Gauss
Integration

In the cases considered in the previous two subsections, the function f was
mimicked by linear and quadratic functions. These yield exact answers if f
itself i1s a linear or quadratic function (respectively) of x. This process could
be continued by increasing the order of the polynomial mimicking-function so
as to increase the accuracy with which more complicated functions f could be
numerically integrated. However, the same effect can be achieved with less effort
by not insisting upon equally spaced points Xx;.

The detailed analysis of such methods of numerical integration, in which the
integration points are not equally spaced and the weightings given to the values at
each point do not fall into a few simple groups, is too long to be given in full here.
Suffice it to say that the methods are based upon mimicking the given function
with a weighted sum of mutually orthogonal polynomials. The polynomials, F,(x),
are chosen to be orthogonal with respect to a particular weight function w(x), 1.e.

b
f Fy () Fn(X)W(x) dX = knSms

Orthogonal Polynomials obey recurrence relation

An@ni1(X) = (bp + CnX)p(X) — dpep_1(X)

Name @o(Xx) | ¢;(x) an b, 3 a:
Legendre 1 X n+1 0 2n+1 | n
Chebyshev 1 X 1 0 2 1
Laguerre 1 l-x|n+1|2n+1 -1 n
Hermite 1 2x 1 0 2 2
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Gauss Quadrature

Gauss-Legendre

L &

Pr(x) = 5751 7™ — 1"

b
/ Fo(3X)F()W(X) dX = KOy

interval —1 < x < 1,

w(x) = |
b
[= [ f@x
_2x—b—a
= B

I 1
i o8 / g(z)dz,
2 J

approximate g(x)

R 1t
66 = 2. e iy B

i is the ith root of Pi(x)

Pp(x)
xligflk (x — x;)Pl(x;)

/1 . dx%XnZ £(x) AN

= Oj.

1 — P,(xi) /1 x— X
y P (x) . 2
wii) = 5 (x ) J_1 x—x; Sl X )| Pr(x)

/ g(x)dx ~ Z wig(x:)

Exact when g(x) pOIynomlaI
of order < 2n -|
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1 n
[ fedx =3 w fx)
=]

+x; Wi +x; Wi
n=2 n=9
0.5773502692  1.0000000000 || 0.0000000000 0.3302393550
0.3242534234 0.3123470770
n=3 0.6133714327 0.26061 06964
0.0000000000 0.88888 88889 || 0.8360311073 0.18064 81607
0.7745966692 0.5555555556 || 0.9681602395 0.0812743884
n=4 n=10
0.33998 10436 0.65214 51549 || 0.1488743390 0.2955242247
0.8611363116 0.3478548451 || 0.4333953941 0.2692667193
0.6794095683 0.21908 63625
=35 0.86506 33667 0.14945 13492
0.0000000000 0.56888 88889 || 0.9739065285 0.06667 13443
0.5384693101 0.47862 86705
09061798459 0.2369268851 || n= 12
0.12523 34085 0.24914 70458
n==6 0.36783 14990 0.2334925365
0.2386191861 0.4679139346 || 0.5873179543 0.20316 74267
0.6612093865 0.36076 15730 || 0.7699026742 0.16007 83285
0.9324695142 0.1713244924 || 09041172564 0.1069393260
0.9815606342 0.04717 53364
n="17
0.0000000000 0.4179591837 || n= 20
0.40584 51514 0.3818300505 || 0.0765265211 0.1527533871
0.74153 11856 0.2797053915 || 0.22778 58511 0.14917 29865
09491079123 0.1294849662 || 0.3737060887 0.14209 61093
0.51086 70020 0.13168 86384
n=_§ 0.6360536807 0.1181945320
0.1834346425 0.3626837834 || 0.7463319065 0.1019301198
0.5255324099 0.3137066459 || 0.8391169718 0.0832767416
0.79666 64774 0.22238 10345 || 0.9122344283 0.06267 20483
0.9602898565 0.1012285363 || 0.9639719272 0.04060 14298
0.9931285992 0.0176140071

For our purposes we
only need the table with
w(x) and x.

The weights are
symmetric in + and -

Error is

. (b e a)2n+1 (n!)4

~ @en+nlen]

