2D Elasticity using Finite Element Analysis: Vector Field
Problems

In the previous cases, the field of interested, e.g., Temperature, Concentration, Membrane displace-
ment were scalar fields. However, many real-life problems involve vector field, e.g., displacement
field in solid mechanics or velocity field in fluid mechanics. In this course, we will look at only linear
elastic solid mechanics problems.

Assumptions of theory of linear elasticity:

1. small deformations

2. behavior of material is linear

3. dynamical effects are neglected (however, they could be included)

4. no gaps or overlaps can occur during deformation (displacements are single valued)

Regarding Assumption-1. Generally, the deformations are not visible to the naked eye -- something
that would be very clear when you are TA for the solid mechanics lab. Such problems come under
linear elasticity. When the deformations are large, but the material is locally linear elastic (e.g.,
large deformations of a beam) we call this geometric nonlinearities. For Assumption-2, when the
material is non-linear to begin with (for example, rubber) then the problem is non-linear elastic. In
some other cases, the material undergo permanent plastic deformations and such problems are
also non-linear problems. There are many other constitutive relations in solids, complex fluids and
geotechnical engineering. Regarding Assumption-3, no problem is truly static. We can model a
problem to be a static problem if the time in which the load is applied is large compared to the
period associated with the lowest frequency, i.e., load is applied slowly and slow is compared to
the period of oscillation. Regarding Assumption-4, there are some other problems such as fracture
when crack is formed, we can have a two-valued displacement function, and gaps can be formed.

Below, we focus only on linear elastic problems, specifically, homogenous, isotropic, materials, and
how to solve them with FEA.

Kinematic of small deformations

Consider that an elastic deformation of object in terms of displacement,

u_X — g
u= , U = Uyl + Uy,

However, displacement in itself does not quantify deformations, which is obtained in terms of

strains.
Ex = %”X‘ is to quantify elongation along the x direction
Ey = %”yL is to quantify elongation along the y direction

Ey = %(%—‘)’/‘ + %(L) is to quantify 1/2 the angle between x and y axis after deformation

Though strain is a tensor, in finite element analysis the strain is arranged in terms of a vector (in
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sense of a matrix)

T
e=[en &y Ty

These can be in terms of displacements be expressed as

8XX
Uy
e=|¢&y | =Vsu= Vg l” },
v
Vay :

where the V; is the gradient matrix operator can be expressed as

d/ox 0
VS = 0 8/8y
0/dy 0/0x

Description of stress and tractions

Stress in simplest terms is stress per unit area. However, a more correct definition will describe

stress as a tensor.

Stress components.
Note that the over bar T indicates that the force per unit area on that particular face. There is a

more technical definition for this vector which is called as traction
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| will not do a detailed derivation, but it can be shown that on the face with outer normal:
n=nyi+nyj
the traction (vector force per unit area) can be expressed as:
tx = Oxx Nx + Oxy Ny
ty= Oyy Nx+ Oy ny
which in a more compact form be written as:
t=1nh,
where tis what is the stress tensor.

Equilibrium equation

b
Ox,y) ¥
A Ay -G, (x — =,y) o, (x+—.y)
Q r Ax
,/ -G, (X, y— 2y
(a) (b)

Problem definition. (a) Element from a particular location in an elastic body. (b) Forces acting on
the element.
It could be easily shown from force balance that
do, 00, -
4+ —24+b=0.
ox Oy

N
Here, b is the body force (force per unit volume, e.g., gravity). In terms of components it could be
written as:

00y 00y
+ =24 b, =0,
Ox 0 *
Jo 0oy
yx Yy _|_ b\' - 0,
0x Oy :
which could be expressed in FEA matrix notation as:
Pod
ng g ) 5y7 6= |%y|;
0 a. o X
dy Ox oy

and the equilibrium equations are:

Vo +b=0.
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Now, the last thing we require is constitute relation between stress and strain.

- -
Please note that g, = 0xi + Oy j and 0, = O,y i + 0, jin a somewhat artificial vectorial notation.
Consequently, the equilibrium equation can also be written in a compact vectorial form as:

N
V-0y + by=0 and
V-0, +b,=0,

where all the quantities are defined earlier.

Constitutive equation
For a linear, elastic, homogeneous, isotropic, element we get:
o = Deg,

where for,
Plane stress:

1 v 0
E
D—1 5| v 1 0
P00 (1-v))2
Plane strain:
1 —v v 0
E
D:1 - v 1—v 0
(T+v)l=2v)| 0 (1-2v)/2

In Plane stress: 0, = Oy, = 0y, = 0 (for example, thin plate).
In Plane strain: €;; = €, = €, = 0.
Here, z is the out of plane direction.

