Engineering Mechanics

Equilibrium of Rigid Bodies



Equilibrium

* System 1s 1n X l
\ e

equilibrium if “ ;
and only if the L <8
sum of all the . Nl
forces and o

moment (about

any point) equals F = =2 F =0 L
287‘0. MO - Z] _|_ ZZ T’L F — O



Supports and Equilibrium

* Any structure 1s made of many
components.

* The components are the be connected by
linkages.

* Other wise the structure will lose its
integrity.

 Different component of structure talk to
each other via linkages.

* The structure should be globally
supported to prevent it from falling over.



Different Structural Supports

* Supports are required to maintain
system 1n equilibrium.

* Too few supports makes system unstable
general loading

* Too many supports make the system
over-rigid.



Constraints and Reactions

There 1s an intricate relationship between
kinematics (motion) and reactions (forces).

Always note that in the case of supports
displacement (rotation) and force (torque) 1n
any given direction are complementary.

If a support rigidly constrains a given degree
of freedom (DOF) for a rigid body then it

gives rise to a reaction corresponding to that
DOF.

Similarly if a support freely allows motion of
particular DOF then there 1s no reaction from
the support in that direction.



Support
reactions
1 2D
structures

Reactions at Supports and Connections for a Two-Dimensional Structure

Support or Connection

Reaction

Number of

Force and couple

Unknowns
Frictionless Force with known
Rollers Rocker surface line of action
W 1
Short cable Short link Force with known
line of action
/
90° /
Q@
, 1
/
/
Collar on Friction] inin sl Force with known
frictionless rod rictionless pin in slot line of action
or
© 2
a
Frictionless pin Rough surface Force of unknown
or hinge direction
or
3
o
Fixed support

Roller/Rocker

pin/hinge



Examples

Roller Support Fixed Support



Using Symmetry to convert 3D problems to 2D

(adapted from http://oli.web.cmu.edu)

Box has 3-planes of symmetry.
Loading had only one plane of symmetry

Using symmetry and static equivalence, the problem can be converted into a
2D problem

L b]. . I! [



Simple Example

(http://oli.web.cmu.edu)

Force stat. equiv.
Forces of hands to two forces of
on cart handles hands

!

Combined weight
of cart and
package acting

through G l

?

Forces of floor
on wheels

Force stat. equiv. to
two forces on
wheels



Free Body Diagram (FBD)

 Single most important concept in
engineering mechanics.

« Z00m 1n on a given component of a structure.

* Means replace supports (connections) with the
corresponding reactions.

e Replace kinematic constraints with
corresponding reactions.

* Concepts will get more clear as we proceed
further.



Simple examples

. Copyright, Dr. Romberg



More Examples

of FBD

SAMPLE FREE-BODY DIAGRAMS

Mechanical System

Free-Body Diagram of Isolated Body

1. Plane truss

Weight of truss
assumed negligible
compared with P

2. Cantilever beam

1 A Mass m M
W= mg
—_ X
3. Beam
2 1\
Smooth surface ~ M M
contact al A. h
Mass m N v
|
» s s L%
' \ B, W=mg | -
B,
4. Rigid system of interconnected bodies &

analyzed as a single unit

P Weight of mechanism
neglected

AN 7




Equations of equilibrium in 2D

e Three equations per free body.

More than three equations per free body 1s illegal.

S F =0
S F, =0
(> Ma=0

(1)

[ s 4

Ax

o
IAr
We can also use equations like this

S F=0 (1)
> Mp=0 (2)
> My =0 (3)

or like this where A, B, C are not in a
straight line

S My=0 (1)
> Mp=0 (2)
Y . Mc=0 (3)



Another way to understand equations
of equilibrium

My = O} satisfied

XM, = 0 satisfied SF. =0

(a) ()
M, = 0 satisfied %2: 8} satisfied only W.aé
to satisty
R SMpy =0
2mp =0
4 > Mc=0
 F=0

(c) (d)



Problem 1

* Determine the tension in cable ABD and
reaction at support C.
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Hydrostatic force: FBD
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(b) (c)
F = prV

V = volume of mass
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CATEGORIES OF EQUILIBRIUM IN TWO DIMENSIONS

Force System Free-Body Diagram Independent Equations
1. Collinear
IF,=0
2. Concurrent LF,=0
at a point
IF,=0
3. Parallel IF,=0 IM,=0
4. General LF,=0 XM,=0

