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Geometrically non-linear analysis of 
symmetrically laminated composite and 

sandwich shells with a higher-order theory and 
C O finite elements 

T, Kant & J. R. Kommineni  

:\ (" continuou~ dixplacemcnl based linilc clemct~l lormulaticm o~ a h{gh,',- 
order th¢oQ' for linear and geomclrically ntm-!incar anah-b, ~ hich accoum, 
lor large displacements in the sense of ~on Karman, ~,l x.~ mmctrlcalt~, lamir~alcd 
con'lpOMt¢ z,nd sand~ich shells u n d e f  lrans~cr,,c load, i, prc,cnlcd. ] h~. 
di~,place~lclll l n o d d  :_lCCOUlli'~ for llOll-lit luar ant] COll~,{an[ ~.al-ialioll ol 
tangential a~ld lran,o, er,.c displacemcm componeni,,, rcspccti~c!~, fl~rough 1~',¢ 
shell Ihickness. The as,,umed dislP'.acement model eliminate, the u,~e of ,,hear 
correclion coeHicienls. The discrete element cho,,en i~ a nine-node quadri- 
lal.'l;~l clement ~ith nmc degrees of freedom per node. fhc accurac~ ,q ~,l~c 
prc~em fOrlllUlalion is lhcn c~tablished by comparing the prc~cnl restlll,, wilh 
ihc available an,lk'lic~: closed-form m~>dimensionat ~olulion-. threc-dm3cn- 
,don:l] e las t i c i I \  ,,oluliOllS a n d  o l h e r  f in i ic  c l c m e n l  ,illu~iOl]'.~ N{H~)c |1c~% !c'~u]l ~, 
a r c  g e n c r a l e d  fo r  f t l lure  eompari~,on~, 1o :.lrkl c'. alualiol l  ~, o l  sallt[t~ ich ,~ht Jl~ 

1 INTRODUCTION Love-Kirchhoff as~umplions, and NLIT"~re\N of such 
elasxical shell theoric,, eaq be ',een in lhc ~ olk~ el 

Struetuia! elements made tip of fibre reinforced Naghdi ~ and Bert. ~ 
composite materials have been extensively used in The first analx'sis thai incorporated the bcl3ding 
high and low technology areas in recent years, and stretcifin,.: coupling i~ d~a! of .,kmbar~- 
Their  industrial applications are mulliplying sumvan. ~ : Ainba,Isum~an a~umcd lhal lhc in- 
rapidly because of their superior mechanical pro- dividual orthotropic laxers x~clc oriented such 
perties. However, the engineering community i~ that the principal axes of material s~mmc~rv co- 
faced with many challenging problems associated incided with that of the principal coordinales of 
with the use of these new materials. Of these, the the shell refcrencc surtacc. The effects of lran,,- 
geometric lion-linear response of laminated shells verse shear defofm:,llion, normal strc,s and normal 
is one of the :najor consideralions in their design, strain on the bchaviour of laminp, lcd shell\ cm~ be 

An accurate prediction of the behaviour of incorporated on lhc basi> of a mcithemafica] 
shell structures requires modelling of actual model through the inclusion of higher-~wdcr ,*,crms 
geometry and kinematic descriptkm of the corn- in the pox~er series cxpansmn of fl3e a~sumed di~- 
ponents. The partial differential equations placement field. It1 the contexl of a speci;d or~ho- 
describing the large deflection behaviour of anise- m~pic and homogeneous shells, Hildebrand ,~', al. ~ 
tropic composite shells of arbitrary geometry are ~cre the first to make sigltifica~31 coi3li-it~t~iion~, b \  
not amenable to classical analytical methods. The dispensing ~ith all lhc l o v e  a,,sumpfions a!Id 
finite element method has proved to be a very assuming a three-term l.-~x..!ors ~,erics eXl-,ans{on 
powerful tool for analyzing structural problems, for ~he displacement reeler. Naghdi" has 
involving complex geometries, Ioadings, bound- employed Rcissner's mixed variati,onal principle 
aries and non-linearilics, to develop a complete shell forrnulnti_on similar ~o 

Many classical theories werc developed origin- that of Hildebrand et aL Done and Fso" v, cre 
ally for thin elastic shells and are based on perhaps lhc first to pr¢.,ent a first-order ,hear 
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deformation theory iwbich mc]u3es lhc elfec~s of the ' ~ r k  i:~ under pmgt-es ~, and a definite conctu- 
transverse shear deformation tt~_rougPL the .,,hell qon ~itl emerge after funher',vark. 
thickness) and ,+ten to construct a laminated Kabir ~" presen',ed an analytical solution to the 
orthotropic shell theory. Further attempts at refin- boundary value problems ef static and dynamic 
ing theories for laminated anisotropic cvliqdricai responses of crt:ss-pty and arbitrarily laminated 
shells have been presented by Whitney and Sun'* duublv curved shells of rectangular pian form. 
and Widera and Logan."  Reddv Tt c ' : tcndcd Three nmel  solution methods are proposed 
Sander's theory for simply supported cross-ply based on double Fourier series. 
laminated she(Is. Fir>,t. a boundary discontinuous double Fourier 

The second-order mmsverse shear dcforma- series method is adopted to solve the static and 
lion effects have been included by Kant. ~: ~ilo eigcnvalue problems of cross-ply and angle-ply 
developed a complete governing set ~ff cquati~ms laminated doubly curved shells based on classical 
f o r  a thick shell theory. The theory is based oft a laminalior~ [hcarv al-td st:.tlic problcm'~ of cross-pl 3 
three-term "l-aylors series expansion of the dis- laminated doubPv curved ~,hells based on higher- 
placement vector and generalized Hookcs  l~,xv, order shear deformation theory. Then a general 
and is applicable to orthotropic material laminae boundary discontinuous double Fourier series 
having planes of symmetry coincident with shell method and a boundary continuous double 
coordinates. Kant and Ramesh::  hax c presented a Fimrier series method are described to solve static 
general orthotropic shell theory in urthogonal and cigenvalue problems of cross-ply laminated 
curvilinear coordinates ba'~cd on -t displacement doubB: -urved shells and static problems ol anti- 
model of Hildcbraml eta/ .  Kant ~-> presented symmetric angle-ply laminated doubly curved 
higher-order !heories for general orth~,tropic as shells based on a firs+.-order shear def~rma'ion 
well as laminated shetls, which are der:~ed from theory. Ho-~evcr. ~ittlc attention is focused on the 
the three-dimensitmal elasticity equ:,tions by. h~gher-~+rd~:r theory. All of these studies are 
expanding the displacement vector m Tavlors  limited to smali deformation theory. 
series in the th.c,,.ness coordinate. The {heorie>. Because of the hi,,h moJuius and high strength 
account R~r the effects of transverse shear deli+r- D-opertics of composites, structural composites 
matioa, transverse normal stress and transverse t 'ndergo large deformations before mev become 
normal strain xsith an implicit nun-linear distribu- inelastic. "l-hcrcforc. an accurate prediction of dis- 
tiun of the tangential displacement componcms ptaccmee, ts and stresses arc possible only when 
through t l ~ e  s h  I! " ,e.+th~ckness. ene accounts lot the geometric nan-linearity. 

Reddy and Liu +'' presented a higher-order Horrigmoe and Bergen > presented classical 
~heorv R)F doubly curved shelis and u,.ed Navier's variat~onai p,incip[es for non-linear problems by 
approach for solution. Bhimaraddi anti Stevens ~- considering incremental deformation,,, uf a con- 
and Murthy and Reddv t" presented higher-order tinuum. Wunderlich ~+ and Stricklin et aL ~ havc 
displacement based shear deformation theories reviewed various principles of incremental analv- 
based on ('~ continuity. Kant and Pandva: '  pro- sis and solution prucedurcs for non-linear pro- 
sented dilt'ercnt higher-order shear deformation blems, respectively. 
theories fl~r static analysis of laminated composite Noor  and Harrier ~'' employed the shall{~w shell 
plates using ("~ continuity. Kant and Menon:" : :  theory with transverse shear strains and geometric 
presented various higher-order theories for lami- non-linearities to develop :rianeular and quadd- 
nated composite cylindrical shells using ("' finite lateral finite dements, Chang and Sawamip- 
elements. Kant > ~+ along with co-workers, after hakdi +: presented a furmulatiun ~+f the degenerate 
doing extensive numerical investigations on lami- 31) shell elemem for gcomctricatiy nun-linear 
natcd plates and shells, both static and dynamic analysis of laminated composite shells. 1 he 
linear analysis, using C" finite elements and updated incremental formutation does not include 
various higher-order theories, proved that shear- any numerical resuits for laminated shells_ 
free conditions at bounding planes give stiffer Chao and Reddy"" and Reddv and Chandra- 
solutions: and he also proved that among various shekhara ~'' have presented first-order shear defur- 
displacement models, for flat laminates, the one matkm theoD ~ by including tran,,verse shear 
which has nine degrees of freedom per node gi~ es strains el|~+cts in Sander's theory fo+ geometrically 
results ve U close to 3D elasticity solution (e.g. non-linear analysis of daubtv curved shells. 
Kant and Pandya"), As regards cu~'ed laminates, Recently. Kant and Mallikarjuna:- presented a 
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laminated pla~es with a higher-order  theory and the first derivatives, oi  the ~ra_ns',cr~e di-,placcr3~n~ 
("'  finite elements,  c o m p o n e m  ,Mth res pec,. u~ r. r and :. 

