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Abstract—An explicitly through the thickness integrated two-dimensional version of the three-dimensional
degenerated shell element is formulated here to study the dynamics of elastic shells. A nine-noded
quadrilateral Lagrangian element is used with five degrees of freedom per node. A specialized mass
diagonalization scheme, developed by Hinton, Rock and Zienkiewicz, is used which conserves the total
mass of the element and also includes the effects of the rotary inertia terms. Hamilton’s principle is used
to derive the equations of motion. Mode superposition coupled with Duhamel's integral is first employed
to obtain a solution of the equations of motion in time. Mode shapes and frequencies are computed by
subspace iteration technique. Direct time integration using the implicit Newmark-f method is also carried
out. Several examples are presented and the results obtained by mode superposition and direct time

integration methods are compared.

1. INTRODUCTION

The study of dynamic behaviour of shell structures,
the use of which in engineering and other fields has
been increasing at a remarkable rate since the start of
this century, is of crucial importance. This is so
because often such structures are subjected to time-
varying loadings such as impact, explosion or seismic
effects.

This paper places emphasis on elasto-dynamic as
well as seismic analyses of shell structures using
two-dimensional (2D) degenerated shell finite
elements. In the degeneration procedure, the three-
dimensional (3D) theory is reduced or degenerated to
a shell theory simultancously with the finite element
discretization. The finite element analysis of shells
took a new direction after the development of the
degenerated shell element by Ahmad er al. [1]. After
this a great deal of research activity in the last 20
years has led to improved versions of the original
degenerated shell element. The Gaussian quadrature
rule for the evaluation of the energy terms in the
eight-noded quadratic serendipity quadrilateral el-
ement of Ahmad e al. was 3 x 3 for all the types,
namely membrane, flexure and transverse shear ener-
gies. This was the minimum order of integration
required to produce exact results and was therefore
considered appropriate. The results however, were
found to be reasonable only for thick shells. In the
case of moderately thick and thin shells, numerical
results departed considerably from closed-form ana-
Iytical solutions. In fact the element was found to be
too stiff with a very slow rate of convergence in such
cases.
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Zienkiewicz er al. {2] introduced the so-called uni-
form reduced integration technique in which a Gaus-
sian quadrature order of 2 x 2 was used. The results,
without doubt, improved for moderate to thin shells,
but below a certain thinness the element behaviour
was erratic. This erratic behaviour led to a near
abandonment of the eight-noded serendipity element.
Later a heuristic explanation was provided by
Malkus and Hughes [3]. The stiff behaviour of the
structure was attributed to the now popularly called
‘shear and membrane locking’ behaviour. This lock-
ing behaviour occurred because of the inability of the
element to model deformed states in which membrane
strains and transverse shear strains vanished.

Hughes et al. [4] then introduced the selective re-
duced integration technique in which a reduced order
of integration is used for membrane and shear energy
terms to underestimate their effects in thin situations.
The performance of the nine-node quadrilateral
Lagrangian element has been found to be most
satisfactory for both thick and thin shell problems in
recent years. A good description of the developments
in chronolegical order can be found in Pugh er al. {5},
Parisch [6], Belytschko et al. {7}, Milford and Schno-
brich [8] and Kant and Datye [9]. Recently, substitute
shear strain fields have been used by Bathe and
Dvorkin [10] to overcome shear locking. Using a
similar approach Huang and Hinton [11] have devel-
oped eight- and nine-noded Mindlin plate elements
and degenerated shell elements with substitute
shear—strain fields.

2. THEORETICAL FORMULATION

The theory on which the finite element formulation
is based is given here for the sake of completeness;
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however, a general presentation is available else-
where [9].

2.1. Coordinate systems and element geometry

Four different sets of coordinate systems are em-
ployed as shown in Fig. 1. The global coordinate
system (X, Y, Z) is used to define structure geometry.
The shape functions are expressed in natural curvilin-
ear coordinates (£,#n). A set of tangent vectors to
mid-surface V,,V, is used to get nodal and local
direction cosines where

- ¢X, Y 6 0L
Vé:ﬁé I+F£‘j+&‘k (1)
¢N; ON; SN,
— —lx . IY. . iy
(T (T w ez T2
(2)
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= <Z —6;’— X,)l + (Z E’I“ Y,)J + (z E’]‘ Z,)k
4)