We are finally ready to combine equilibrium relation and the constitutive relation to provide us with
the strong form.
- Strong form for linear elasticity

(d) i=u on T,
Note that pretty much all concepts expressed here are similar to those discussed in the strong form
for the scalar field. The boundary conditions are of two types here also:
1. Essential boundary condition or the displacement boundary condition where displace-
ment is specified on the boundary I',(d).
2. Natural boundary condition or the traction boundary condition where the tractions
(vector force per unit area) is specified on the boundary I'¢(c).
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Weak form corresponding to the strong form

The weight functions in the current case is a vector function (can also be thought of as virtual
displacement.) However, apart from the fact that many multiplications with the weight function in
the current case are dot products, as opposed to scalar, multiplication, the basic idea of generating
the weak form is the same in the case of elasticity.

(a) / Wy v - 0, dQ + / w,b, dQ2 =0 Yw, € Uy,
Q Q

(b) / wy, V- &,dQ + / wybyd2 =0 Yw, € Uy,
Q Q

(c) / wy(ty — 0y -n)dl' =0 Yw, € Uy,
(@) / wy(f, — G, A0 =0 Vw, € Up,

where, the weight functions are of the form:

Wy — 2 2
w = , W = Wyl + w,J.

As in the earlier cases, w vanishes on the essential boundaries I',. Now, using the Green’s theorem
on this weak form, we get:

/wx ﬁ-&'dezy{wx&'x-ﬁdF—/ Vw, - & d,
Q T Q

/wy 6-5\.d9:7{w\5\.-ﬁdr—/ Vwy - & Q.
Q ’ r Q o

Adding these two equations, we get:
/ ( Vw, -G+ Vw,-6,)dQ = 7{ (Wi, - 7t + wy G, - i) T + / (Wiby + wyby) dQ.
Q . Q
Here, we note that the total boundary ' = I'; UT,and ", N It =Null, and since w vanish on ', we
the more simplified version. We note, however, that:

-2 o -
Jx - n = tyand
- - -
g,-n=t
due to which the weak form becomes:

/( Vw, - G + Wy-ay)dg:j{w-?dr+/w-5d9.
Q t Q

This vectorial weak form is what we will now convert in the more relevant matrix form:
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ow, _—
ox 7 Oy

Vw, - ¢+ Vw, 0o, =
XX

g
[ [Owx [Owy [Owyx | Owy _ T
- Kax)(ay)(ay i aﬂ 7| = (Vw)e

Xy

Finally, converting the vector weak form in the matrix form we get the weak form to look as:

/ (Vsw) adQ = / witdl + / w'bdQ vw € U.
Q T, Q

Note that this form is a general form independent of if the material is linear elastic. However,
in the case of the linear elastic material we note that:
o=De,
where D is as defined earlier for the plane stress and the plane strain case. Hence, the final state-
ment of weak for for the linear elastic systems is:

Find u € U such that

/ (Vsw) ' DVudQ = / witdl + / wibdQ  VYw e U,
Q T, Q (9.26)

where U= {ujucH' u=uaonl,}, Uy={wwecH ,w=0onT,}.

All the notation is pretty much that same as what we had discussed earlier. Note that
H* corresponds to all functions which are C°continuous (no jumps but kinks possible) but which are
L, integrable, i.e., fuz dQis finite.

FInite element implementation for the weak form

Most of the steps are the same as before. We first discretize the
domain

AV Tn=t on T,

u=u on [, x

>

Since there are two degrees of freedom per node in the x and y direction, they are expressed in
matrix notation as:

d=|u u u u u u ]T .
- x1 vl x2 y2 o ot Xy Yl

As before, the weight (virtual displacements) and the actual displacements are expressed as:
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u(x,y) = u’(x,y) =N(x,y)d* (x,y) € €
) , T
wh(x,y) ~wt(x,y) = wIN(x,y)  (x,y) €°
Note, however, that the element shape function matrix is:

N[N0 N5 0 N0
0 N 0 N ... O N

n(’"

The first row is staggered with respect to the second row because we have every alternate element
of d to be in the x and y directions, respectively, also for every element as:

o o o o o T
e __ e e e e e e
d° = I:uxl u_vl Uy u_\'2 tee uxn(,,, uv\*nt,,, :|
e __ e e e e e e 1
W = |:W.\‘l W.\'l W W.v2 e Wxn‘,,, W.\‘nl,,, ]