To the authors" knowledge there is no In the pre,cq~ inxestigafiom a C ~: n ine-node  El- 
publ ished work on higher-order  shear deforma-  quadrat ic  Lagrangian fini,e element  has >con 
tion theo~' including the geometric non-tincari~y adopted in the numerical  c-ompu'a~km, !~ =ddi- 
with ( "  finite elements, in this paper,  a " : i rd-  tion m the higher-~>,icr -h<ar dch,.~ma~i<~ Q~e.~r~. 
o rder  shear deformat ion  Ibeol3.' is cops~ , :o :  ! in a first-order q~.ca~ 3ch:,rm?_ti~m ~hc~;rx b~ inched- 
which the tangential  d isp laceme,n  c~-..q~,.~:~ ats ing firs~-<~rdcr shear deformat ion  cifec>: ir3u~ 
are a cubic function o;" z, whereas the t~ m-verse  Sander ' s  she!i thcc-rv s e e  ,V, anciers -'~ b, dc~cQopcd 
displacement  c o m p o n e n t  is assumed to ~. con-  so as lo cnab~c :t c{}mpari.,{~n ,,4 ~_}'c prcscr!~ 
stant through the thickness of the shell. "!f'p.e effec~ formuhtic~n % i | h  Li pZiF;AiiCt fc}TmhlZtH(,[!. %cV¢.'l ~1{ 
of geometric non- l inear i ty  is inc luded in the example' ,  dra,an ira,n3 ~h, Uk:~:au~c ;~c :m:H',/~:d 
formulat ion by adopt ing  the yon Karman  a~,sump- and aTpropria~c c,,mp:~r>~.q, ~,ac ~nacP.: ~ ,,!u,~. 
tions thee Chao  end Rcdd~ ~" and Reddv and the simp~ic~ty.v;Hiditx and ~ccur~c~ ~+I ~]~.c ptc,.cm 
Chandrashekhara~ ' i .  Tha t  is. the lirst deriv:atives |ormulat ion.  
of tangential disphtcemen~, c,.)mp,~ncnts x~ith 

2 TItEORY AND F O R M U L A T I O N  

A fibre reinforced composite general shcfi i', prc',cmcd ~hich c~m~bq,, o~ hom~gcnc~u,, and i,:,~rt~p':: 
orthot]opie lavcp, of ~hicknc:,,~cs h~. /,,.. h ..... h\~ . ~ricrncd arto, raril', ",uch H3;:. Ihc I~hd flm'knc-,, 
h = h ~  + t : .  # . + ]t,.~ . '.,.here NI scrods t-or loud n u m b e r  of laxcr,~ in ~hc hm-mmu: [ h e  , .  ,, a~c ~,i]c cur,.> 
linear d imens iona l  eoordinalcs  defining the mid-, ,uriace ~i  ~!~c ~.}lcJi and thc : ;~\i,, i- ,~ricmcd i:~ H~c 
lhicknexs di,-ccfion Fig. | ~. 

In the present  theory file di, ,pktccmenl cor 'nponcn> ~! a gcnct ic f~in~ in H3c .,hell ;l~ a, ' ,un:o.! ~,'~ bc ,~i 
the foliovdng fl-,rm: 

IC_T. Y. 2 !  = I f . , .  ~, .U~ ~" 2_ ./;).-! f .  U + ~ " .  t,t~:i~ .~. . .I'I + Z~.~9: : 'X.  

t ' : x ,  v . z ; = t ' J x . v  ~-, - . ( ¢ ,  A,  V~+Z'.V~IA . v !~ - . : .O* .x ,  x~ i 

v.hcrc u . .  t',, and ~v,, are mid-5.urfacc di:.-,p|;icc01cfq-, o~ a gcr~cric [;~HFd ha ~, tng dr, lq:~ccm~. ~H.. ;~ ;. ~ n~ ~i~t' 
x. r and E directions,  rc~,peclb.'c]_v: O, and  ~/, arc rotafio~; of fi~c tfgn~-\ cfv.c It'O[l~Jl¢ti CIi}~.'.'sk'~. |hiI1 ", ~13 ~{'i~_' ~..- 
and w pl-mcs, rcspcctivcl):  ui~;. ~'~. 0~" and 6P: arc the c:xrcNxmdm.t_, b.ighc~-~dcr Ic~m,~ in ~i:c l : ~ k ~ , ,  
series cxpa l>don :rod Ihe mid-surfi~cc di,~placcmcn~ c~mq~,.}ncm, ¢ ¢ r L 1 ; " , ' ~ ~ " ¢~ , . # " ¢ '1 , e { : , ~ ~ ' " / ~  ' : ~ ~ 'b--" i ~ ~ ~: 

:/ir~c degrees of f: .:cdo.m of t hc ['n csen{ hi>he;-:~rd*'r di,,placc a wn~ m~ ~d~.'}. 
l h e  present  tt!'corv cons~.lcr,, largc d isp laccmzl :~  m H>: ,cn,,c of \on K::r,nan ',~ i!h <n:dl ,tr~m> '.a h~c~; 

in particula~ ,reply that H~c flr~,l-ordcr dcrKatix c'. of lal>!cniia! d>p]accmcn!  c o m p o n c m ,  v.i~i~ ~,i-..cc: v.~ 
x. v and ~" arc :,mall. so thai 01cir part icular  produc~,, can i~c neg!ccicd ,,co Nox,~zhilo\ ° (h;i~s :.m,.[ 
Redd~ ~" and Rcdd~ 1rod Chand~ ashckhar;.'. ~'' +. The  h~Hov, mg a~c the qla{13 d i~pk lccn lcm +cL:_+~ m~ 

0;~ ~v t i0 ."" : + V )  
' ~?.v +R~ 2 .d. L 

~, ~v + 
- -  " a 

" & '  ~ Ox av 

/3;; ~v," ;; 

i b '  O w  v 

' ' O: dv R .  
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Fig. I .  [.agqillaD._' g c ~ m ! c l Q  ' : , i l h  [',~'..}ti;c ,,c! ~ t : l m i n a ' t a l ' n m a t c  rc lc rc i ;cL '  ax,._',_ displacement comp~mcnts and lihre 
or i cn l a l i~  m 

U p o n  s u b s t i t u t i n g  d i s p l a c e m e n t  c o m r . ~ n c n l s  a i v c n  t'~x c q n s  . i~ in c q n  !2~ a n d  s i m p l i f y i n g ,  t he  s t r a i n  

c o m p o n e n t s  in t e r m s  o [  m i d - s u r f a c e  d . . p l a c c m c n i  c o m p o n e n t s  a r c  o b i a i n c , l  as  foil(w, s: 

~ , 9 '  , tO ,  \ :  
f ' , =  ........ ' - f - -  + 2 " -  - t - - ' :- ' 

&v R~ r).v Ov " - ~  ' ~ (,: _ to.:/ 

&,, ,  w .  O o ,  . &, , :  ~ o o  ~_ I !:;::}, 

e, = O r  + + :  + :  . + :  - . • R. av c]v c]v 2 { O r  

. ,  = ~ + - ' .  _ L+c] f~ ,  + c l v " . c 3  I~'' 

' "  ~7, -~  g : + : t a - , + a : )  +:a,: ~ . , :  - o ,  <~,, ~ ,  0 ,  ': ~' 

a!~. ,.' O ~ / * • * "<, "* i  
7, 0 + + 2 -  " * -  + :  " 3 # , -  ~-- ;"  - = - _ u ,  /'~ 

e3x , t?~ 

: , ,  = o,+ e , . : -  + - : - / s o ~  + - .  