The nodal coordinate set (x,, y,, z,) with i,, j,, k, as
unit vectors is defined at each nodal point. The vector
k, is oriented along V| [given by (V, x ¥ )] and i, can
be either along V, or along a vector given by (j x k,).
The vector j, is given by (k,, x i,). The local coordinate
set (x,, ¥,, 2,) is defined at each point on the mid-sur-
face with i, j,,k, as unit vectors. The vector k, is
oriented along V,i, along V., and j, is given by
(k, x i,). The coordinates of top (X,,7Y,,Z,) and
bottom (X,, Y,, Z,) surface points at a node are
usually necessary to define element geometry. Alterna-
tively, the mid-surface coordinates and corresponding
thicknesses can be given. The thickness at node i is

t=[(X, = X)i+ (Y, — Wi+ (Z, — Z,)k] .k,. (5)

2.2. Displacement model

The following displacement model is used

Uy (Xs Vs Zan £) = Uy (0,0 ¥y 1) 4 2,0, (., 150 1)

U (Xys Yoo 200 1) = 000 (X, Vs 1) — 2,0, (X, 300 1)
Wa(Xys Vs a0 1) = Wool (X, Yo 1) (6)

in which ¢ is time, u,,, v,, and w,, are the in-plane and
transverse displacements of a point (x,, y,) on the
mid-surface respectively, and 6, and 6, are the
vector rotations of normal to the mid-surface about
the x, and y, axes, respectively. The parameters u,, v,
and w, are the displacement components in the x,, y,
and z, directions, respectively of a generic point.

2.3. Strain expressions

In order to easily deal with the thin shell assump-
tion of zero normal stress in the z direction (o, = 0),
the strain components should be defined in terms of
a local coordinate set of axes x,, y,, z,. In the present
model there are eight significant strains over the
mid-surface. From eqns (6) we get

€y = €y + 2 kg 7
€= €y T 2 Ky (8)
€,=6e,=0 9
Vor = €qon t 2Ky (10)
Ve = P (1
Yo = @, (12)

T

(X,Y,Z) . Global
(Xnw¥ni20) Nodal
(Xa,Ya,Zq) LocCOI
(€,9) Natural

Fig. 1. Coordinate systems.
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in which the mid-surface strains are defined as
follows:

€r = Z—‘;- (13)
€ron = ZL}Z (14)
€ = ‘f.; ‘2’; (15)
ko= % (16)
ko= ‘;i a7
K= a;y - % (18)
$, = a(;: -0, (19)
o, = 6(;; +0, (20)

Thus the generalized strain vector and displacement
vector corresponding to mid-surface become

6-1 = [6.\'01 ’ e_voa ’ Exyn:x 3 kxu ’ k)':( > k.r}'z s ¢x ’ ¢y ][ (2 1)

!
da = (uo:w vmt’ wﬂl’ 0,‘1’ 6}'1) M

2.4. Stress—strain relationship

(22)

In confirmity with usual shell assumptions, the
normal stress can be assumed small enough to be
neglected and the corresponding strain e_, is equal to
zero. The generalized Hooke’s law for an isotropic
material can be written as
Lj=123,4,5,

0= Cyey

23

in which the coefficients C;; constitute the isotropic
material stiffness matrix and is given in Appendix A.
Also

0, = (axu a_\'zs Txyxa r}':z’ Toxa )' (24)
(25)

— i
€= (6_" 2 (_rz» Evyz’ ’yy:x’ y:x:) ‘

Stress resultants at the middle surface can be derived
using the potential energy expression as follows:

1
U=§j elo,dv (26)
1
= ‘2_ (6 @Ozt €001y + Prra Tpa
+ yy:a T_I'.‘.'d + Vexz t:x:) dv (27)

i
U= 'i J‘ (axa (éwz + Zy kxz) + 6}':( (6)'01 + szyz)

+ (T.rya (ex_rn'x + Zy k.r_raz) + ry::! ¢x

+1..9,)d4 - dz) (28)

1
=3 '[ [E.ma J Oy dZ + €y0x J Oy dz
2 A Iy ’ Ty ’

+ €Xy01 J. T.(yz dz
+ k., J‘ 6,2,dz +k, J‘ 06,,2,dz
+ ko f TyaZ,dz + O, j‘r,._., dz

+ ¢y J‘I:m dZ]

1
= E J‘[exoaz N,u + eyoa Nyat + 6xyo: N.ryz

29

+ kn sz + kya Myz + kxyz Mx_vz

+8.Qu + $,,Q,.]d4. (30)
Here Nxz’ Nyzs ny«s anu Myz’ Mxya? Qxa’ Q,\'az are the
stress resultants at the mid-surface. N,,N,, are ex-
tensional forces, Q,,, Q,, are transverse shear forces,
M,,,M,, are bending moments, N, M, are the
in-plane shear forces and twisting moments, respect-
ively. The expressions for these forces and moments
are given below