ZF,:O




(a) Complete fixity
Adequate constraints

Adequacy of
. (b) Incomplete fixity
ConStr a]_ntS Partial constraints

(¢) Incomplete fixity
Partial constraints




Single Rigid Body Supported
Globally



Problem 2

A 70 kg (W) overhead garage door consists of a uniform rectangular panel
AC 2100 mm high (h), supported by the cable AE attached at the middle
of the upper edge of the door and by two sets of frictionless rollers at A
and B. Each set consists of two rollers one either side of the door. The
rollers A are free to move 1n horizontal channels, while rollers B are
guided by vertical channels. If the door is held in the position for which

BD=1050 mm, determine (a) the tension in the cable AE, (2) the reaction
at each of the four rollers. Assume a = 1050 mm, b = 700mm
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Ra,Rg intersect@ O
T balances forque of Wabout O

¢ >Mp =-T (O+b)SINB +WaCosO=0
S WaCose = 549-4.N

@+p)sine (=2 )
>> Fx = O = FBx = (5_.‘_*2‘)4’\'

1»2'_[:7 = O = RBRA = ©86-FN
(=2



Multiple Rigid Bodies
Connected To Each Other



Pin Connections

- All figures from http://oli.wev.ciuu.cuu




Modeling 3D Problem as 2D

m




Point Connections




Contd..

pin and tube of
welght arm contact
on a line such as this

pin and bracket
contact on a line suc

as this







Free Body Diagram at Pin-Connection

Weight arm




Summary

* P1in connection

* Pin support % ﬁi



Roller

pinned body

pinned body force of pin
passes
roller through the
center
Rolled-on body
rollers force of rolled-
rolled-on body on body acts
here
supported supported
body body
roller pinned to ground (stationary) roller and pinned body move

with respect te groun



Slot Connection

pin (or
upp

f

ey ?Q

pin (or roller) contacts roller) contacts
lower part of slot er part of slot

e



Non-Symmetrical but bodies connected
by pin are very close to each other




Free body diagrams — Examples




Problem 3

- Knowing that each pulley has a radius of
250mm, determine the components of reactions

at D and F.




For FBD-1 b
imbolanced w-r+ roradion obout A

2> Ma=0 = Fey=-2FkN

. OR 2FKkNY
we wont yeactions ot D, E
F e
01; DYF_- T2 Mg= O
FBD-2 R DX = Fex = I3-6 kN <—
»ZFx = O
lFay =2FkN s Foy = ~136Hy
C g<—Fex 2% =0

= Foy = ?'SHNf
L4-8KkN



Link: TWO Force Member

* Member with negligible weight and arbitrary shape
connected to other members by pins



Two Force member

Force equilibrium
is satisfied, but
not moment
equilibrium: body
would rotate

Without concern for
equilibrium, forces
of pins on hole
could be in any
direction

Equilibrium implies that J/
forces must act along 7/
the line connecting the

pins



Cylinder




Problem 4

The car hoist allows the car to be driven on to the platform, after
which the rear wheel 1s raised. If the loading from the rear wheel
1s 3300kg, determine the force in the hydraulic cylinder AB.
Neglect the weight of the platform itself. Member BCD is a right
angle bell crank pinned to the ramp at C

All dimensions 1In cm.
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Fox = O :
e
s
|
2= F0+30- 4%

+aneo | FDy

Wirhout reaction at D entire. ossembly
vorares about O; For FBD-1.
t>Mo = O = Fpy=096IW

" Fy ~ 2-force
10 without Fy: DCB rorates
3 about 'C’
3+ 1 ZMc = O = Fy = 84-4kN
= 26\W (C)




3— force member  \Fi

F3

(a) Three-force member

(b) Closed polygon
satisfies ZF =0



4 SAMPLE PROBLEM 4.6

250\ A man raises a 10-kg joist, of length 4 m, by pulling on a rope. Find the
tension T in the rope and the reaction at A.