I - h e  ( Ollt..,lit[ll{'~. C Ct t l i | l [ t ' ,F l s  t l [ -  t h e  / .  i l l  l i t  'l, c ' r  c;_II1 I'~c ~A F i l t C l l  ;.IS; 

[ " I 
ol  1 (i~ (,: 0 (I 11 : ~ 7 : 

o -  (,_. I) {i 0 ~ " t 

t ie = ( ~  0 0 :,: i {4a) / 

r I ~ S y m m e t r i c  (~ (t 7"~ l 

] 
t . .  ...a 
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where (o~. o~. rr_.. rl~. r,~) are the slrcss components and t ,. c.. )'1 '. ]'~ ~. ;,',~ arc the ",tFuir~ comp~mcmb, 
r e f e r r e d  to the l amina  c o o r d i n a t e s  i 1, _. "~ 3). as s h o w n  in Fi,,=. 1 and  (.... a rc  .,lie c o m p o s i t e  m,~*crJa ' qiffncs'~ 
mat r ix  c ' )cff icJents  of  the L th l amina  in l amina  axes  { I. 2 . 3  ~ and  thcsc  a rc  de f ined  a- t{;)]~,~ , '  

~''i 1 -- \ i " ; ; , i  2-;,21 ) ( '1"  \ ]  -- 1'12)'21/ 

i: 2 ) ( ' ' '  = ('r':: (',~ = ( ; , ,  --J, ~ 

Throu,,h= a t cnso r  t r a n s f o r m a t i o n ,  the  s tress  s t ra in  relali{~ll~,_ ('~i the / . lh  ki)llill,t~ {~l ~1 cr~)v--p[} litlYlilYjlc ill 
the laminate coordinates (x. v. - ,  can be x: rittcn a~,: 

o = Q e  5~, 

o, 1 t - ( L  I_,  (),,_,_ () () 0 z t, / 

o ,  ( ) . ,  () (t () t . 
I 

r , ,  ] = (_).., () () ;',, , 51~  

r,- {. SVl l ln lL ' I I - iC (),~ {) j 

r Q ~  J d 

ill x t h J c h  o P = ~ f I , ,  o .  r , : .  T , . .  f . : ! [ l l i d  E r = ~ ( , .  #" . " / , , .  }" . ", ' ;.ll'd IilC'qlChsLtlltl,qr;iill\ccloi"-,v..ilhl,,.'-,pcct 
to the l amina t e  axe,, ~.~. :. : ,  and  the cocf l ie ic , l t  ~, of  mal r ix  Q cori-c.,,r~rldi)lg I~+ l h c / .  th )arnh~;i ~li-e dc l i ncd  
as fiHIo,a s: 

( ) i N = ( ! !  "{': + ( ' ' ' ~ =  

(--)~" = f "1"" ~'~ + ~ :' 

Q~:=(~;-c=+~: ,  

Q~.; = ("._." c :  + (" "~" ~: 

Q .  =(=~-~: +(.~-c" 

w h e r e  c = c o s  O..~ = sin O. 0 is [hc angle  b c t ~ c c n  fil ,re dirL'c'lior) of  the knllina ;ultl the ~, ~\i ' ,  ~i The 

lamin: , te .  
1 h e  tc, Inl p~tienfial enel-g 3 of  the ,,xstem, [1 , i,, dxen  b,,: 

' [  / r l = . x  s ~ - o d l  " -  d m F d A  f~= 
- -  . ( i 

,,r ) I i ~.ad: d.l- d. l :d .~  7 
i 

ill ',\flieS d Js 111{2 nlid-suITLIuc ~IFC~I. [ ' ix Ih£ s]lCl] \ l)]t111lC, f i~ [)Ic L'qtli\a]eil( ]()Lit] \ ¢Clh)l COl rc,,poNldiIl[2 1o 

nine degrees o1 hcedom d. i.e. d '  =~u , .  v.. w,. 0,. H,. u:~. ~'~/. 0~. H:!:,. 
The cxpre,,sions Ii)r the .qrain components  ei',en b,, eqn 3 ~ arc ~,ultstim'io_t m cq;,. - .  ! b,¢ funcmm 

given I~y eqn { 7 ) ix lhcn mimln izcd  ',~ hilsl carry in# OLII expl ici t  h]leg.rafion f l ] rough die ,,hell [l~ick',~.".',. Fhb, 
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leads m a s|ress resultant vcct(}r dr wh,nse conlponcnls i~r an N L  lavcred ]amina[o . t  : '  ell arc defined as 
fo l lows:  

i N, X *  = I = v, ,vt " [~. : - l~t :  
,,,, .\,,tj - J ,  ', 

i , , v .~ ,~£1  = ,xz, .~/,* = " " 1 ,  i ! : . : ~ i ~ l :  ~s~ 

Io, o*. s ,  S*l = s * ~ =  \ i J . - :  - :~i 

After integration, these relations can be x\ rittcn in lllalrJx [orlll, ~ hich defines the stress rexultanl and mid- 
surface strain relations of the laminated general sl~ell and is given Iw: 

-X ] 

. ,  [,,,,, . o I p,,, 

O' 

S 

or  symbo l i ca l l y :  

O =  D ~  

in which:  

d ' =  ~ ~,,',. x , .  ,\',,. , \ ' t  : \ ' f . . \7 , - .w, . .w, .  ~/,,..~/:i:. -~/;,~:..~/:i~,- LL. C~,. C t t  Ct, ::, .~,..~,..% .v;:~ ~ h  

and the stiffness c(mlficicni matrices, i,e. D,,. D ,  !)~, and D, col responding to the men]hranc, coupling 
between membrane and bending, bending and shear terms, respcctivcl.v, arc defined as tollmvs: 

I--~ ._ I--, (_..),11~ Q, t t , l  

{go) 

-C~,,/t, Lt.,//-. Ct,./t: ~2~,,,,//,- \1 [ 'i ] N[ 
I ) , .=  \~ Q.II~, O,, IL O~,.tL O i . I f .  0,.11~ 0,.,11. 

, - ,  (),,tt~ 0 I L ] :  D.= "~" - . . . . . . .  

l n t h c a b m c r c l a t i o n s i . / =  "~ ~ = - - ~ ) : k = l  "~ 3. 4. 5. 6. 7; N L  is n u m b c r  I . . . .  , a n d L m = 4 . 5 ; t f ~ .  1 / k ( z ~ l  ..t - - -  
o f  layers: and ~ = {~',,,, ~'i,- ~[)' represents lhe mid-surface membrane,  bending and shear strain compo-  
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nents, respectively, and are defined as follows: 

0w. I./,~ 
0 4 - - - - - - -  

- 1 
l '  o 

ax R, 2 ~ - x ]  a.v O,+5,_-R--~ 

- -  3 o * , - ' " - '  R, 2 I, ay /  Oy R, 

ov,,+a,,,, aw,, aw,, o ¢ + a 0 ,  . , v,*, 
- -  - -  + o 0 ,  -~- 
3x Oy Ox Oy 3x Ov R,  

~m = ;~.b = ; e, = ( I ()i 

a,,,*, o0,* 2,,;: _ o ,  
i3 v Ox R, 

a,,,*, 0 0 *  -, . 0, 

Ox Ov R~ 

:'It * * * 0 *  Or',, Ou,, O0, + 0 0 '  

3x Oy Ox Ov R j  

o*, 
R. 

As the basic equilibrium equation, the virtual work equation for a laminated shell under the assumption 
of small strain and large displacement in the total Lagrangian coordinate system is considered and can be 
written in compact form as: 

f b g ' . O d A + F ,  d d = l )  (11) 
) t  

where F is the force vector due to applied forces. 

3 C O FINITE ELEMENT FORMULATION elated with node i in terms of the local coordi- 
nates s e and ~1, and d, is the nodal displacement 

The finite element used here is a nine-node iso- components vector. Tile generalized Green strAn 
parametric quadrilateral (Lagrangian family) ele- and its variation vectors, respectivel.v, are £ and 
ment. The laminate displacement field in the bg, and these can be expressed in to,'.;' o: nodal 
element can be exr, ressed in terms of the nodal displacement components a, d>ota,.ement 
variables as: gradient 0:q and cartesian derivatives of shape 

function matrix Nas  h)llows: 
NN 

d(~, ,1 )=  v x , ( .& , ' , r/,.d, (12) g=(B.+~-BNt  ) a  (13a) 

i=, dt.S = (B 0 + BNI_) ba  (13b) 

where NN is number of nodes per element, where B~, is tile strain matrix giving linear strains. 
N~(,~,r/) contains interpolation functions asso- B M is linearly dependent upon the nodal dis- 
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placements a such that ai=(dr~, d~. d'~ ..... d'xx) The material properties,  unless otherwise 
and .~;ubsiituting eqns ( 121 and ( 13a. {~) in eqn ( I I ). specified. :.ire assumed as: 
tile following discretc cquation ix obtained: 17~ = 2 5  t:L; ( ; i :  = (;l~ = 0.5 E,;  (7:~=0.2 t : , :  