+1,/2

N\‘I = J O’Yi dz (31)
—1y/2
102

N, = f 0,z (32)
—1y/2
+1 /2

NYH! = ‘[‘ rv\’l‘I dz (33)
— 142
+1y 42

Mrat = J OyyZy d‘ (34)
—1,/2
+1y /2

Mu=f - d" (35)
41402

M\'ll = J‘ TYlizd dz (36)
— 1,2
+1, 02

Q.= j 7, dz (37
g2

Q.,=j T, dz (38)
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After carrying out explicit integration in the thick-
ness direction

N,=D,.¢, (39)
M, =D,,éE, (40)
Q.=D,é, 41

where D,,,, D,, and D_, are the membrane, flexural
and shear rigidity matrices, respectively, and are
given in Appendix B. Also

N [D, 0 0
=M, |=| 0 D, 0[|¢&=D,¢ (42
Qd 0 O ﬁsa(
We can also define
Ema( = Lm(ld’l (43)
é—hx = Lha dd (44)
€,=L,d (45)

Here L,,,, L,,, L,, are the strain operator matrices in
the membrane, bending and shear, respectively, and
are listed in Appendix C.

2.5. Equation of motion

The mathematical statement of Hamilton’s prin-
ciple is written as

-[ ST — Eydr =0, (46)

where I1 and E are total potential energy and kinetic
energy, respectively. The total potential energy IT can
be written as

n=v-w (47)

or

1
i =§J €,o,dv —j u. P dA. (48)
v A

U is the strain energy stored in the shell, W represents
work done by externally applied forces. P, is the
vector of force intensities in the direction (x,y,z,). u,
is the displacement of any generic point in the shell
space. After carrying out explicit integration in the
through the thickness direction and substituting the
expressions for strains and stresses we get

1
n =—j €.6,dA —J d'Fd4. (49)
2 A4 A

F is the vector of the load per unit area corresponding
to the direction of generalized displacement vector d, .
The kinetic energy E can be written as

1
E= ij a'pade. (50)

o is the velocity vector of any generic point in space
and p is mass density of the material. An expression
for u can be obtained from egn (6), and after explicit
integration through the thickness we get

10, .
E=—J d'md, dA. (51)
2 A

Here m is the inertia matrix and is of the form

L 0 0 0 I
0 I, 0 -1
m={0 0 I 0 0
0 -L 0 I, 0
L o0 0 0 I

=

<o

(52)

in which I;={pdz; L=[pzdz; L=[pzxzdz.
Thus by substituting the expression for IT and F in
eqn (46) we get the equation of motion as

]
5<J [—J e';D,e’,dA—j d.F d4
n 2 A A
1. .
——f d’,md,dAdet:O. (53)
2 )4

3. FINITE ELEMENT DISCRETIZATION

3.1. Discretization in space

In the standard finite element technique the sol-
ution domain is discretized into NE subdomains
(elements) such that

NE
nd= Y 14d)

e=1

(54)

NE

E@ =Y E@)

e=1

(55)

where IT and IT° are the total potential energies of the
system and the element, respectively, and E and E*
are the kinetic energies of the system and element,
respectively. The basic discretization is carried over
an element only and the resulting equations are
summed over the entire domain.
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3.2. Displacement function

The nodal and generalized displacement vectors
are related with the help of shape functions as

Upy Ni(cv n )uiz
vna NN Ni(é’ ’7 )Uix
Wor | = NS, mw, (56)
i=1
Hu Ni(éa ’7 )oi.m
0)'1 Ni(é’ n )oiyu
N, 0O 0 0 0 U
0 N 0 o0 © Vi
NN
= 0 0 N 0 0 . (57
i=1
0 0 0 N, 0 0.,
0 0 0 0 N, 0,1s
ie.
NN
d, =} Nd, (58)

Let the displacement at node i in the nodal coordinate
system be
din = (uon’ Vors Won» 0xn ’ Byn )/' (59)