, AF = BF = (AB) cos 45° = (4 m) cos 45° = 2.828 m

NG CD = EF = AE = 5(AF) = 1414 m

LYw=981N BD = (CD) cot (45° — 25°) = (1.414 m) tan 20° = 0.515 m
/ CE = DF = BF — BD = 2828 m — 0515 m = 2313 m

CE 2.313m
tand = — =

= = 1.636
B AE  1414m

a = 58.6°




98.1 N

Force Triangle. A force triangle is drawn as shown, and its interior angles
are computed from the known directions of the forces. Using the law of
sines, we write

T R 98.1 N

sin 31.4° sin 110° sin 38.6°
T = 819N
R = 1478 N ab’8.6°



Problem 5

An adjustable tow bar connecting the tractor unit H with the landing
gear oJ of a large aircraft is shown in the figure. Adjusting the height of
the hook F'at the end of the tow bar is accomplished by the hydraulic
cylinder CD i1s activated by a small hand-pump (not shown). For the
nominal position shown of the triangular linkage ABC, calculate the force
P supplied by the cylinder to the pin C to position the tow bar. The rig
has a total weight of 220kg and is supported by the tractor hitch E.

All dimensions in cm.

H B (alEa
. , AB=AC= 50 _J H -
0 ' N y
D 30 / |
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T G AB=AC=50
o LE f& SN
W T A g
e 7'6 \Jl \1,20\1
Fay
Giround prevents votation
Cloout E

Q =Me = O = Fey = 0-682wW

Hydraulic cylinder
prevents rototion of
ABC about A
(ZMa =0 =rF, = ousw
B = Fh, 206w




System constrained to
various degrees

Jammed <>

-

” Wobbly ¥
Statically
deftermined Jammed \! y; S |
#z 7777
. |, Jammed
), Jammed
y//4 Lo
; AN %
Wobbly &,
Statically Jammed
determined
Wobbly $

Jammed (totally) Wobbly <
® & (4 m
—F > &
Jammed$
Statically ¥ Wobbly &y
determined "% d=_ Jammedes é
a7 Statically

determined



Problem 6

For the paper punch shown in the figure find the
punching force @ corresponding to a hand grip P.

S = ' '-
AN

"«5\*\._“‘\“ ’ mt‘&?ﬂ
-—.’






FBD-1; "ZFX-‘—"-O = Fax=0
+ZFy =0 = FaytFcy=Q
FBD-2; ¢ ZMo=0 = Pb= (Fey tFcyaan
= Pb= Qa

@ =Pb
' Qa




Problem 7

Problem 3/52

Meriam,, Statics

The uniform beam has an
overall length of 6m and
a mass of 300kg. The
force P applied to the
hoisting cable 1s slowly
increased to raise the
ring C, the two 4-m ropes
AC and BC, and the
beam. Compute the
tensions 1n the ropes at A
and B when the beam 1s
clear of i1ts supports and
the force P 1s equal to the
welght of the beam



uilibrium P and W are

For €q
n ling; © 18 unknown
-p) = TR CosEO+©)

TA Cos@0
TAdB x4 = w Cose x 1
-4

Ta 3 x4
e Tg = 3ATa
Cos60-8) = 3 => 6= cOsJ”
Cos(Eo+0)
Ta = W/HI3
T =& 3W/3

— WC0OSb %3

—



Problem 8 The figure shows a special

rig for erecting vertical
sections of a construction
tower. The assembly A has a
mass of 1.5Mg and 1s
elevated by the platform B
which itself has a mass of
2Mg. The platform 1s guided
up the fixed vertical
columns by rollers and 1is
activated by the hydraulic
cylinder CD and links EDF
and I'H. For the particular
position shown calculate the
force R exerted by the
l hydraulic cylinder at D.

Neglect mass of cylinder and

Dimensions in links .
Metersa

\¥ 7




without FH the
entire assembly X FEH

s\ices down hizf\3
VZFR,=0 5
=» Fpy = 3w
E . Fru
r el \zé v
3 L o
3
| 0 \without oL r:E DF

- => Fi =59-FkN
M faieiad Ll ¢
DCe
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3 ‘
A hydraulic-lift table i1s used to raise a 1000 kg crate. It
consists of two 1dentical linkages on which hydraulic cylinders
exert equal forces. Members EDB and CG are each of length 2a,
and member AD is pinned to the midpoint of EDB. If the crate
1s placed on the table, so that half of its weight 1s supported by
the system shown, determine the force exerted by each cylinder
in raising the crate for 6 = 60 deg, a = 0.70m, and L = 3.20m.
Show that the result obtained is independent of distance d.



