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Abstract—A general finite element formulation for plate bending problem based on a higher-order displacement
model and a three-dimensional state of stress and strain is attempted. The theory incorporates linear and quadratic
variations of transverse normal strain and transverse shearing strains and stresses respectively through the
thickness of the plate. The 9-noded quadriiateral from the family of two dimensional C° continuous isoparametric
elements is then introduced and its performance is evaluated for a wide range of plates under uniformly distributed
load and with different support conditions and ranging from very thick to extremely thin situations. The effect of
full, reduced and selective integration schemes on the final numerical result is examined. The behaviour of this
element with the present formulation is seen to be excellent under all the three integration schemes.

INTRODUCTION
Isoparametric plate elements[1-5] based on Mindiin’s
theory(6]. which obviate most of the problems that beset
elements based on the classical Kirchhoff’s plate
theory{7]. have become popular and well established.
However the theory itself has certain limitations, viz.,
the effects of transverse normal strain and transverse
normal stress are not accounted for, the transverse
shearing strains are assumed constant through the
thickness and a fictitious shear correction coefficient is
introduced to account for warping of the cross-section.
Thus the claim that the element is applicable to both thin
and thick plates is not tenable. At the most only
moderately thick plates could be anaiysed. In this paper
a C? continuity element is developed based on a higher-
order displacement mode! than hitherto used and a three
dimensional state of stress and strain[8,9). Specifically,
the transverse normal strain and the transverse shearing
strains are now assumed to vary linearly and quadratic-
ally respectively through the thickness of the plate. Thus
the warping of the cross-section is automatically in-
corporated. This element retains the simplicity of
Mindlin's fermulation and, at the same time, has no
intrinsic limitations. It is expected that this development
will offer refined and realistic solutions in the case of
really thick situations in general, and composite/layered
systems, stress-distribution near concentrated loads, etc.
in particular. The element which has six degrees of
freedom per node can employ the available family of the
Serendipity and the Lagrange elements[S,10]. In the
present study a 9-noded Lagrange quadrilateral is used
which has performed very well on ali of the test problems.
Numerical results corresponding to exact, reduced and
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SU(x, y, 2), 6,(x,¥), w*(x,y), etc. will henceforth be written
simply as U. 6,. w*, elc.

selective integrations for a wide spectrum of plates—very
thick to extremely thin—are presented.

ELEMENT FORMULATION

The general theory[8, 9] is based on the displacement
model (Fig. 1)

Ulx.y, 2) = 20,(x, y) + 220%(x, y)
u=j V(x.y.2) = 26,(x, y) + 2°6%(x, y)
Wix. y.2) = w(x, y) + 2 w*(x, y) (1

where U, V and W define the displacement components
in the coordinate directions x, y and z respectively. Both
the x and y coordinates lie in the reference plane of the
plate which is assumed unstrained. The terms 6, and 6,
are the usual average rotations of the normals to the
reference plane along the x and y directions respectively,
while w defines the transverse displacement at the
reference surface. The terms 6% 6* and w* are the
corresponding higher-order terms in the Taylor’s series
expansion used in the present theory and are also defined
at the reference plane. Thus the generalized displace-

K

Fig. 1. Positive set of displacement components.
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ment of the reference plane & is expressed in terms of
six independent variables,

& =[w, 0, b, w*, 0%, 0%]7. A

lll

Tha civ the o
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nerahsed dlsplacement components & by

L3N] L
related to the g
the relation,

e =K, + 7’ K*
¢, = 2K, + 2K}
Yoy = 2Ky + K%,
Yoz = b + 270%
Yye = &, + 220%
€ =2zw* (3)

where the new curvature terms K., K, etc. cailed the
generalised strain components vector € in the two
dimensional finite element context, are related to the

generalised displacement components & by the following
matrix relation.
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The total potential energy = for the present theory[9)
is given by

