., it 1S a free vector that can
be applied at any point with the same effect.
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Moment of a Couple

Two couples will have equal moments if
* Fd, =Fyd,
* the two couples lie in parallel planes, and

* the two couples have the same sense or the
tendency to cause rotation in the same
direction.
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Addition of Couples

 Consider two intersecting planes P, and F, .
P, with each containing a couple 4

M, = 7 x F, in plane P

—

M, = 7 x F, in plane P,

 Resultants of the vectors also form a
couple

« Sum of two couples 1s also a couple that 1s equal
to the vector sum of the two couples

M,
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Couples Can Be Represented by Vectors

* ¢ '“f M=Fd) 4
- //’\ '/\:‘r\)
s & P M
TR et = Mo —
/_ %

. Sl

M
-~ M,
* A couple can be represented by a vector with magnzltude
and direction equal to the moment of the couple.

C
=
|l
&)
=
|
\O<
%,

» Couple vectors obey the law of addition of vectors.

» Couple vectors are free vectors, 1.e., the point of application
1s not significant.

* Couple vectors may be resolved into component vectors.
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Resolution of a Force Into a Force at O
and a Couple

« Force vector F can not be simply moved to O without modifying its
action on the body.

« Attaching equal and opposite force vectors at O produces no net
effect on the body.

 The three forces may be replaced by an equivalent force vector and
couple vector, 1.e, a force-couple system.
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Resolution of a Force Into a Force at O
and a Couple

* Moving F from A to a different point O’ requires the
addition of a different couple vector M,,

—

M, =F'xF

e The moments of F about O and O’ are related,

M, =7F'xF =(F+3)xF =FxF+§xF
=M, +5xF
* Moving the force-couple system from O to O’ requires the
addition of the moment of the force at O about O".
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System of Forces: Reduction to a Force and Couple

M= Mg

M, ?
» A system of forces may be replaced by a collection of

force-couple systems acting a given point O

* The force and couple vectors may be combined into a
resultant force vector and a resultant couple vector,

R=SF ME=3GxF)
» The force-couple system at O may be moved to O’
with the addition of the moment of R about O,
ME=ME+5xR
» Two systems of forces are equivalent if they can be
reduced to the same force-couple system.
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Further Reduction of a System of Forces

* If the resultant force and couple at O are mutually
perpendicular, they can be replaced by a single force acting
along a new line of action.

 The resultant force-couple system for a system of forces
will be mutually perpendicular if:
1) the forces are concurrent,
2) the forces are coplanar, or
3) the forces are parallel.

© Tata McGraw-Hill Companies, 2008



Further Reduction of a System of Forces

* System of coplanar forces is reduced to a
force-couple system R and M [ that is
mutually perpendicular.

» System can be reduced to a single force
by moving the line of action of R until
its moment about O becomes )y X

* In terms of rectangular coordinates,

XR, - yR =M,

x

Simplest Resultant

-y=-M{/R,
d=ME/R
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