Stiffness matrix
approach for beams
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Problem

Determine the reactions at the supports of the beam shown in
Fig. 15-8a. EI 1s constant.
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Determine the moment developed at support A of the beam shown in

Fig. 15-11a. Assume the roller supports can pull down or push up on
the beam. Take E = 29(10°) ksi, I = 510 in*.
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96 k-ft — 12 k-ft = 1008 k - 1n. 12k -ft = 144 k -in.
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Q; = 0 + 102 708(1.40203)(107°) = 144 k+in. = 12k - ft

The actual moment at A must include the fixed-supported reaction of
+96 k - {t shown 1n Fig. 15-11c¢, along with the calculated result for Q;.
Thus,

Mug = 12k-ft + 96k - ft = 108 k - ft" Ans



Although not required here, we can determine the internal moment
and shear at B by considering, for example, member 1, node 2,
Fig. 15-11b. The result requires expanding

q = kid + (qp)1
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Determine the internal shear and moment in member 1 of the
compound beam shown in Fig. 15-9a. EI 1s constant.
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Example 18.2

Construct the bending moment diagram for the three-span continuous
beam shown in Figure 18.4a. The beam, which has a constant flexural
rigidity El, supports a 20-kip concentrated load acting at the center of
span BC. In addition, a uniformly distributed load of 4.5 kips/ft acts over

the length of span CD.

20 Kkips
l 4.5 kips/ft

A B Cy 4 4 4 4D

guony guony puor)

L—20’ »L 20/ »L 20 »L 20’—»'

El = constant
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Example 18.2 Solution

c—~c—¢

Curved arrows indicate the positive direction of
the unknown joint rotations at B, C, and D

* An inspection of the structure indicates that the degree of kinematic
indeterminacy is three. The positive directions selected for the three
degrees of freedom (rotations at joints B, C, and D) are shown.

* Step 1: Analysis of the Restrained Structure Considering moment
equilibrium, compute the restraining moments as follows:

Joint B: M, + 100 =0 M, = —100 kip - tt
Joint C: —100 + M, + 150 = 0O M, = —50 kip - ft
Joint D: —150 + M; =0 M, = 150 kip - ft
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Example 18.2 Solution (continued)

100
50

- —150

* Reversing the sign of the
=1D restraining moments,

kip - ft

20 kips
B 1 4.5 kips/tt
A BT NEREE)
&;‘\\ /'4——,&, —
~———C construct the force vector F:
100
V \V “ -
100
I
00 150 150
100 100 150 150
= G ) &
C C D
/B\ /C\ /D\
100 100 150 150

Moments induced in the restrained structure by the
applied loads:; bottom figures show the moments
acting on free-body diagrams of the clamped joints
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Example 18.2 Solution (continued)

01 — 1 rad
~ x z
A =B C D
o~ ————7 ———+  Stiffness coefficients

produced by a unit
rotation of joint B with

’B\ ’E\K2‘ ’B\K‘” joints C and D restrained

0.2ET O0.1E1 0.05E1

* Step 2: Assembly of the Structure Stiffness Matrix The elements of
the structure stiffness matrix are readily calculated from the free-body
diagrams of the joints. Summing moments,

—0.05EI + K,;, =0 and K,, = 0.05E1

Ky =0 and Ky =0
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Example 18.2 Solution (continued)

6,=1rad
A_(x_B C D
B o) —— = = Stiffness coefficients
produced by a unit
. . rotation of joint C with
s rcxX? 25} joints B and D restrained
0.2EI 0.1EI 0.05EI

* From Figure 18.4e,

—005EI + K, =0 and K, = 0.05EI
—0.1EI + K32 = ( and K32 = 0.1E1
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Example 18.2 Solution (continued)

03: |1 rad

Stiffness coefficients
produced by a unit

— K K _ k.. rotation of joint D with
AN T pT joints B and C restrained
0.1E1 0.2E1

* From Figure 18.4f,
K;=20 and K,y =
—0.1El + K5y = and K>z = O0.1E1
—0.2El + K55 = and K5y = 0.2E]
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Example 18.2 Solution (continued)

* Arranging these stiffness coefficients in matrix form, produce the
following structure stiffness matrix K:

0.3 0.05 0 | From Betti's law, the structure
K=FEIN005 03 0.1 stiffness matrix K is symmetric.

0 0.1 0.2_

* Step 3: Solution of Equation 18.1 Substituting the previously
calculated values of F and K(given by Equations 18.19 and 18.20) into
Equation 18.1 gives

03 0050 || e, 100
EI| 005 03 0116, |= 50
0 0.1 026, |-150
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Example 18.2 Solution (continued)

* Solving Equation 18.21, compute

0, | - 258.6
El |
_03_ __9741_

* Step 4: Evaluation of the Effect of Joint Displacements The
moments produced by the actual joint rotations are determined by
multiplying the moments produced by the unit displacements by the
actual displacements and superimposing the results. For example, the
end moments in span BC are

M} = 6,(0.1EI) + 6,(0.05EI) + 65(0) = 48.3 kip - ft

M}y = 6,(0.05EI) + 6,(0.1EI) + 6,(0) = 57.8 kip - ft
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Example 18.2 Solution (continued)

* For an n degree of freedom structure add n appropriately scaled unit
cases. Evaluate these moments in one step by using the individual
member rotational stiffness matrices. For example, in span BC,
substitute the end rotations 6, and 6, (given by Equation 18.22) into

Equation 18.5 with L = 40 ft
{Mgc} - E{z 1}i{258.6} B {48.3}
Mgl 40 [1 2 EI[448.3 57.8

* Proceeding in a similar manner for spans AB and CD,

Myp| 2EI[21]1[ 0] [259

MLl 201 2]ET]2586] |51.7.

Mip|  2EI[2 1] 1 [ 4483 -7.8
Mpel 20 (1 2J/EI[-9741] [ —150.0_




Example 18.2 Solution (continued)

* Step 5: Calculation of Final Results The complete solution is obtained
by adding the results from the restrained case in Figure 18.4c to those
produced by the joint displacements in Figure 18.4qg.

20 kips

4.5 Kips/ft
s b JTTTh
Oy JuCNy Ry
150

R P
\ \(7.8

51.7 573
Moments produced by actual joint rotations
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153.0
05.25
25.9 /\
51.7
157.8

Final moment diagrams (in units of Kip-ft)
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