Using a transformation matrix R,, given in Appendix
D we can write
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3.3. Strain—displacement matrix
From eqns (43), (58) and (60) we get
NN
Emz = Lma dz = Lmz Z Nidiu (66)
i=1
NN
= Z Emiudm (67)
i=1
NN
= z BmiaRiadin (68)
i=1
NN
= Z B:ridin’ (69)
i=1
therefore
€= BXd,. (70)
Similarly
én = Bid, (71)
€ = Bld,, (72)

where B*,B¥,B* are the strain matrices of the
membrane, bending and shear displacements, respect-
ively. The forms of B,;, B¥,, B*, are given in Appen-
dix E. Thus

&, =B*d,, (73)
where

B* =[B*, B, B*]. (74)

3.4. Isoparametric representation

In isoparametric representation the geometry and
the displacement fields are interpolated using the

0 0 — N, 0 0 0 0

0 0 — 0 N, 0 0 0

0 0 — 0 0 N, 0 0 (62)
NN 0O — 0 0 0 N, 0

0O N — 0 0 0 0 N,

diz = R:zidin' (60)
If we define
Uy, Uy Wy Bxln OV\*ln
d:‘l = | Un Uin Wi xin Hyin (61)
Uy VUi Wan erm ewm
and
NN 0 0 0 0 — N 0 0
0 NN 0 0 0 — 0 N 0
N = 0 0 N O 0 — 0 0 N,
0 0 0 Ny 0 — 0 0 0
0 0 00 N — 0 0 0
=[NI’N2a s ,N,,"] (63)
R= diag[Rxl ’ R:Z’ R Rann] (64)
Then
NN
dz = z NiRixidin = NRdu' (65)

i=1

same shape functions. The space coordinates are

expressed as
X WEN O] x,
=3 ,
.V i=1 0 Nl .}I

in which x,, y; are coordinates of node i and N;s are
shape functions in terms of ¢ and ». In the present

(75)
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formulation we require the derivatives of the shape
functions with respect to x,,y, coordinates. The
Jacobian matrix relates the area integral in x,, y,
coordinate to that in ¢ and 5 coordinate system and
is given by

0x, 0y,
&

A
¥y

(76)

dan oy

After adopting the chain rule we get the Jacobian
matrix as

T. KANT e1 al.

similarly
K= Y wy(B2)y(Dy,),(BE )13, (86)
=1
K= Z w‘ﬂ(ﬁ.?”)ﬂ(ﬁu){siﬁf }ﬂ“”ﬁ‘ (87)
B=1
Here K., K, K¢ are the element membrane, bending

and shear stiffness matrices, respectively, m is the
number of Gauss points and w, are the weights of
Gauss points. Thus, any order of integration (either

oy ;¥4
o

ayY
+myy -+ ay,
n

oX
331 15
oxX
on

+ My 7o + ny,
J=

oz
llx

%s

57‘.

/ X oY ¢z

Ay 5& +m‘x '*;: Moy (75 (77)
oX Y ez

123t - +m21 ~ Moy =
an on an

where /,,, m,,, n,, and b, m,,, n,, are the direction
cosines of the local i, and j, axes with respect to global
i, j, k, respectively. An elemental area on the mid-
surface is given as

i
J dA =J dx,dy,=j
A A -1

3.5. Element stiffness matrix

1
j ds dn. (78)
-1

From eqn {53) we get the expression of the strain
energy for an element

1
Ur=-~ J &Deeda. 79
2],

Using eqn (73) and substituting into the above
equation

Ue= % J d’B*D¢B*d: dA (80)
A
=1d7Keds. (81

Here K¢ is the element stiffness matrix and is given by
K = f B*D:;B* d4 (82)
A4

using eqn (74) and (42) and simplifying the expression

K=K, + K, + K, (83)
where
+1
K;, = J J ByD,. Brididn  (84)
—1 .
K = Z W;f{B* }j;(ﬁm )1;(3 );:iJi,«, {(85)

f=1

2x2 or 3x3) can be independently applied to
calculate any of the individual K matrix.
3.6. Element mass matrix

This is derived from the kinetic energy expression.
Using eqn (51)

1
E“:—j &“md; dA4, (88)
2 )4
from eqn (65)
d¢ =NRd;, (89)
substituting in eqn (88)
1
E = Ej d“R'N'mNRd; d4 (90)
A
=M oD

where MF is the element mass matrix and is given by

M¢ =j R'N'mNR dA4, (92)
4

m and N are inertia and shape function matrices.
respectively. The consistent mass matrix M is evalu-
ated using the 3 x 3 Gauss quadrature rule as follows:

+1 44
L —
M =
-1 i

ror
=Y ¥ wow JRINMN, R, ij=L NN,

u=lh=1

RIN'mN, R [J| d¢ dy (93)

(94)

where p is the number of Gauss points in any one
direction and w,.w, are corresponding weights. A



Shell dynamics with 3D degenerate finite elements 141

special mass lumping procedure which is given in {12]
is used here,
3.7. Element load vector

This can be derived from the expression of work
done by external forces. From eqn (53), we get

we= fdﬁ’F dA. 9%)
Using eqn (65) we get
We = f d&Fdd =dif,, (96)
4
where
ff= j R'N'F dA4, 97
4

F is a matrix containing magnitude of forces in each
of five degrees of freedom direction.