2
7r=%f eTa'dA—f(pz*+p,')(w+-’:—‘-w*)dA
-JA A
(5

where p,” and p,” are the transverse distributed loads on
the positive and negative extreme z planes respectively
and h is the total thickness of the plate. The generalised
stress component vector ¢ which is the integral of the
physical stress components through the thickness of the
plate (see Ref. [9] and Figs. 2-4) is given by

={M. M, M,,, Qx. Q,, M%, M3, M, Q%, Q% M.]".
(6)

The generalized stress vector o and the generalised
strain vector € are partitioned as follows:

gz[”bl-"yl-ﬂ'hz.(f‘g.ﬂ'h}]r (N
and
€= [€1. €. €2 €2, €3] (8)
where
o = (Mo, My M., 17 02 = [M%, M%, MA,TT,

U‘h\=1M T\ :[O,n Qy]T 0’\2':[0* O*]T

—”( K K 1T g.=[K* K* K* IT

fhpe A%y Sagy  €h2 L4% ¢ 4% vy 82y

b3"2w » €5 —[(b.ww QSV] -E(z—[fbf. (bv]T- (9)

For a linear elastic material the constitutive relation can
be written as

51 = Dy i€pi + Dy2€y2+ Dy - 2w* {10a)
Ty2= Dy26pi + Dys€pa+ Dys - 2w (10b)
U'hsz_Dp;TsfbA*_Df:rs€h2+_Dha'3W* (10¢)
o1 = D€, + Diae,s (10d)

0= Dia€ + Disény (10e)

where the elasticity matrices D\, Dya. D,1, D, . etc. for a
homogeneous and isotropic plate with Young's modulus
E. Poisson’s ratio » and thickness 4 are expressed in the
following manner:

I-v v 0
~ ER’ v l-v 0
Ym0 0 i-a (a
b
l-v v 0 _]
_ Eh® v |- 0
TR0+ M1 =20y O 0 1—2V_J (11b)
2
H
Eh3 v
! .
Dys = l"(|+u)[—"y)|0 (1lc
v 0
Dra= 448<1+u)1-7 ‘6” I—OH (Hid)
.
_ En® (”l
P ) e
ER?
Doe= =15 ! (11f)
En L 0
_DS,—,_————(HV)[O 1} {i1g)
_ER 1O
-52—24(1+V\’[0 l] (llh)

_D.,3=—§£'——[l 0]. (i)

1601+ )0 !



CAS Vol 15, No. 2—F

A refined higher-order C© plate bending element

z

‘1 o
\ g

o

t

-

\:

-

Cal
!
£
N

iz Nl
~C

[
~ N
AN
N

N
=
l\("q
ql

Y

AN z “\_Reference

7 surface
X e

A0x
Ox =05 3 0%,

T
Tys = Tyz* g—;ﬂ- dy, etc

Fig. 2. Positive set of stress components.
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It is seen that the strain energy expression of eqn (5)
contains only the first derivatives of the components of
the generalized displacement vector § and thus only C°
continuity is required for the shape functions to be used
in the element formulation. If the same shape function is
used to define all the components of the generalized
displacement vector 8, then

(12)

where N; is the shape function associated with node i, &;
is the value of & corresponding to node { and m is the
number of nodes in the element.

With the generalized displacement vector & known at
all points within the element, the generalized strain vec-
tor € at any point is determined with the aid of eqns (4)
and (12), as follows:

(13)

where
(14)

and is given explicitly for the present case as follows:
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Having obtained the D and B matrices as given by
eqns (11) and (15) respectively the element stiffness
matrix D° can be conveniently expressed in the follow-
ing form{10]:

+1 +1
K= f DB dA= | BDBIIIdE O
Al -1 J-1 )
(16)