K , , . a +  t I ( a ) . a  = F (14) 
1'12 = 1'21 = ( ! 2 5 :  a n d  

where K,, is a lineal- elastic stiffness matrix. F is a 1-, = 10<' psi (214-208 N / m e : )  (16) 
force vector. ;uld H(a ) i s  a gencralizcd non-linear 
stiffness nlatrix which is given by: Although these propert ies  do not satisfy the 

symmetry condition, i.c.: 

H I . ) = f  BI, O.., d A + f  B \ . o d A  (1¢,' 
. r 1,12 1~21 

~ = I17) 
/:'l 1:', 

where o,., is a non-linear stress vector, and the 
stresses arc induced by the non-linear part of the they ;Ire being used here for historical reasons 
strain, because of their use in many previous st\idles (see 

e.g. Pagano; ~e Rcn a~ and Kabir ~-' I. 
The finite element displacement formulation 

developed in this paper  is based cntirelv c)n 
4 PRESENTATION AND I) IS([ 'S ,%ION OF as~,umcd disl-flacemcnt lunciiom,, and thus only 
NUMERICAL RESUL'I S displacement Ixwndarv conditions are required to 

bc specified. "lhc boundary conditions cot- 
In order to denlons!r;ite the versatility of the responding Io the present Ifigher-order fornlula- 
refined Iheorv ;ind ( "~' finite elcnlenl~, developed, tion are specified in Table I f(tr different types of 
several cxamples drawn from tile literature arc supports used in the present investigation. 
evaluated and discussed. ( ' omputc r  programs The corresponding boundary conditions for 
have been developed lnr first-order shczlr d e f e r  lhe first-order shcar deformation theory is simply 
mation theory ( F O S I )  with five degrees o3' ol3tained hv omitting the higher-order  starred f*l 
frcedom (u,,. v,,. w,,. 0,. 0 ! ; iqd a higher-orde:- displaccmcnt quantities. For exampic there are 
shear deformation lheor\' t H()ST~ with nine nine displacenlenl quanlilics required to be speci- 
degrccs of freedom (#1,,./'<,. it',,. 0,. 0,. tti~. I'~!i. O:i:. ficd ;It .t ={I.a I'<~1 (" type bound:.ir\ conditions in 
O:,~:j per node for both linear and gcometlicall.v this higher-order It~rmulation IH()ST I. whereas iri 
non-linear analysis of lanlinatcd general shells. All first-order formulation f FOST ~ tile corresponding 
the computations werc carricd out in single prcci- boundary displaccment quantities shall he five 
sion with a 16-digit word length on ( ' I ) ("  ( y b c r  only. The bound;Iry ctmditilm types S I. $2 and $3 
I N0/840 computer  at the Indian Institutc of Tcch- have hccn cspccially chosen in order  to compare 
rlology. Bombay. Illdia. the present authors" resnlts with tiles0 of other 

The results to hc discussed are grouped into authors. Incidentally. tile S I type condition cot- 
two categories, viz. ( 1 ) linear analysis and ( 2 i non- responds to tlze usual di;lphragm type of simplc 
linear analysis. Since all thc shells considered hcrc supp()ri. The cdgc conditions. ~ hich havc been 
are either of single laver o~ of cross-ply laminated derived in a variationailv consistent manner in the 
shells, only one quadrant of ltle shell was an;dvzcd present h{gtlcr-ordcr thcorv, max not appear  st) 
using a _ "~ x._ "~ uniform mesh unless othcrx~ise icxccpt in the case of fully clamped edge specified 
specified. In the present study the nine-nodc by ( ' )  hecausc, in any way. the natural boundary 
Lagrangian quadrilateral isoparamclric clement conditions cannot bc prescrihcd in the displace- 
was employed, t \  selective integration scheme, taunt based f ini leclcmcnl  method. 
based on Gauss quadrature rules, viz. 3 × 3 for 
imegration o f  m e m b r a n e ,  lqexurc and coupling 4.1 L i n e a r  a n a l y s i s  

between membrane and flexure terms, and 2 × 2 
for shear terms in the energy expression, was 4.1.1 lluee-htyt'r.s3'mmt'tricctos~-l~iy (O°/?l)°/O~j 
employed in the evaluation of element stiffness lamimuedtUate u#:~h'rsitmsoirhdtr, n.vve,:~e load 
property. All the s!,ess values are rept~rted ;,t the A simply supported (SI ! square cross-ply i(l°/t)(t':/ 
Gauss points nearest to their maximum vahie ()°) laminate subjected to a sinusoidal transverse 
locations. A shear correction coefficient of 5/6 is load is considered. This example ix chosen with a 
used in FOST. view to illustrate the accuracy of the' present 
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T a b l e  I .  B o u n d a ~ '  eondiiions 

l'ype t = fl x = u12 :' - l) v = hi2 

<~1 I ' , ,  ( I  l "  I ( i  i / r , =  {) I I ~ : ( )  l l , , - - ( )  I#~i = { )  1',, - -  ( }  1'~'i : "  { )  

0 . - ( )  0 ; ~ - 0  0. 0 o'i==0 0. 0 #~ () 0 - ( )  (C () 
l i , ,  = ( )  l i ' ,  = ( )  

$2 u,,--I) ~d~/ () u , ,=()  t, ,= (i 
l ' , ,  {1 l'[~i = (1 l i t ,  () ll~: = (1  I',, () l [ ; - { )  I ,  {i t[~ { )  

o , - ( )  o " - = ( )  o - i )  o~ = = () o ~, () 0 7 - () u --(+ o* = ( )  
w,, = () u.. - (i 

,~.~ 1¢,~ () l l iT=( ) I1,,=() I /> i  = ( I  

I ' ( ,  ( )  I ' i ' i  - -  { } lG, -=(1 1¢i~: =( )  I ' , ,  = ( i  i ' i ' [  = {l I ' , ,  - ()  I ' : ,  = ~ i  

. '  =(i  11 ={) #i :=()  iv,,=() ¢1 () / )~ - ( )  

(" ~,, - () t t ;~i - ( )  u , , - ( )  It;, (i 
I ' .<-() t'i~;=() H . . - ( )  tH"i=() t'. () #'.~-I) #' . . - l l  t'i'i () 
O, (i 0=i=-() 0 = i )  0~:=( )  ll, l) O]=:( i  #-i) /7 '~ -0  
U () ¢ C - ( )  ¢; (i u ~ = ( )  
w.. () u'.. - 0 

h ighc l - -order  t l l corv  over  the f i rs t -o rder  theorv. ial)le "J. N}nlmelrie cro~,-ill} (0 g 0  .0 ~quare laminale 
undelr ~inu,oldal hiadin~ ~iih ~impl) '~llppltrled {.~ I) bOllild- The  prcst?nl Icsul ls are compared  wi th  ihe exac! 

arie~ 
i estil ls o f  3 D  elast ic i lv  so lu t ion given by Pagano. 4: 
The  i l on -d imens io l l a l  cenlra]  def lec t ion ;.llld a'/t Varhihle P~lgano ~ Plc'~cnl 
Mi-Csses ob ta ined  using var ious theor ies are com-  I()~ I ! ' : ) s i  
pared m Table 2 for  d i f fo rcn l  side to lhickncs~ . . . . . . . . . . .  
ra I io s. 4 ~i .. I • 77 f, -I 1. u 273 

The p icsen i  h ighe r -o rde r  ~hcar de fo rma l i on  d. i).755(i ).441,~ ().7(,21 
theory results are very close to 31) chist ic i iv  f -()5 4 ().11371 0.(i5()2 
i-eStlilS especial ly t'rOlll t h i c k - l o -modc ra i c - t h i ck  Ill ~;. ().66tJ? ~1.71~i 

r} ll-5Ull0 l42 i ] l)StJ]cJ 
z o n e s  w h e n  c o m p a r e d  Io f i rM-order  s h e a r  dc lo r -  f l)-02,NcJ o.(k2f.,2 -)2x2 
i T l i l l i o n  l h c o l ' \  ,r. 2lJ d.. - i)'-1*;25 ().'~!)f~ I 

The  fo l l ow ing  non-d imc l l s iona l  quan l i l i cs  ill-t? r) I1.~'.]11 ?~]< ; 11.45<N() 
used: i I!( 21-1 I)1)22d ( .(1212 

) - = X  I l l 0  li'<,: li',, = \ p ,~a  

d i rec t ion  in Iht? ct?nlral laver. / \  i x  I l l  ~t×£-7 
( f i L l  dhcc t io l , s i  disci-et izat ion for  O l iC-quar ic , -o f  t h e  

a, or  f , :  = kl ' , ," :}  o, or  r , :  c 1 8 )  shell gives colWel.gcd rcstihs. The  t lal lsxc~sc dis- 
pi;.iCCllK'ilt i;'~ and Ihc c i rc t imfc rcn l ia l  Mi-t?s~t..~ arc 
lakon al lht? ct?nlrc of  iht? laminait?. The  rcMll ls art? 