The integral, as earlier, is now obtained as a sum of integrals over individual elements as:

nel
§ j{ / VowTDVsu® dQ) — / wtdl — / w"Tba’Q} =0
, (95 ¢ Qe

e=1

We note also that:

8XX
e= | &, | =& =V =VsNd =Bd’
Vxy
where the strain-displacement matrix B€ is defined as:
[ ON{ ONS ON¢ |
0 0o ... M 0
O0x Ox Ox
ON¢ ONS ON¢
B =VsN‘=| 0 Lo 2.0
sN dy dy ady
aNf aNf aNS aNg aN: en aN’e; en
| dy Ox Oy Ox dy Ox |

The derivatives of the weight functions are:
(sze)T _ (Bewe)T _ weTBeT'
After putting all the equations together and recalling that d® = L® d, and w®" = w' L®T we get

el
wl ZUT / BTD’B¢ dQ L¢d — / NTTdr — / NThdQ| $ =0  Vwg.

e=1 Qe I Qe

Using the same ideas as before, we get the following:
Element stiffness matrix:

K¢ = / BTD’B° d).

Q¢

Element external force matrix:
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fe = / NTbdQ+ / NeTtdr,

f5, f1.

The weak form can now be written as:

Nel Nel

wh ZL“TK"L" d-— ZL"Tf" =0  Vwg.
e=1 K e=1
f

Then by using this compact notation we obtain:

wl (Kd—f) =0 \Ywg. This could also be re-written as:

WTI’ —0 VWF’ theresidue, r =Kd - f.
Doing the partitioning with respect to the essential (E) and natural (F) nodes, as in the previous

cases, we now get:
WEI’F + WEI’E =0 \V/WF.

Since we = 0 and wr is arbitrary, it is clear that rr = 0. The above equations, hence, could also be
written as:

lKE KEF] l(_iE] _ le-l-l‘E}
KEF Kr dr a fF ’

where the partitioning of the stiffness matrix is done in the same manner as in the earlier case, by
numbering the essential nodes (E) first followed with the number of natural (F) nodes.

FEA using three-node triangular element

7 A single triangular finite element.

The ideas are pretty much the same as before, only because of the vector nature of the displace-
ment there are some technical modifications. For example, for the element e as described earlier,

d¢ = [uil 7 u;1 7 “§27 M;Z’ u§3, u;3]T. The displacement field in terms of shape functions is

u, ¢ Ny O N 0 N O
= de.

Uy 0O N O N O N§

Hence, the strains are:
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e e e e
Exx 1,x 0 2.x 0 N3,x 0
o e e e e
by | =1 0 M B 0 2,y 0 N 3y |d
e e e e e e
yxy Ly 1,x 2y 2.x NB,y N3,x

where Ne — N} and Ne  — i Using the shape functions which we have derived earlier in the
Ix Ox Ly = oy

Notes (based on Fish and Belytschko), the strain vector becomes
e

e e e
Exx 1 |23 0 »3 0 », O
e __ _ e e e e
g = | &y = oae 0 x5, 0 xf; 0 x5,|d,
xe e xe e x@ e
Pxy 32 Y23 13 Y31 21 Y12

where x{; = xf — x5, which defined the B® matrix of the element, which in the current case is con-
stant for a given element and not a function of x or y. Going forward, the stiffness matrix in the
current case becomes:
K‘ = / BTD’B“d).
Qe
Since everything is constant,
K¢ = ABTD’BC.
Element Body Force Matrix
The element body force matrix is given by
& = / N“bdQ.
Q
There are two ways of evaluating this matrix:
1. by direct numerical integration from the expressions for b and N
2. by interpolating b, usually with a linear function, and integrating the results in closed form. Note:
even in the case above for direct numerical integration such kind of interpolation can also be done.
Also, sometimes, the forces are experimentally only obtainable at a discrete set of points and so
interpolation needs to be done to obtain a complete field.