For the present element which has six degrees of
freedom per node as opposed to Mindlin’s element]1, 10]
which has only three degrees of freedom per node, it is
considered appropriate to economise on the cost of
computation involved in numerical quadrature for
evaluating the integral in eqn (16). It is generally agreed

that the foregoing computation accounts for a very sub-
stantial part of the total computation cost of the com-
plete analysis[11]. To achieve this end, the element
stiffness matrix is partitioned in both the row and column
directions into blocks. Each block corresponds to the
degrees of freedom at a node[12]. The expression of the
stiffness coefficients for a typical block ij could be writ-
ten as follows:

K'=3 S W,W,IBDB, (1
p=1q=1

where W, and W, are weighting coefficients, n is the
number of numerical quadrature points in each direction
and B; and B are the strain-displacement matrices based
on the ith and jth shape functions, respectively. Due to
symmetry of the stiffness matrix K*, only the blocks K"
lying on one side of the main diagonal are formed (Fig.
5). Further, the suggestion of Gupta(13] is incorporated
in the program which stipulates explicit multiplication of
the B;, D and B; matrices instead of carrying out the full
matrix muitiplication of the triple product. This is
expected to reduce the computing time for element
stiffness formulation by a factor of nine. For the con-
venience of any prospective user, these 6 X 6 submatrices
corresponding to flexure and transverse shear effects are
presented in Appendix 1.

The consistent load vector P due to distributed load p
can be written in general as:

+i +1
p=f prdA=f f NTpldedn  (18)
A€ ~1 J-

which takes the following form suitable for numerical
integration when transformed in the context of the
energy expression (5) for the theory presented in this
paper

1
0
0

Z W, W, JIN; (19)

1qg=! h

0
Lo
It is noted that eqn (19) is different from the usual ones

because the loads are not assumed to act on the
reference surface in the present development.
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Fig. 5. Nodal partitions of the element stiffness matrix.
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A computer program was developed based on the
foregoing approach to generate the element stiffness
matrices, the consistent load vector and a few related
processes for the stress computation. This program was
integrated with the modified version of the one described
in detail by Hinton and Owen|14].

NUMERICAL EXAMPLES

A square plate of side a =1 and subjected to a trans-
verse distributed Joad p, =1 is analysed with three types
of boundary conditions. A Poisson's ratio (») of 0.3 is
assumed. The numerical experimentation is carried out
with four of the nine noded Lagrangian guadrilateral
elements in a quarter plate. All the computations were
performed on a CDC 7600 computer in single precision
with 14 significant digits of real rounded arithmetic ac-
curacy. Full, reduced and selective integration schemes
based on Gauss-Legendre product rules, viz. 3x3 and
3IX3E). 2x2 and 2x2(R) and 3x3 and 2 X 2(S), have
been employed for flexure and shear contributions res-
pectively to the element stiffness matrix computation.
The results for the plate analysed with the three boun-
dary conditions are presented in Tables 1-3 for various
values of the aspect ratio afk. Typical execution time is
0.52 CP seconds per analysis.

CONCLUSIONS

The performance of the 9-noded Lagrangian iso-
parametric element has been studied in conjunction with

the refined higher-order plate theory presented in this
paper—and also elsewhere[8,9). On the basis of the
results of Tables 1~3 it can be positively concluded that
the element’s performance is excellent in all the situa-
tions studied in this paper with no apparent preferential
choice for full {exact), reduced and selective integration
schemes for computation of the element stiffness
matrix[1-5, 15,16}, This appears to be very significant
and perhaps is a pointer towards the use of the present
refined higher-order theory in preference to Mindlin
theory hitherto used in most of the analyses. Qualita-
tively this could be due to the better representations of
the cross-sectional deformations and the stress-strain
law. However, its behaviour in context of the few boun-
dary constraints which lead to the development of
mechanisms (or near mechanisms) commonly interpreted
as zero energy modes[5] needs to be seen.
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(b) Transverse shear contribution.

1K, = Enl(1+ vX1 - 2»), Dy = K, k*/12, D% = 3D, h*20, Dt* = SDYH*[28.