/ prt?scntt?d in Tahle 3. The  fo l l ow ing  non -d imcn -  
% 

,0= {!)!)l}/,w 
k iJ, a :  / si,mcll quanl i l ies  art? tlsc-d Io picst?DI .lho rcsuhs: 

4.1.2 7hree-layer.9'm/neu-icu/o.~Wdy :O°/?tP,IOD f i" tP,, R~ x 10 w,,: . , 1,,. 
laminated uvlimh'ical shell umh'r ~imt~oidai 
ltTIIIXIY-'IL~(' JOllY l)t?nnis al ld P lazo l lo  ~ have ach)ptt?d a l f ighcr- 
A symmet r i c  fin-et?-ply cy l indr ica l  shell o f  in f in i lc  o rde r  displaccmt?nl mode l  which salisfit?s ihc 
length w i th  radius o f  10 in (254 ram). arc length of  shear lrt?c boundary  cond i t i on  on ll-ic bound ing  
10-472 in ( ] ( .5 -90 turn) and layelS o f  equal lh ick-  plal l~s o f  a shall. Prom flit? rt?stlils o f  Table 3. h i~ 
hess is cons idered.  Tht? mait?rial 's T dirt?orion c lear ihat tht? present hight?r-order ihcory  prcd ic -  
coint?klcs wiih Ih¢ 0 dJreci ion in ih¢ ou l c r  hlver~ l ions arc vt?rv close to 31) chls l ic i ty  rt?suhs in corn -  
w h i m  the mater ia l 's  L d i rec l i on  is par; f i le i  to the 0 par ison w i l h  ai loiht?r highcr-ordt?r f l l t?olv and 
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Table 3. Transverse displacement (d, o) and extreme fibre circumferential stress 10 o) at the middle of an infinitely long cylin- 
drical shell (0°/90°/0 ° ) 

R/h Variable Rcn ~ Dennis and Plazou(d ~ Present 

Exact HSDT ('SF FOST HOST 

4 w, 0-457 0.382 0-078 0"369 11-41186 
( 16"4i ) 182.90) / 19.261 ( 1ti-591 

60, 1"772 1-406 (1'824 0-827 1-363 l 
(20"65) 153"5111 /53-331 (23"07) 

d~, 1"367 1" 1 l 7 11"7320 0"729 1-2913 
( 11"1"291 i46-45) [46"65 ) (5"54) 

10 ~', O" 144 O' 128 0"0777 (1" 126 O-1347 
I I I'11) (46"04) (12"85) (6'46) 

6-01. 11'995 11-889 07960 0"799 0"8943 
110651 1201t01 119691 ~I012)  

,0,, 0"897 11'829 0"7590 11757 0"8705 
!7'58) [ 15"381 t 15"561 i2-951 

50 ~',, (1.081 0-079 0"0776 0"1179 0"0800 
(1-49) !3.96) ( 1.58} ( |.001 

oo, 0"798 0 789 t)'792!) 0"790 (!'7924 
( 1-13b (0.75) ((1.79) ~0.701 

d,,~ 11-782 0-774 0"77411 0.766 11"7724 
11-021 (1"(12) i 1"99) { I22) 

100 w,, 0-0787 11-1178 0'078 0"1178 0'0780 
(0"76~ L()-76i H)-76' (11-76) 

6~. 0.7860 I).787 0-779 (I-795 0.7957 
(013) '11.891 q 122~ (1-23) 

do, 07g I ()-770 0"776 0-759 0"7616 
/ l 4 0 i  (0-641 i2-761 1248) 

Values in parenthesis are percentage differences with respect to the 3I) elaslicfly solution. 

f irst-order shear deformat ion  theory. T h e  higher- given by Reddy and  Liu ~' in Tables 4 and 5. The  
order  theory presented by Dennis  and Plazotto 4~ present  results are also compared  with closed- 
gives stiffer solutions. This  may be due to the form solutions given by Kabir  ~: for a symmetr ic  
imposi t ion of shear free condi t ions  on the bound-  cross-ply (0°/90°/0 °) spherical shell with R/a = 10 
ing surfaces. The  classical shell theory (CST) and  a/h = 10 unde  ~- different suppor t  condit ions.  
predict ions are very poor, especially in thick These  are presented in Table 6, ant! Fig. 2 shows 
zones, the variat ion of d isplacement  w;th respect to the 

From the results presented in the preceding a/h ratio for a c lamped (C) cross-ply (0°]90°/0 °) 
sections, it is clear that the present  higher-order  spherical shell of R/a = 10. The  non-d imens iona l  
shear deformat ion  theory gives in general  more  quanti t ies used here are as given in eqn (18) with 
accurate results in compar i son  with f irst-order ~:e,,=10t;,,,. 
shear deformat ion  theory and other  higher order  From these results it is clear that there is good 
shear deformat ion  theories based on ('J con-  agreement  between the present  results and o ther  
tinuity, reliable solutions in thick-to-thin regimes of both  

shal low-to-deep simlls. 
4.1.3 Cross-ply spherical shell under unifor;. , and 
sinusoidalloads 4 . 2  N o n - l i n e a r  a n a l y s i s  
To show further the validity of the present  
formulat ion,  a simply supported (S1) symmetr ic  4.2.1 lsotropicshells 
cross-ply spherical shell with laminat ions  (00/90 °/ A c lamped isotropic cylindrical  shell with 
90°/0 °) and (0°/90°/0 °) subjected to uniform load a = b = 508 ram, h = 3"175 ram, R = 2540 ram. 
and  sinusoidal load is considered and the results E = 3 " 1 0 3  kN/mm2 and  v = 0 . 3  subjected to 
are compared with 2D closed-form solutions uniform load is considered.  T h e  present  results 
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Table 4. Transverse displacement (w0) for a symmetric cross-ply (0°/90°/0°I spherical shell wi|h ~impty supported 1%1) 
boundaries 

R/a Theory  Sinusoidal  load Uniform load 

a/h = 11)0 a/h = 10 a / h -  l[t(} a/h = 10 

Reddy and Present Rcddy and Present Reddy and Prescnl Red,]} and Present 
Liu" Liu" Liu" l=iu" 

5 FOST 1-0337 1.0310 6-4253 6.4277 1.5118 1.5062 9.794 9,8118 
H O S T  1.0321 1-0314 6-7688 6.87111 1.51}92 1-51t66 1o-332 14J-505 

lit  FOST 2.41119 2.41177 6-6242 6.6277 3.6445 3.6395 111-110 ]~1.126 
H O S T  2-41199 2-4095 7-0325 7-1007 3 .6J26 3-6421 IO,752 10.872 

20 FOST 3.61511 3-6149 6-6756 6-6797 5.5473 5-5495 l(J.19] It) 2[IN 
H O S T  3.6170 3.6189 7.11116 7-16117 5.55113 5-5556 10.862 1~}.968 

511 FOST 4.21127 4.21154 6.6902 6.6944 6.4827 6-4904 I~1.2 !4 1~1.232 
H O S T  4.2t171 4-21117 7.1212 7.1775 6.4895 6-4987 11~.8u3 I(~ 98,,5 

1111t FOST 4-31126 4,3059 6.6923 6-6965 6.6421 6-6508 I0-218 l q 2 3 5  
HOST 4.3074 4-3115 7.1240 7.18112 6-6496 6.6596 1tt.8'45 1~),99 I 

Plate FOST 4-33711 4-34115 6.6939 6-6972 6-6970 6-7060 l(~.221~ I0-234 
HOST 4-3420 4-3462 7-12511 7.1810 6 7047 6-714t.~ 10-889 IH-998 

Table 5. Transverse disp!acement (fin) for a symmetric cross-ply (0°/90°/90°/0 °) spherical shell with simpl 3 supported ¢%11 
boundaries 

R/a Theory  Sinusoidal  load Uniform hind 

a/h= 11111 a/h= 10 a/h= 10it a /h  = 10 

Reddy and Present Reddy and Present Reddv and Present Redd~, and Prcwn |  
Liu i~ L i u "  l . iu '"  L i u "  

5 FOST ] .c_79 1'0251 6-3623 6-3646 i -5358 1-532~, ' 9-825 9-N3 t) 
H O S T  1-/1264 1-0255 6-7865 6-8919 1o33_  1.533~ 18~,.176 ltH~53 

10 FOST 2-41130 2.3993 6-5595 6-5623 3.7208 3.7 lqo  Ill !41 11~-i57 
HOST 2.4024 2"41114 7-11536 7-1269 3.7195 - 7 , ' ,  .~ , __0  I 0 - 9 1 1 4  I l ' l i 3  I 