5
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Problem 1

 The shear shown 1s used \

to cut and trim electronic-
circuit board laminates.
For the position shown,
determine (a) the vertical
component of force
exerted on the shearing
blade at D, and (b) the
reaction at C. The value
of P = 400N o gm

60 mm




FBD-1 29/)/1F

.(.A- 8( —_ PSMG
Py 300wmm Py =PCOSO
v Fpy =0 =12
(ZMc = O _30° Fox 25 5
R, (Boocose+3o) 1 N
eomm / 45mm
+B, (3005iMO +45) FDAY _
D
+Fox *15 il | Fix | -
" Al
-Fpy % (25+30Q Dx
Y L - Somm

=0 Fo



Fc = CRex o+
1\2-—:? Fcx -—CICI‘I 4'\[ = Z?Ol ﬁ:y)y
= + Fi
g F_yp".-.—. ezan }/&
ﬂ; = 2-?'kN o= 685

FBD -2 FS_% t2F =0

Fox \IVF = —Fpy +Fgy =0

< Fex =>{Foy = 28593N

Fey

Fpy = 2:86kN




Problem

The small crane 1s mounted on one side of the bed of a pickup
truck as shown. The weight of the barrel 1s 120 kg. For the
piston, 6 = 40° determine the magnitude of the force
supported by the pin at O and the o1l pressure P against the
50 mm diameter piston of the hydraulic cylinder BC.




T =Mo = Wx (¥85+340) COSO —Fcx ¥360=0
= Fcx = 23% 26k9




Fey = tand = 3409510 — 110 COSO +3&

o 340C056 + 110 SING
= 14926
= Fcy = Fcx tanel =

o= (F&+F&)e= 8161 kg
Fo = 5161X98IN = 506:3N




Problem 2

a
\‘/ Prohlem 7/24

* Obtain the clamping force ) developed for
the pliers when the handle force 1s P.



2 F, =0 =Fax=0

tL2Mg =0

=> Pocosd - bSina)
= Fgy bSind




| 2268 ——t=—;
215 748

~215

Dimensions in millimeters

Determine the force in
cylinder AB due to the
combined weight of the
bucket and operator. The
combined mass is 180 kg with
mass centre at G.



T
< 2268 —1<—>

748 ““9215

215~
Dimensions in millimeters

K = 0-262 rad,
>

T A

2268+ F48+ 215 +215 = 3346

a
b 670 + 255 = g25

I



Angle of Hydraulic cylinder AB

255

< F | 670
AR >
@ L
m748' 215
C =748

B =o82arad

d= 255+ 255+ (748+ 2x2I15) b =3262|

A



—— 255
670
OR55

- 5
255




Force Fn Hydraulic cylinder AB

V-
Fex S

= |

— 1:5), ¥ EF + FH SIW(ﬁ—O() %F

=0 F48+2x215
Cosal

Ry, = 521W = QZDON(C,}
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<[:5(m+’-5tm+o 'B =— 200 “‘” Problem 8

g »
C 540

-
v - 300
Fi chl‘ 300

»)‘)_. |— \ " . - — '_
E _ 00

Dimensions in mm

* A 500-kg concrete slab 1s supported by a chain
and sling attached to the bucket of the front-end
loader shown. The action of the bucket 1s
controlled by two 1dentical mechanisms, only one
of which 1s shown Knowing that the mechanism
upports half of the 500- k slab, determine the
force (a) In the cylinder CD, (b) in cylinder FH.




Problem 4

* The elevation of a platform 1s controlled by two identical
mechanisms only one of which i1s shown. A load of 5 kN 1s
applied to the mechanism shown. Knowing that the pin at C
can transmit only a horizontal force, determine (a) the force
i link BE, (b) the components of the force exerted by the
hydraulic cylinder on pin H.



Slot Problem 5

Roller /
Wheel

21

T

* A hydraulic lift platform for loading trucks supports a weight
W of 5000N. Only one side of the system has been shown; the
other side 1s identical. If the diameter of the piston in the
cylinder (two) 1s 40 mm, what pressure p is needed to support
W when 6 = 60°. Assume [ = 240 mm, d = 600 mm, and e =
100 mm. Neglect friction everywhere.



Problem 6

* A semicircular rod ABCD 1s supported by a roller at D and rests
on two frictionless cylinders at B and C. Find the maximum angle

force P can make from the vertical if applied at point A and the
rod remains in equilibrium.




Problem 11

* In the toy folding chair shown, members ABEH and CFK are parallel.
Determine the components of all forces acting on member ABEH when a
160 N weight is placed on the chair. Draw completely all free body
diagrams required. It may be assumed that the floor is frictionless and
that half the weight is carried by each side of the chair and i1s applied at
point M as shown.

A
Y\ All dimensions in cm.