f@(c),

a<c<b
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Gauss-Laguerre

(n!)z 2n)
E=mf (C), «i¢< 00

[ e rwmax =3 wis
i=|

x

n

[ e sax =3 wiitx
- i=1

Xi Wi X Wi
n=2 n=2
0.5857864376 0.8535533906 0.7071067812 0.88622 69255
3.4142135624 0.14644 66094
n=3
n=3 0.0000000000 1.18163 59006
0.4157745568 0.71109 30099 1.2247448714 0.2954089752
2.2942803603 0.2785177336
6.28994 50829 0.0103892565 n=4
0.5246476233 0.80491 40900
n=4 1.6506801239 0.0813128354
0.3225476896 0.6031541043
1.74576 11012 0.35741 86924 % =15
4.5366202969 0.03888 79085 0.0000000000 0.9453087205
9.3950709123 0.0005392947 0.9585724646 0.3936193232
2.0201828705 0.0199532421
n=3
0.2635603197 0.5217556106 =10
1.4134030591 0.3986668111 0.4360774119 0.7246295952
3.5964257710 0.07594 24497 1.3358490740 0.15706 73203
7.0858100059 0.00361 17587 2.3506049737 0.00453 00099
12.640800844 0.00002 33700
N="17
n==6 0.0000000000 0.8102646176
0.2228466042 0.4589646740 0.81628 78829 0.42560 72526
1.1889321017 0.4170008308 1.6735516288 0.05451 55828
29927363261 0.1133733821 26519613568 0.00097 17812
5.7751435691 0.0103991975
0.8374674184 0.00026 10172 n=2_§
15.9828 73981 0.0000008985 0.3811869902 0.6611470126
1.1571937124 0.2078023258
n="7 1.9816567567 0.01707 79830
0.1930436766 0.40931 89517 2.9306374203 0.0001996041
1.0266648953 04218312779
2.5678767450 0.1471263487 n=9
49003530845 0.02063 35145 0.0000000000 0.7202352156
8.1821534446 0.0010740101 0.7235510188 0.4326515590
12.734180292 0.00001 58655 1.4685532892 0.0884745274
19.395727862 0.0000000317 2.2665805845 0.00494 36243
3.1909932018 0.00003 96070

E

J/mn!

~ 22(2n)!

Gauss-Hermite

), 0<c<
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» Using a 3-point formula in each case, evaluate the integral

SI]
12/0 1+x2dx’

(1) using the trapezium rule, (i) using Simpson’s rule, (iii) using Gaussian integration. Also
evaluate the integral analytically and compare the results.

(1) Using the trapezium rule, we obtain
I=1x 1 [0)+2 (2) + 7]
=1 [1+ %+ 1] =0.7750.
(i1) Using Simpson’s rule, we obtain

I=3x3[f0)+4f (3) + ()]
14+ 2+ 3] =0.7833.

= W

(ii1) Using Gaussian integration, we obtain
[ — 1—-0 [! dz
2 Jal4+3(z+1)

{ 0.55556 [ f(—0.77460) + £(0.774 60)] + 0.888 89 f(O)}

b -

{0.555 56 [0.987 458 + 0.559 503] + 0.888 89 X 0.8}
— 0.78527.

b

(iv) Exact evaluation gives

1+ x? 4

In practice, a compromise has to be struck between the accuracy of the result achieved
and the calculational labour that goes into obtaining it. «

1
d
I =/ > =[tan"'x]} = = = 0.78540.
0
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Gauss—-Chebyshev Quadrature

fl (1-20)7" fdx~ = 3 flx) (6.31)
=) ~ | g & .
Note that all the weights are equal: A; = = /n. The abscissas of the nodes, which are
symmetric about x = 0, are given by

2i —1
X; = COS i )= (6.32)
2n

The truncation error is
27

= Smam ———fPg), —-1l<c<l (6.33)

Note the singularity at x = |

Tuesday 6 September 2011



Gauss Quadrature with Logarithmic Singularity

1 n
[ f@memdz~ -y afn 6.38)
i=1
Xi A X; Aj

= =
0.112009 0.718539 | (—1)0.291 345 0.297 893
0.602 277 0.281 461 0.173977 0.349776
n=3 0.411703 0.234 488
(—1)0.638 907 0.513405 0.677314 (—1)0.989 305
0.368 997 0.391 980 0.894771 (-=1)0.189116

0.766 880 (—1)0.946 154 n=
n=4 (=1)0.216 344 0.238 764
(—=1)0.414 485 0.383 464 0.129 583 0.308 287
0.245 275 0.386 875 0.314 020 0.245317
0.556 165 0.190435 0.538 657 0.142 009
0.848 982 (—1)0.392 255 0.756 916 (—1)0.554 546
0.922 669 (—1)0.101690

Table 6.6. Multiply numbers by 10, where k is given in parenthesis

_ k(n)

E=——f%(), 0<c<]1

(2n)!

where k(2) = 0.00 285, k(3) = 0.00017, k(4) = 0.00001.

(6.39)
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EXAMPLE 6.8
Evaluate [, (1 — x?)*2dx as accurately as possible with Gaussian integration.

Solution As the integrand is smooth and free of singularities, we could use Gauss-
Legendre quadrature. However, the exact integral can be obtained with the Gauss-
Chebyshev formula. We write

1 1 (1 _ +2)\2
f (1- x2)3/2 dx = f de
1 —1 41— x2

The numerator f(x) = (1 — x?)? is a polynomial of degree four, so that Gauss-
Chebyshev quadrature is exact with three nodes.

The abscissas of the nodes are obtained from Eq. (6.32). Substituting n = 3, we

get
2i—1mr .
; = _— =123
X; = COS 20) i
Therefore,
R
P76 T 2
T
x2=cos§=0
e A 3
= B 2

and Eq. (6.31) yields

[ (- de =530 )

: i=1
(1-3) +a-or+(1-3)]- %

SR |
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EXAMPLE 6.9
Use Gaussian integration to evaluate f00'5 cosrxInxdx.