211 FOST 3"61114 3-61194 6-61199 6-6137 5"6618 5 h664 "~ ~ "~ I~-___ I 0 .2  ~9 
H O S T  3 6 1 3 3  3 6 1 4 3  7- i237  7-1883 5.66fi0 5-673,s ! 1 0 t 7  1 ~ '!29 

50 FOST 4.2015 4 .2030 6.6244 6.6282 6.6148 6.6245 111.245 1lt.2¢,3 
HOST 4.2071 4.2096 7-1436 7-21156 6.6234 6,6347 I l{}4q 11-157 

1110 FOST 4-3021 4-3114l 6-6264 6.63113 6-7772 6-7878 10-24~ 11~.266 
HOST 4-31182 4-3111 7-1464 7.21181 6-7,~66 6-7985 11-1t53 I 1, [ ~ I 

Plate FOST 4-3368 4.3389 6,628(t 6.63 Ill 6,8331 6.84411 10-25 I 1o21~7 
HOST 4,34311 4 .3460 7-1474 7-21189 6.8427 6,854~, ~ I1. q~' I t  le,3 

Table 6. Symmetric cross-ply (0~/90°/0 °) spherical shell under uniform load ~ Rh b,'/~ = I 0, a~h = i 0 

Type Displacement  (~i..) Bending moment ,  Q J 
of 

support  Kabir  ~: Present Kabir ~: Prc'~em 

FOST HOST I:OST I l O S ]  

SI  10-53 10-126 10-870 122'55 124.82 l__ -4_ '~ ~, " 
$2 9-17 8-872 9-474 106'78 109.76 1117 ,~3 
$3 9 17 8-970 9.585 106.79 112 01 [09-45 
C 4-73 4.542 4"900 35"89 38"84 37,t~ 1 
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are  c o m p a r e d  w i t h  r ) h a t t  4~ a n d  R e d d v  and  c o m p a r i s o n  i,, t ha t  the shel ls  c o n s i d e r e d  a re  

Chandrashekhara 3~ and are presented in Figs 3a geometrically thin with negligible shear deforma- 
and 3b. tion effects. However, this comparison has 

A hinged (immovable) isotropic spherical ,,,hell certainly proved the validity of the present for- 
with R~ = R, = 2540 mm. h = 99.45 mm. mulation in the non-linear context. 
a = h  = 1569'8 ram. E=6g-95  N/ram-" and ~,={)'3 
is considered and the results are presented in Fig. 
3c. 4. 2. 2 ,\'i~e-/a t'e, w~m~etric cro.~W)/y sl)heri~'a/ 

Figures 3a-3c show that Iktr the shells con- .~he//underuni/i)rmlvad 
sidered, the present results match very well with A simply supported (Sli  nine-laver symmetric 
solutions giver, m' others. The limitation of this cross-ply 10°/90°/ ..()°) laminated spherical shell 

]6  10-q 

i R/a-S,o/h-~60 
1 o o o a o  Reddy & Chandraseknara  3q 

. . . . . .  Present FaST 
8 Present HOST 

E 6 

8. ~ / 
E d ~, R . /a= l  0 / 
u a o a a ° o CFS Kabir t2 ~- :$ 
o- . . . . .  Present FOST 
m . . . . .  Present HOST co 

4- 

0 ] l J ] ! l l l  J l l ~ G i m G ,  J i l l  f T T T T I ~ ' ~ r T ~ G T T T r  ~ 0 ~ G ~ T !  F T T ~ - r q ~ 7  i [ i ] 7 7 " T ]  T - T - - J 7 7 ]  

5 10 15 20 25 50 55 40 45 50 0 0  0.5 I 0 1.5 2.0 2 5  5.0 
a / h  Load, poX10 -~ [~4,/mm 2 

Fig. 2. DiH31accmellt ~ersus a/h ratio cur~e lot  a cro,s-pl:, Fi~,. 3b. Sire',,, ',up, us l oad cur',~.'s [or a clal l l r~cd isom~pic 
dJ°/OIF/(I°i larninaled spherical shell ~i th clamped .( ' .  ~up- c~lindrical ",t~cll under uniform load. 

porls. 

;0q  R / e = 5 , a / h = 1 6 0  / / ~  ! 2 0 ~  / 
Io o o o o Reddv&Chandrasekhara  ~q fi 
j . . . . .  Dhatt~4~ ~ R / Q = I  . 6 i S , a / h = ! 5 . 7 8 5  
4 . . . . .  Present FaST / 4 " 

8q Present HOST ~ o o o o o  Chao&Reddy 2D s8 
- - - -  ' ~ . . . .  Chao&Reddy 5D38 

/ 4 . . . . .  Present FaST / 
E 1 E ~ Present  HOST 
F ! ' - -  

6d ~? ~ / 
1 

c j / 

4-4 q / / .  
'~ _4 / 8 i 
-~ 4 }~ ~ 40. /° o 

D. ~ d O I 

0 ~ ,  T q ~ T  T t [ I r r ~ T r T " 1 W T r ~ - - -  f . , r m -  ~ /  ~U ~ i  I i  ~ i  i i  l i l l l  L l i l  i l l  i i  i l l [ [ [ ~ l  i l i [ t  } i ~  t ~ l l i  i i ; i i 

0.0 0.5 1 0 i .5 2 0 2.5 3.0 0 I0  20 30 40 50 
Load, poX!O -~" N / r a m  ~ Load, P KN 

Fil~. 3a. l)b, placement versus load cur',e,, t a r  Ll clamped Fig. 3e. [)isplacemcnl ~elsuN load eur~e-, for an i~,o|rol'~ie 
i',olropic cylindrical ',hell under uniform load. ',pherical shell undcl cro,.,.n load '.',ilh $2 ,,uppon condition,,. 
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wi th  the f o l l o w i n g  m a t e r i a l  a n d  g e o m e t r i c  d a t a  is u n i f o r m  ,neshcs  in a q u a d r a m  o f  *,he shel l .  ( . ' n > s -  

c o n s i d e r e d ,  p l y  s y m r n e t r i c  sphe r i ca l  shel ls  o f  ' 0 ° / g t  ",19~ =/ ' fY 

a n d  ( 0 ° i 0 0 ° / 0 ° !  arc c o n s i d e r e d  vd th  a l h =  5. R/' 
I?~ = R . =  1000 in (25-4 m): a = b  = 100 in  

a =  10 and simply suppor ted  {Si,  boundaries  sub- 
<254 ml:  h = 1 in  {25 -4  m m ) E ,  =401:7: co ted  to  sinus,4dal M a d  a'~{_~ +' u n i f o r m  load. 
1:. = l i p  psi 12,4 '2( ,8  N/mm2i:  respectively. T h e  plots for displacement  ~er~u~ 

load and stress i-c>ull4nl , b e n d i n g  moment  vcrsu, ,  
( ; i ,  = 0 '6 / : -  ( ; ~ , =  ( ; : .  = 0'5 1:,: 2 (  J load of four-ply and three-ply , he l l s  rcspceil-¢l},  

I ' l '  = (I-25: v, I = 0-25 are  shmvn in Figs 5a and 5b. Since ~he variation in 
resu l !s  is m a r g i n a l ,  it is c a n d u d c d  tha i  ;i 2 × 2 

The '  present  H O S T  results {lie c o m p a r e d  with 
those ~iven by N o o r  and Hartlev.  w, ( ' h ao  and 
Reddv ;~ and the pre~,cnt FOST.  Tl lcse  arc plotted 2 5 ~ 

in F ie .  4. T h e  f o l l o w i n , ,  n o n - d i m e n s i o n a l  q u a n -  

tilies ; i r e  u s e d  to present  the results: 2.o -4 
4 

,ey  , ~  
fi ' , ,=w" " - P "  U . d =  o" a - ~ . /¢~  

1: P " - i i : t h ]  s, ] / 

A ,,(! 
~ "/" R, 'a= 10,a/'r",= 5 37= ~ f : : a :  31: i'J = g ; o 4 I I  . . . . . . .  