The most convenient way to do interpolation for b is by using the same interpolation function N€.
Using the triangular coordinates since it is convenient to do that way, we obtain
_ bx _ 3 3T bxl
=[] -3l

Y I=1

where by and b, are the x and y components of the body force at node /. Substituting, we get

NIT 0] 2by + b + b
0 N13T 3 Zb.\wl + byz + by3

. NiT 0 | ot b A by +2by + by
fo = / 0 N | 2N by |90 =15 | by + 20+ b,
e ANT 0 bxi + b + 2bss

i 0 N_;?T i by] + by2 + 2by3

using the integration techniques for triangular element described earlier in the Notes.
Boundary Force Matrix
The boundary force matrix is given by
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e eTg

Pe
Here, too we will have to use some kind of interpolation forton ;.

uSo, fya

U, [

usy, fin

element e

e e
1 Uy, f.\'l

¥ 153, f3

U3, i3 x

»
>

Triangular three-node element showing nodal displacements and nodal forces

For the purposes of explanation, let us assume that the edge 1-2 is the boundary edge. Along this
edge, N§vanishes, since it is zero and 1 and 2 and the function is linear between 1-2. As result, the
displacement can be expressed in terms of N2t and N3L. Here, the superscript 2L corresponds to
two-node linear element.

Nt=1-¢  Nt=¢

Hence, the integral becomes:

[1—¢ 0
oo 1-¢
e é. 0 t.\‘l(l - 6) + t.\‘2£
e 0/ 0 {m(l —9+ tyzf}ldf’
L O 0 -

Note here that the arc length along the boundary dI" = [d¢ .For the triangular element ¢ € [0,1]. The
integral could be now carried out easily to provide

[ 2tx1 + 1o ]
Ztyl + Iy

) ta + 2to

U6 | 1+ 210

0

0

As expected, the traction forces on the internal node 3 of the element are zero in both x and y
direction. When the tractions are constant, i.e., ty1 = ty = t_X andty; =ty = t_y, we

obtain
i
ty
|7

flo==1"

I 2 t'\' ’
0
_O_
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which shows that the total forces (assume uniform thickness of unity, else multiply with the thick-
ness b) are split equally between the two nodes.

Generalization of boundary conditions

Though we specified the strong form of the equations earlier, there is more richness in the manner
in which the traction and boundary conditions can be specified on the boundary since there are
two conditions uy and uy and t, and t,. Thus we can have combinations of traction and displace-
ment boundary conditions on the same boundary and not a clear separation.

The basic rules about the natural and essential boundary conditions in the vector for are as follows.
1. At every point of the boundary I' one need to have one condition (traction or displacement)
each in two perpendicular directions.
2. One cannot have traction and displacement condition simultaneously specified in the same
direction.

These two conditions can mathematically be specified in a simple manner as follows.

On the total boundary I we can have specification of the following:

5:,\' = ;x on FL\';
gy -1 =1, on Ly,
Uy = Uy on L,
Uy = Uy on Lyy.

The weak form can be derived by an appropriate choice of wy, and w, on the boundary. Note that
the same component of traction and displacement cannot be prescribed on any part of the bound-
ary and so:
r,.nT,=0, rynly,=0.
Also, since for each component, either the traction or the displacement has to be specified
r.ul, =T, r,url, =rI.
Note that t, and uy (and likewise t, and u,) are work conjugates and such you cannot specificy work-
conjugates at the same point.

Example to Illustrate boundary conditions

Consider the problem of plate with a hole.
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In[6]:=

A) \
F
b MARNARAANANA c Line of
symmetry
G
\ X (b) Line of —i‘ K—XP
> symmetry
F
Overlap $ QF
v (P —c
VA VAR VARV R VAR S -
(a) (©)

All the boundary conditions are natural boundary conditions with either zero or some specified
tractions at all the boundaries. However, if we solve the problem purely as a natural (traction)
boundary condition problem then, the resulting stiffness matrix will be singular, because transla-
tions and rotation of the plate are not prevented. To prevent that we can specify, for example:
Uxa = Uyp = Uyg = 0,

which prevents all rigid body translations and rotations. A more elegant (and also computationally
efficient) way it so recognize the symmetry of the problem as shown in (b) of the figure above.
Along any line of symmetry (FG or HK) since the displacements normal to the axis will form mirror
images, there will be either gap or overlaps as shown in (c) due to which the compatibility condition
(specified at the beginning of the notes will be violated.) Hence, the displacements normal to the
axis should be zero. Also due to symmetry the shear traction (traction component along the axis of
symmetry) should also vanish. This will give us:

u, =0 and t, = o, = Oon FG,

u, =0 and 7, = 0,, = Oon HK.
Thus we now have a modified boundary value problem where we model only a quarter of the
domain with the following boundary conditions in addi-
tion:

Note: The relation between the traction and stress on the inner curve are just a little bit tricky. You
have to note that if the stress at the boundary is:

o = {{oxx, oxy}, {oxy, oyy}};
MatrixForm[o]

Out[7])//MatrixForm=

( OXX OXY )
oxy oyy
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Then the traction vector is: t = on, where the normal n =cos @i + sin 8j. So the traction vector is:

ne= N = {Cos[@], Sin[e]};
MatrixForm[n]
t = o.n;
MatrixForm[t]

Out[9])//MatrixForm=
( Cos[©O] )
Sin[@]

Out[11]//MatrixForm=
( oxx Cos[6] + oxy Sin[6&]
oxy Cos [6] + oyy Sin[6]
So, the traction is zero at every point. Hence depending on how the normal to that surface is the
relation could be somewhat involved. We do not explicitly need to put this condition in the weak
form. This is just for your information.

Itis very easy to implement all these concepts in FEniCS. We will solve problem using FEniCS and
triangular element as a part of demo and also as an exercise problem.

Example using a Quadrilateral element.

Consider a linear elasticity problem on the trapezoidal panel domain as shown in Figure 9.11
vertical left edge is fixed. The bottom and the right vertical edges are traction free, i.e. |
Traction 7, = —20Nm~! is applied on the top horizontal edge. Material properties are Yc
modulus E = 3 x 107 Pa and Poisson’s ratio v = 0.3. Plane stress conditions are considered
problem is discretized using one quadrilateral element. The finite element mesh and nodal c«
nates in meters are shown in Figure 9.12.

=20

A
2m

0.5m

1(0,1) 4(2,1)

(1)

(2,0.5)

2(0,0)
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Figure for the problem and the FEA mesh that is used. Note that the FEA mesh is the same as used for
the heat conduction problem.

The problem will be solved using the following steps for a quadrilateral element. The ideas of shape
functions and how to do the integration using the ¢ and n coordinates are given below.

Step-1: Gather all the material and geometric properties of the structure

The constitutive D matrix is:

0 1 03 0
0 [ =33%x107|l03 1 o0 |.

L—v 0 0 035
. .

E

D:
1 —12

S X =~
S — X

The coordinate matrix is:

X0 0 1
e |3 x| _ o o0
X¥I=1e Y[ =12 o5

o] 201

Step-2: Shape functions and the derivatives
The shape functions in the iso-parametric space are:

N n) = 2212 (1 g1 )

b —&m—m
M) = = I L1 91— ),
NI = L1+ €)1+ ),
NI = g I L1 — )1+ ),

The Jacobian matrix is:

e

ON'Q NI aNIQ N[ N
193 13 13 13 X3 Y,
ON{Q ONS? ONJQ AN | | x5 s
an o o o x5 Ve

e _

0 1
CA[n=1 1-n 147 —n—l] 0 0 _[o 0.1257 — 0.375
T4le—1 —¢—1 1+¢ 1-¢ |2 05| |1 0125¢+0.125]
2 1

The determinant of the Jacobian and the inverse are:
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1J¢| = —0.1251 + 0.375,
1+¢

1
_ 3-1
F)=1"
— 0
n—73
The strain-displacement matrix is:
[on?e ONIQ ONIQ Ny
Ox Ox Ox Ox
B—l o ON,Q 0 N, 0 ON3Q N2
dy dy dy dy
N/ ON{? ANS? ON;Y ONJY ON;Y ON;Q AN,
| Oy Ox dy Ox Jy ox dy Ox |

The strain-displacement matrix will be integrated using 2x2 Gauss quadrature. As noted in the
previous lectures, this is not exact, but as seen there the comparison with the exact solution is quite
reasonable.

Step-3: Stiffness matrix

The stiffness matrix for the element is now obtained as

1 1
K=K = / BTDB¢ d) = / / BTD’B|J¢|d¢dn
—1J-1

= B (&, my)DB (&, ).

> WiW,

1 j=1

Jo(&,m)

2 2

1

We calculate the stiffness matrix at each Gauss point and then sum up to get the final element
stiffness matrix.