Solution We split the integral into two parts:

0.5 1 1
f cosyrxlnxdx:/ cosyrxlnxdx—f costxlnxdx
0 0 0

5

The first integral on the right-hand side, which contains a logarithmic singularity at
x = 0, can be computed with the special Gaussian quadrature in Eq. (6.38). Choosing
n = 4, we have

1 4
f cosmxInxdx~ — ZA,- COS T X;
0

i=1

where x; and A; are given in Table 6.7. The sum is evaluated in the following table:

X; COS T X; A; A; cosmx;
0.041 448 0.991534 0.383464 0.380218
0.245275 0.717525 0.386875 0.277 592
0.556165 —0.175533 0.190435 —0.033428
0.848982 —0.889550 0.039225 —0.034892

> = 0.589490

Thus

1
f costxlnxdx ~ —0.589490
0
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The second integral is free of singularities, so that it can be evaluated with Gauss-
Legendre quadrature. Choosing again n = 4, we have

1 4
[ coswtxInxdx ~ 0.25 ZA,- cos wXx; In x;
0 .

e P

where the nodal abscissas are — see Eq. (6.28)

1405 1-0.5
=T T
Looking up &; and A; in Table 6.3 leads to the following computations:

£, = 0.75 + 0.25¢;

E; Xi cosx; In x; A; Aicosx;In x;
—0.861136 0.534716 0.068141 0.347855 0.023703
—0.339981 0.665005 0.202133 0.652145 0.131820

0.339981 0.834995 0.156638 0.652145 0.102151
0.861136 0.965284 0.035123 0.347855 0.012218
¥ =0.269892
from which
1
costxIlnxdx ~ 0.25(0.269892) = 0.067 473
05
Therefore,

1
f costxInxdx ~ —0.589490 — 0.067473 = —0.65696 3
0

which is correct to six decimal places.
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EXAMPLE 6.10
Evaluate as accurately as possible

X x43
F = f e *dx
0o VX
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EXAMPLE 6.10
Evaluate as accurately as possible

X x+3
F = f 37
0 VX

Solution Inits present form, the integral is not suited to any of the Gaussian quadra-
tures listed in this section. But using the transformation

x=t> dx=2tdt
the integral becomes

F = zfoc(t2 +3)e ' dt = foo (t2 + 3)e F dt
0 —00

which can be evaluated exactly with Gauss-Hermite formula using only two nodes
(n = 2). Thus
F=A\(t+3)+ A& +3)
= 0.886 227 [(0.707 107)* + 3] + 0.886 227 [(—0.707 107)* + 3]

= 6.20359
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EXAMPLE 6.11
Determine how many nodes are required to evaluate

b4 e 2
/ (sm x) dx
0 X
with Gauss-Legendre quadrature to six decimal places. The exact integral, rounded
to six places, is 1.418 15.

Solution The integrand is a smooth function; hence, it is suited for Gauss-Legendre
integration. There is an indeterminacy at x = 0, but this does not bother the quadra-
ture since the integrand is never evaluated at that point. We used the following pro-
gram that computes the quadrature with 2, 3, .. ., nodes until the desired accuracy is
reached:

% Example 6.11 (Gauss-Legendre quadrature)
func = @(x) ((sin(x)/x)"2);
a=0; b=1pi; Iexact = 1.41815;
for n = 2:12
I = gaussQuad(func,a,b,n);
if abs(I - Iexact) < 0.00001
1
n
break
end
end

The program produced the following output:

T =
1.41815026780139

I =
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EXAMPLE 6.12
Evaluate numerically [ 13 s f(x) dx, where f(x) is represented by the unevenly spaced

data
X 1.2 1.7 2.0 2.4 2.9 33
f(x) || —0.36236 | 0.12884 | 0.41615 | 0.73739 | 0.97096 | 0.98748
Knowing that the data points lie on the curve f(x) = — cos x, evaluate the accuracy of
the solution.

Since the polynomial is of degree five, only three nodes (n = 3) are required in the
quadrature.

From Eq. (6.28) and Table 6.6, we obtain the abscissas of the nodes
8% 15 .3—1.0

X1 = T 4 S (-0.774597) = 1.6691
R i M T
2
3415 3-15
X3 = +2 + =-2(0.774597) = 2.8309

We now compute the values of the interpolant P;(x) at the nodes. This can be done
using the functions newtonPoly or neville listed in Section 3.2. The results are

P;(x;) = 0.098 08 P5(x;) = 0.628 16 Ps(x3) = 0.952 16

Using Gauss-Legendre quadrature

3 »
I =/ P;(x)dx = L
15 2

3
D A;Ps(x))
) |

we get

I =0.75[0.555556(0.098 08) + 0.888 889(0.628 16) + 0.555 556(0.952 16)]
= 0.856 37
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