I - , a :  It 5 : coooo run-,cA×, mes'~ 
,~ ~ ? . . . . . . .  HOSTi2,2 ~r-esn <) 

/ l i e  p lcscnl  rcsuhs a.,,rcc. :n £cncr;tl. ~tilh the ::-i : mOST,.5×3 
. . . .  HOST~3,:5 rues ~-'; 

other  i n vcs t i ga t i o l l s .  The I-PSlllls £1VCl1 l ' l \  S e e r  0.5 : / . . . .  FOS:c'~,~-; '-~es~} 
and  H a r t l c x  ~'' arc .  h o w e v e r ,  d i f f e r e n t  f r o m  oil]c;- ' ,. /1 . .. "~'-" [.-'-'+ r';es ~'} 

T h e  d i a g n ~ M s  is d i f f i e u l l  i n d c c d .  ~/ 
O.L~i ~ / - - r  - T T *  T 7  J T = - -  7 7  ~ r ~ - - " ; ' ~ " r T  T " ' " r  7 T 7 7  r 7 7  r r r - -  ] 

4.2.3 ( # ~ m - p E  v~her ical  du ' t l  u m h ' r  m M o r m  a m /  O ~00 20o, ~0o -:0o 

~im#soidal loads "caa.  ~o 

- Ib is  p r o b l e m  is scleclet ]  in o r d e r  In Cal-r\ ou t  a co i l -  I t  Q I I  t j l i  I1 ,phctic.d qk i ]  tllkJc'l qmi,,,I,i,d !,,.M ttlfh ",l 
xcrgcncc Mud',, t7'~ ltikiilg 2 x 2 .  3 x  ~ 411d 4 × 4  l,,,u!ld,~rk., 

, d 

5~ / 2 

o ~ / <:' ! 

o 27 / +. : °#/ E ; - * ;  :: : : , 

° .~q / °/ ...... : / -  

/ oooo~ Noor&Ha~ /ey  ~ SO ] / . . . . .  < -:::" ,1,,; ..... .< 

i / '  ~ . . . . .  . . . .  PresentCha°&Reddy~eFOST i /i . . . .  ~ " " : ' :  "~" " 
4/-  Present HOST q/ 

0-iV=-, • , . . . . . . . . .  , . . . .  7~ -~ - , - 7  0 a( . . . . . . . . . . .  : . . . .  - . . . . . . . . . . . . . .  
0 2 -,-." 6 A 8 1 0 i 2 ~h. 5 0 " C 0 : 5 ? 2 3 - ? f : ~ -' : " 

Load. p,, ~':: 

I:iil. 4. I)i~pl;iccnlcnl ~C l ' 4 l l k  load CL)I"~C ~, hlr a rant- l iner I:i=. 5h. %11v '~  l c ' ~ t I ] ! { l l ] [  \ c ' l k t l 4  l i ! A d  t ' ! t l~c. '~ { t i l  L~ L 1( . . . .  t~li) 

c r l ~ - p l }  I I  tJ0  l }  . . .  I I  ~phcHcal q ld t  t i i l d c l  I l l l ] l O l l l l  I i  t ) l l  i t  ~pi<ilca] dlclJ t i i l t l c ' i  [ l l l l t t l i l P ,  i c l , l d  x \ f [1 ]  S }  

l o a d .  I ~ l ~ m k l a l  IL'x. 
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mesh gives converged  result:,. ~ he non-d imcn-  Fachtgs( th ickness  of each facing l a y e r =  0.05 h) 

,;ionat quanti t ies used are as per  cqn (21 ). E~ = 1.308 x 10" psi (280.184 N/mm-~ : 

E~ = 1.06 x I(P psi (227.06 N / r a m  z) 
4.2.4 Sandwich spherical shetl under silmsoidal 
transverse load v!_~ = v 21 = 0-28; G i2 = G 13 = 0-6 x 10" psi 
A simply suppor ted  (S1) sandwich  (0 ° '90°~core~ ~, 128-525 N/mm-~); and 
900/0 °) spherical  shell with the fol lowing geo-  
metrical  and mater ia l  proper t ies  is cons idered : -  G~, _, = 0-39 x 10" psi !83-541. N / r a m  ~) 

a = b =  10 in (25 ram); Rj = R , =  10a 

! "  

. . . .  FOST,o/h : I 0 ~ ] i /.---" 
HOST 1 -~ .-- 

. . . .  FOST,a/h= i00 2.5 t . . "  
2.0 HOST / . - " "  

/ o 2 . 0  

<~ 1.5 <~ ~ / "'" 

/ ,  °. 
~5 }:5 

] /,,' / oo=oo FOST.COREI 
0.5 o ,-" ~ ,/ / HOST 

0.5 q.'." / ~ . . . . .  FaST.CORE2 
~ { , ' /  . . . . . .  kST~:r' . . . . . .  
~ ' /  ..... FaST,CORE3 

o . o  . . . . .  , o . o  -~  . . . . . . . . .  ~ :_, ,H~7, . . . . .  
0 25 50 7 5  A !00 !25 '~50 0 25 50 75^ 100 125 I,.50 

Load, po Load. Po 

Fig. 6a. Displacement  ver~u~ h)~d cur~c~ fc~r a " , ;md~ch ["i~. 6c. Di~,placcmcnt ~cr~u~ h~ad cur'~cs for a ~,andv, ich 
spherical  shell ((}~190°icoreigO°/'O°i under  qnu-.oMal ~,ran~,- sphcric~d ,,hell qP/'90°/corc."gOW(I ~ under  sinusoidal  trans- 

verse load ~i th  S i b~undarie~. ~erse F,~ad ~i th  S I boundaries .  

175"~ R /o= IO 1 5 0 ~  R/O=10. 
o o o o FOST,o/h= 10 .+ o/~h= i 0 / 

i ~  * +--'~'-" HOST HOST ~ . . j o  '" ~ . . . .  . . . .  FOST,CORE2 FOST.CORE 1 , / ~  o 15 ." ! 2 5 i  FOST,a/h= 1 O0 . . '  HOST * 
~ 2 _ U - : - -  ° • " . . . . . . .  HOST .-" 

- . o 100-~* . . . .  FOST,CORE3 
• q HOST 

<~ 1 0 0 - -  < ~  7 / $ . . . .  

75 o ," ~, 4 ....... ~ 

25 . o . - "  251 i /  / / ' ~ "  

0 - : : ' : - , "  . . . . . . . . . . . . . . . . . . . .  , o + ' , ,  . . . . . . . . . . . . . . . . .  , . . . .  , . . . .  , 
0 25 50 75^ t O0 125 150 0 25 50 75^ 1 O0 125 150 

Loed, p,,, Load. p,, 

Fig. 6b, Stress versus load curves for a sandwich spherical  Fig. 6d. Stress versus load curves for a ..~ndwich spherical  
shell (O°/90°/core/90°/O °) under  s inusoidal  t ransverse load shell tO°/9W/core/90°/O ~) under  s inusoMai transverse load 

with SI boundaries ,  wi:.h S 1 boundar ies .  



..Um]r~i~ <~f ~ymme#tcuL~/mnim~led ~ ~mWcl,ifc z~,u,; ~l~iU~u~ h ~/#~'J/~ 41 ? 

Core[thfckne,s,sofcorc=0-8 hi the IP~cramrc. It b, for tilis r~.-a,o~ th~q ~i !i.qc~Ir 

( ' o r e  I ana.t~ si~, has Sway>, been  car r ied  out  u. i~h a ~. ic~ l~:, 
(L_> = 0 - 1 7 7 2  x 1{) ~ ps i  ( 3 - 7 9 5 7  N / m m : } ;  es tabl ish  the cccu racv  (~f the prc~cni  formu] :dMn 

by mak ing  c o m p a r M m s  \~ i~h a~ aiizlbtc 3I)  <_! ~fic-  (;~.. = (1'5206 x 10 ~ psi i 1 t 152 N / r a m - ' ,  
Core  2: hv  so!u,;ions. 

JCNL~b- arc ~cr'~ ~-l~c 1~5 lhc fiI) I ~C p r c ~ e n t  - ~' (;:~=0"1772 x ] ()a psi ~ 0 . 3 7 9 5 7  N / m m : c  
elastici i~ - , '  "' q rc~,utP, b~,:n ,, ,r ~[hc ihick . . . .  thin 4 | l t l  ~C0- ( ; ~ = 0 " 5 2 ( 1 6 x  l ( F ' D S i !  l - 1152  N/mm c, 

• ' metr ica l  c o n t i ~ u r a l i o n ,  
Core  3: [)Lie It'> non-ava i labh i~ ,  of the pv.bli,,hcd d;l[tt 
( L ; = O ' 1 7 7 2 x  I1)~ p s i  ~ ( 1 . 0 3 7 9 6  N ' - .. ~ / r a m - , ,  o n  non-1inc~,,r b e h a v i o u r ,  c ~ p c c i a l i }  (;f ~ a n d ~ i c h  

(7~- = (I-5206 × 111" psi f(I-111 ~,'~ N/ram:. ,  d3ctls, an aHcmpt  i ~, m::dc hen:  1,', j, . . . .  , • - - _~n~ r<~,c f c l i ah l c  
dLIl{1 ll'd ~ future  c o m p a r  ~ r~, ,'c~ ah l~ l I i (  iI~, T h e  shell  is sub  ecled m a s inuso ida l  t r ansve r se  

