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§16.2  Comparison between Flexibility and Stiffness Methods  

Figure 16.1  Analysis by the flexibility method

Details of the 
structure

Load applied to 
the released 
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Redundant F1 
applied to the 
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at joint 1

Forces acting 
on support 2
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§16.2  Comparison between Flexibility 
and Stiffness Methods

Figure 16.2

Structure kinematically indeterminate to first degree
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§16.2  Comparison between Flexibility 
and Stiffness Methods

Figure 16.2 (continued)
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Example 16.2 
The pin-connected bars in Figure 16.5a are connected at joint 1 to a 
roller support. Determine the force in each bar and the magnitude of the 
horizontal displacement  ∆x of joint 1 produced by the 60-kip force. Area 
of bar 1 = 3 in2, area of bar 2 = 2 in2, and E = 30,000 kips/in2.
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Example 16.2 Solution
Joint 1 displaced 1 
in to the right and 
attached to 
imaginary support

• Compute ∆L1:

• Compute the horizontal and vertical components of F1.

• Use Equation 16.1 to compute 
the force in each bar.
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Example 16.2 Solution (continued)

Forces at joint 1 produced 
by a 1-in horizontal 
displacement

• To evaluate K1, sum forces applied to 
the pin (Figure 16.5c) in the horizontal 
direction.

• Multiply the force K1 in Figure 16.5c by 
∆x, the actual displacement and 
consider the horizontal force equilibrium 
at joint 2.
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§17.1  Introduction 

Figure 17.1

Horizontal and vertical 
displacements ∆x and 
∆y produced by the 10-
kip load at joint 2; 
initially bar 1 is 
horizontal: bar 2 slopes 
upward at 45°

Forces (stiffness 
coefficients) K21 and K11 
required to produce a 
unit horizontal 
displacement of joint 2

Forces K22 and K12 
required to produce a 
unit vertical 
displacement of joint 2
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§17.1  Introduction

Figure 17.2  Stiffness coefficients for an axially loaded bar with 
area A, length L, and modulus of elasticity E

Forces created by a  
unit horizontal displacement

Forces created by a  
unit vertical displacement
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§17.3 Construction of a Member Stiffness  
Matrix for an Individual Truss Bar

Figure 17.3  Stiffness coefficients for an axially loaded bar

Bar showing local coordinate 
system with origin at node 1

Displacement introduced at 
node 1 with node 2 restrained
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§17.3 Construction of a Member Stiffness  
Matrix for an Individual Truss Bar

Figure 17.3  Stiffness coefficients for an axially loaded bar (continued)

Displacement introduced at 
node 2 with node 1 restrained

End forces and displacements of 
the actual bar produced by 
superposition of (b) and (c)
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§17.4 Assembly of the Structure Stiffness 
Matrix

Figure 17.4  Loading conditions used to generate the structure stiffness matrix

Properties of two-bar system

Node forces produced by a positive 
displacement ∆1 of joint 1 with nodes 
2 and 3 restrained
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§17.4 Assembly of the Structure Stiffness 
Matrix

Figure 17.4  Loading conditions used to generate the structure stiffness matrix (continued)

Node forces produced by a positive displacement 
of node 2 with nodes 1 and 3 restrained

Node forces produced by a positive displacement  
of node 3 with nodes 1 and 2 restrained
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Example 17.1
Determine the joint displacements and reactions for the structure in 
Figure 17.5 by partitioning the structure stiffness matrix.
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Example 17.1 Solution
• Compute the stiffness k = AE/L 

for each member.

• Evaluate member stiffness matrices, using Equation 17.19. Because 
the local coordinate system of each bar coincides with the global 
coordinate system, kʹ = k.
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Example 17.1 Solution (continued)
• Set up the structure stiffness matrix K by combining terms of the 

member stiffness matrices k1 and k2. Establish Equation 17.30 as 
follows:

• Partition the matrices as indicated by Equation 17.30 and solve for 
∆1 using Equation 17.35. Since each submatrix contains one 
element, Equation 17.35 reduces to a simple algebraic equation.
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Example 17.1 Solution (continued)

• Solve for the reactions, using Equation 17.36.

where

• Therefore, the reactions at joints 2 and 3 are -16.67 and -13.33 kips, 
respectively. The minus signs indicate that the forces act to the left.
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Local to Global
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Local to Global
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Displacement Transformation
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Force Transformation
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Force Transformation
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Global Transformation
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Global Transformation
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Truss Analysis



 22

§17.6 Member Stiffness Matrix of an 
Inclined Truss Bar

Figure 17.6

Horizontal 
displacement ∆ix

Vertical 
displacement ∆iy
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Horizontal 
displacement ∆jx