At the Gauss point {=- % andn=- %, the values are as follows:

S

ONY? ON,? AN ON;Q ON{? ON,? AN ON;©
Ox Ox Ox Ox o1 23 23 23 o€
4Q 4Q 40 40 =) (&m)

ION/Q ON;? ON? 0N, N/ ON;Q ON;?  ONyC
o oy Oy Oy Jgm oo M f
—0.44 —-0.06 0.12 0.38

| 088 —088 —024 024]

Thus, the strain-displacement matrix at the Gauss point is given as:
—0.44 0 —0.06 0 0.12 0 038 0

B (&,m) = 0 0.88 0 —0.88 0 -024 0 024

0.88 —-0.44 -0.88 —0.06 —0.24 0.12 024 0.38

So, the stiffness contribution coming from the Gauss point: ({1, 1) is
Ke(&r,m) = WiWwi BT (&, n)DB (&, m) 13 (&m) |-
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After the process is repeated for all the Gauss-Points you will obtain:
Step-4: Force vector
There are no body forces in the current case and as a result the only contribution to the forces

come from the boundary tractions. However, only the top boundary 1-4 has non-zero traction and
hence only that will contribute to it.

1(0,1 4 (2,1
A7l (0.1) (Ch)

[1,2] [2,2]
(1)

(2,0.5)

[1,1] [2,1]
1 -1 2

2(0,0)
From the above figure it is clear that edge 1-4 corresponds to £ = -1 in the parent coordinates. Also
note that in the current case, since the length of edge 1-4 in both parent and the material coordi-
natesis 2: dI" = dn. Hence, the integral for the boundary traction can be evaluated

as

fi. = / (N*Q)Ttdr = /1 (N*Q)T(& = —1,m) dnt =

n=-—1
iy

I I I N e R
N e =R == =)
L — |
5o
S
| IS
|
[I\)OOOOOII\)O
S S

Note that the only shape functions that do not vanish along edge 1-4 are N{% and N4°. These non-
zero shape functions would be linear function of n. Also, interestingly, the integral of the shape
function over the edge is equal to 1. Forming the boundary force matrix and also accounting for the
unknown reactions at node 1 and 2 (nodes that are fixed) we obtain:

_ - - C 0]
Iyt — 20 0
Iy 0
fl. +1° = %2 : d= M(:3
0 Uy3
0 Uxg

| —-20 | | Uy4 |

Step-5: Solve the system of equations
The system of equations is:
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(149 —-074 —-0.66 0.16 —-098 0.65 0.15 —-0.087T

0 T'x1
2.75 024 —-246 066 —-1.68 -—-0.16 1.39 0 ry1 — 20
1.08 0.33 0.15 -0.16 —-0.56 —-041 0 o
107 2.6 —-0.08 139 —-041 —-1.53 0 B Ty
2 —082 —1.18 025 ||us| 0
SYM 3.82 033 —-3.53 Uy3 0
1.59 0.25 Uyg 0
L 3.67 a _uy4_ L —-20 n
The reduced system of equations is
2 —-0.82 —1.18 0.25 U3 0
107 382 033 353 | us|l_| O
1.59  0.25 Uyg 0 |’
SYM 3.67 Uyy -20
which yields
S
0
Uy3 —1.17 0
l/t“v3 o -6 -9.67 e -6 0
wa | T 10 2g7 | 8 0T g
hyy —-9.94 —9.67
2.67
| —9.94 |
Step-6: Post-processing
The stress and strains at the Gauss points are:
e e
SXX UXX
(& mj) = | &w =B(&,m)d°, o (&,m) = | on =D (&, ),
ny (&imy) Ty (&)

and are evaluated at individual points are
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[ —3.61 ] [ —12.5]
£ (&,m) = B(&,m)d° = 107 | —0.628 |, o’(&1,m) = D% (&,m) = | —=5.64 |,
| -394 | | —45.5 |
[ 8.82 ] [ 28.5 ]
£ (&,m) = B(&,m)de = 107 | —0.628 |, o“(&1,m) = D%(&,m) = | 6.65 |,
| —40.3 | | —46.5
[ —11.7] [—42.0]
£ (&,m) =B(&,m)d° =107 | —3.45 |, o‘(&,m) =D%(&,m) = | —23.0 |,
| 2.21 | | 2.55
[ 6.65 ] [ 18.5 ]
(&, m) = B¢(&,m)d* = 107 | —3.46 |, 6‘(&,m) = De(&,m) = | —4.82
| 0.95 | | 1.09 |

The stress that is obtained is now used to check various material failure criteria. One of the most
well-known criteria for plastic criteria is by evaluating the so called von Mises stress which should
be lesyys than the yield stress gy

oy = \/0% + a% — 20,0,,

i — O\ 2

Here, g; and 0g,are the principal stresses and have the values as given in the second equation

below.

We will now solve this same problem in FEniCS in the Jupyter notebook and obtain the von-Mises
stress.