It i~ o b s e r v e d  fl?:~l d ic  c f i cc i  ~i shca~ dcl<~rm4- load. T h e  resul ts  h)r  d i sp lacc 'ments  and  stres~c's 
t i~m in m<>dcratc ix 3 c k q n q h ~ c k , ; m d v ,  ich ,hc l!s a rc  p r c s c n l c d  in F igs  6 a - 6 d .  ] l l c  n o n - d i m c n -  

s inna l  q u a n t i t i e s  a d o p t e d  a re  {is p e r  oqn  ,2 1 i. 
- n a k ' d  shells  frith c~ Jm~<: rali<~ ~)t thu t~mgcntia] From Figs 6a  and  6b.  it is o b s e n ' e d  that  for  m / 

h = lol l  Ihc p r ed i c t i ons  ~ i t h  b o t h  h i g h e r - o r d e r  clc,~iic moduiu~ Io the lran,xcr,<c ,hc~!r m, dtJh:,  
i~ considcrab!,_', h is b c l i c t c d  ihat !he l -dincd shea r  d c f o r m a l i o n  l h e n r v  a n d  f i r s l -o rdcr  shea r  
hiQhc-- ~rdcr <,llcci{- d c h ; r m a l i o n  lhc~,~\ nrc-.ciilcd d c l o r m a i h m  theory  a rc  cXacllv Ihc same.  For  a ,  - . 
herein i~ c~scntml for prcdic'in# ;~c,.~ratc h = I l i  c o n s i d e r a b l e  difli_'rcncc in lhe p red ic t ions  

by  l hc  t~vo f l~cor ies  is seen. T h i s  is due  t o  p r c d o m -  r e s p o n  e cspccialt_~ t o t  ~andx~ich q~c] l , ,  i "3c 
i nan t  shear  d c i o r m a l i ~ m  c l fcc l~  in l hc  c a w  o f  d3ick l ' q 'c ' "4 . ' i l l  J~,k!ltS ,r l ] ;4\  ~,CI'\,_" ; i \  r c l ~ ' l u 1 7 c . c  t t _ ' M i f t \  I(,01 

sandt~ich shells,  l u l u r c  i.'~" csiT: i ims .  

F rom the plots  Figs .6c and  6d.  it is ~4~<,encd 
that  uhc:n lhe co re  i, m a d e  progress ive ly  ~xcaker ..~i('KNO'O, l . E l ) ( i l r ? d i : N !  
the d i f fe rence  b e t ~ e c n  Ihc I i r s i -o rder  shea r  d c h n -  
m a l i o n  [ h c o l ~  and  h i g h c r - t ~ r d e r  shear  de f t ) r -  Par l ia ]  s u p p o r t  ~I Ih i -  rc ' ,c4rch b ;  !he . \ c r~mau i i , c -  

~t i i { i  P.l:.ili~)rl lhcol't p r e d i c t i o n s  l l ) r  d i sp i a¢c l ncn l , ,  a n d  i , ) c~c ; I f ch ,  ,. t I ) c . \ c lopn ic .n l  i<;~;~.M, M i , q i . i : x  ~i  
stresses incrc:. lscs r a p i d l ) .  In ,2,t.~craI. l hc  c f f cc l  i~ t ) c f cncc .  ( i m c r n m c n t  ~;I l i~dia O<rt~u<Lh ( h . m f  
to  s<mcn ihc  she l l  l h e r c b y  i n c i c a ~ i n g  the d i sp l ace -  X ~ .  ,. \cn~ R ! ) - i ) 4  l l i l )  l { l  , ' , x  ~<:- 5 Is. ,.uid 
l l len ls .  I t  s h o u l d  bc h o l e d  th; i l  t h e r e  ix l it) v a r i a l i o n  :\cro R I ) - I 3 4  l t t l i  l i t  S5 ,~,) 5.;-; ~ <._'~c.~x 
in l he  p r e d i c l i o n s  o f  l i r s l - o i - d c r  sl; :<jr d c f o r n m l i ( m  a c k n m ~ l c d g c d  
I]li_>tlr~, f o r  d i l l ) r c n l  co re  p r o p e r t i e s .  

] ' h u ~ .  the f i r s i - o M e r  shtNif dc fo r l na l iO [1  l h c o n  R E F K R I - N ( E S  
is ~ecn i o  he i n a d e q u a t e  f o r  sandt~ ich shc lE.  

l k<l'.~'h4, h. 1"~ ~] , % \[![~t.'%, !If iLLC]I !  t~i ~ }L' ~ I-- " " 711 . } ~ <  ~ ~i~ , ~ t 
,,I cl,iqlc .h<ll-. Ipy.,' ~,i~, G;n?,, 16, 9 i~;,~, ;¢,; x 

5 ( ' O N ( ' I . U N I O N . N  " P , < u . (  \ \ .  \n41"~ . . . .  '4 - .h<! ! ,  In t,i,</ . . . . . . .  ,n< F , ; ' . r  .... 
mh+ ++1 (+v~t;'~;xs;<',. cal. I t tli,,~cltm<m ';\~!c', lh i~" 
fL l l t  qt<ii. %~(tt ~ l ~ t k  111\4i. pp ..t %, 

: \  Tcl i l lCd s l /ca f  t l c \ i b l c  ( "  f i n i t e  c ' lc inc i t l  i / lc ' tc i t ]  ; %.tIIi,LHI,,UII]~.AI1. k \ .  { ,iI<4 }.!', ~lI~ <tl idi7i: l  , F , , f  ,314" ' 

ing  lhc  c l l c¢ l  e l  { zcomc l r i c  1 ] o n - l i n c a r i !  i,. mq,~c ,hell .  l;~,,~,< It<;</,~s. \..,<,c t,',~,,,:,,',<, x t ,  
k(-, 1~,: "~7.: / ~ ]<AI; \<<:<L. fl i'~;; 7"  _ ' :  

cmphL~cd  in i!1¢ q a l i c  a n a k d ~  e l  l a m i n a t e d  4 \i~lb<~,i.umt,in. % \ .  / lu , .  ,.~ t o . , , , , , / , ,  ~ r: i ' :' 4 
gCl lCl : l l  q t¢ t ts .  I i lc  l h c o r \  {ICCOLIlI|S fo r  l t t ) i l - f i l lCt i !  X kS \ I l. I - i ] x, 1 ,~r~ 
~ .ar ia l lon  o f  i r a n s t c r ~ e  shc.ar ~ l ra in~  l h r o t i g h  [h~_' 5 thldd,+,und i l l ,  t~ . ' f - - I }< l ,  I <k~ ~ i i ,;- ( , [~ "\ 4 < .  

Jhicknes'-  :..mcl hlr~c displ;_~ccmcnls ill lhc  scw, c of  ,-,n ~i~c h~und:m<.+n~ <,i ,m<dl d~,pl :~.~ ~v.~ - ,,; , ,~],-  
t ; o t ' ~ k - h c i l - -  N \ {  , \  ! N - i N ~ ' R .  i~i~,~ 

\ O t 3  K~lrlTlap, ;,llld l h c r c f o r c  n o  t . h c ; . t r  C t ) l t c c t i ( H l  4, "%JFhdi .  t '  \ I ,  ( )p,  l hc  { h~ tq~  , i  i = ,  L , I ~ .  , J , l l ,  

tL;clors ;arc n c c d c d  i i t  the prcsc, nt I hco lV .  0%,,h~M t/7~,s';,,j W.,=/!, 14 l ~, " , . . . . . . .  : 

;17qt_] g C O l ' l l c l l ' i C ; . t l l }  l } ~ i l - i i n c ; : '  ; u } t ! I \ h i y ,  ~,ti c o } I l l  ", i ) ~ n £ . ~ ,  I I  A ] , , , . ]  l'. \ \  4 ; 1 , ~ l , ~ m m , ~ { ~ J , , i l i , , i + q m  

pos i t e  goner:4! ~hci{~ ~,ubjccit. 'd h~ ~,-tf ious ]o ; td i l l g  +, .h.qt ~hc~ ~', m.'ludm,_' mn .~ ,  ~ . . . .  ! . .~ ,i. ~,:u ~.~u 
t~ i ih  d i f f e r e n t  cclgc c:ondi l i i ) l ;S,  l an l i na l i ~mx ,  etc. l ' , w l  ! Is~p: w<, ,~, 39 1'<2 i~u~i 

t i t ' iD, o r  c io~,cd-f ( ) l l ' i l  2 f )  l ]o i t - ! i l lC ; i l  sotUl iOlb,  }P, I ] , . ,7;.41 i < ' :  ~"i  +, 
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