Vertical 
displacement ∆jy

§17.6 Member Stiffness Matrix of an 
Inclined Truss Bar

Figure 17.6 (continued)
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Example 17.2
Determine the joint displacements and bar forces of the truss in 
Figure17.7 by the direct stiffness method. Member properties: A1 = 2 in2, 
A2 = 2.5 in2, and E = 30,000 kips/in2.
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Example 17.2 Solution
• Construct member stiffness matrices. For member 1, joint 1 is the 

near joint and joint 3 is the far joint. Compute the sine and cosine of 
the slope angle with Equation 17.37.
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Example 17.2 Solution (continued)
• For member 2, joint 2 is the near joint and joint 3 is the far joint:
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Example 17.2 Solution (continued)
• Set up the matrices for the force-displacement relationship of 

Equation 17.30 (that is, Q = K∆). The structure stiffness matrix is 
assembled by inserting the elements of the member stiffness 
matrices k1 and k2 into the appropriate rows and columns.



 28

Example 17.2 Solution (continued)
• Partition the matrices and solve for the unknown displacements ∆1 

and ∆2 by using Equation 17.33.

• Solving for the displacements gives

• Substitute the values of 1 and 2 into Equation 17.34 and solve for 
the support reactions Qs.
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Example 17.2 Solution (continued)
• Compute member end displacements D in terms of member 

coordinates with Equation 17.51. For bar 1, i = joint 1 and j = joint 3, 
cos Φ = 1, and sin Φ = 0.

• Substituting these values of δ into Equation 17.53, we compute the 
bar force in member 1 as
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Example 17.2 Solution (continued)

• Substituting into Equation 17.53 yields

• For bar 2, i = joint 2 and j = joint 3, cos Φ = 0.8, and sin Φ= 0.6.
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Example 17.3 
Analyze the truss in Figure 17.8 by the direct stiffness method. 
Construct the structure stiffness matrix without considering if joints are 
restrained or unrestrained against displacement. Then, rearrange the 
terms and partition the matrix so that the unknown joint displacements ∆f 

can be determined by Equation 17.30. Use k1 = k2 = AE/L = 250 kips/in 
and k3 = 2AE/L = 500 kips/in.
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Example 17.3 Solution
• Number the joints arbitrarily. Arrows are shown along the axis of 

each truss bar to indicate the direction from the near end to the far 
end of the member. Superimpose on the truss a global coordinate 
system with origin at joint 1. Form the member stiffness matrices 
using Equation 17.48. For bar 1, i = joint 1 and j = joint 2. Using 
Equation 17.37,



 33

Example 17.3 Solution (continued)
• For bar 2, i = joint 1 and j = joint 3.

• For bar 3, i = joint 3 and j = joint 2.
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Example 17.3 Solution (continued)
• Add k1, k2, and k3 by inserting the elements of the member stiffness 

matrices into the structure stiffness matrix at the appropriate 
locations. Multiply the elements of k3 by 2 so that all matrices are 
multiplied by the same scalar AE/L, i.e. 250.
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Example 17.3 Solution (continued)
• Establish the force-displacement matrices of Equation 17.30 by 

shifting the rows and columns of the structure stiffness matrix so that 
elements associated with the joints that displace (i.e., direction 
components 3, 4, and 6) are located in the upper left corner.
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Example 17.3 Solution (continued)
• Partition the matrix and solve for the unknown joint displacements, 

using Equation 17.33.

• Solving the set of equations above gives
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Example 17.3 Solution (continued)
• Solve for the support reactions, using Equation 17.34.
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Example 17.4
If the horizontal displacement of joint 2 of the truss in Example 17.3 is 
restrained by the addition of a roller (see Figure 17.9), determine the 
reactions.
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Example 17.4 Solution
• Although the addition of an extra support creates an indeterminate 

structure, the solution is carried out in the same manner. The rows 
and columns associated with the degrees of freedom that are free to 
displace are shifted to the upper left corner of the structure stiffness 
matrix.
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Example 17.4 Solution (continued)
• Partition the matrix and solve for the unknown joint displacements

• Solution of the set of equations above gives

• Solve for the reactions using Equation 17.34.
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Example 17.4 Solution (continued)

Results of analysis
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Inclined Supports Using Nodal Coordinates
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Inclined Supports Using Nodal Coordinates
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Inclined Supports Using Nodal Coordinates: 
Force Transformation
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Resulting Stiffness Matrix
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Determine the support reactions for the truss
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Global K matrix
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Temperature effects fabrication errors
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Force in the member
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§17.7 Coordinate Transformation of a 
Member Stiffness Matrix

Figure 17.10  Global coordinates shown by xy system; 
member or local coordinates shown by xʹ yʹ system
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§17.7 Coordinate Transformation of a 
Member Stiffness Matrix

Equation 17.54  Stiffness matrix