3.8. Discrete equations of motion

Using eqn (47), we can write

=y — w-. (98)
Here 177 is the total potential energy of an element ¢
and U, W* are the internal strain energy and external
work done, respectively. From eqn (81) we get
Ue =LdoKeAd:. 99
The first variation of the internal strain energy can be
written in matrix form as
oU, = ddKed:. (100)
Here K° is the element stiffness matrix. The first
variation of the external work done on the element
can be written in matrix form using eqn (96) as
oW = 6dife, (101)
f is the element load vector. Also the first variation
of kinetic energy 8E* for an element can be written
in matrix form using eqn (91) as
SE = —5dg Mede (102)
Here d; is vector of element nodal accelerations.

Substituting the above expressions in eqn {46) we get
the following form of Hamilton’s equation

(103)

2
J (BU* — We —8E9) dt =0
4

or
L
Jédﬁ’[M”ﬁ:+K‘dZ~fZ]dl=0- (104)

L]

Since this relation is valid for every virtual displace-
ment §d; we get

Meds + Kedg = £ (105)

This is a finite element equation of motion for one

element of domain. These element equations are now

assembled as in equations (54) and (55) to yield the

global equation of motion for the entire domain, i.e.

Md +Kd=f. (106)

Here d, d are the global vectors of unknown displace-

ment and acceleration, respectively. M, K, f are global

mass, stiffness and nodal load vectors, respectively,
and are given as

NE

K=Y K (107)
g=1
NE

M=Y M (108)
e=1
NE

f= 3 1 (109)
e=1}

3.9. Seismic input

In the case of seismic input problems the load
vector is of the following form in the equation of
motion (106)

f= —Mri,. (110)
Here M is the mass matrix of the system as derived
earlier, r is the influence matrix which is a column

matrix containing ones and zeros, ii, is the ground
acceleration input which varies with time.

4. NUMERICAL RESULTS AND DISCUSSION

4.1. Preliminary remarks

Nine-noded biquadratic Lagrangian elements with
five degrees of freedom per node are used for the
analysis. Numerical quadrature is used for the evalu-
ation of the element matrices. A 2 x 2 Gauss quadra-
ture rule is employed to evaluate the shear energy
term, while a 3 x 3 Gauss rule is utilized for all the
remaining terms in stiffness, mass and load matrices.
Zero initial conditions are assumed in all the cases.
All the computations are carried out in single pre-
cision on a CDC Cyber 180/840 system with 16
significant digits accuracy. Nodal boundary con-
ditions are prescribed. The results from the software
SHELDYNA (program for mode superposition
analysis), and TIME (program for time integration
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analysis) developed by the authors are compared with
BLAST (program for eclasto-dynamic analysis of
shells using assumed strain degenerate shell clement
developed by Huang{13]).

4.2. Boundary conditions and problem data

The following boundary conditions arc employed

1. Fixed u,=0,10,=0,w,=0,0,=0,0,=0.

2. SSI (simply supported diaphragm): » = const,
u,=0.w,=0,0,=0.x=const,r,=0, w, =0,
g,=0.

3. 8S2 (simply supported hinged): » = const,
u,=0.v,=0,w,=0,0,=0, x =const, u, =0,
v, =0, 1w,=00,=0

4, Symmetric: y = const, v, =0, 8, = 0; x = const,
u,=0,0,=0

The following sets of data are used for the numerical
examples analysed in this section.

Data 1: A deep thin arch---this example is taken
from [14]

radius (R) = 67.115 in, thickness (h)=1.0in
central angle () = 15", width (b)=1.01n
density (p) =2.44 x 10~* b sec’/in*

Young’s modulus (£) = 1.0 x 107 Ibjin?
Poisson’s ratio (v) = 0.3,

load intensity {p)==0.25Ibjin".

Data 2: A deep thin spherical cap—this example is
taken from [13]

radius (R) = 20.0 in, thickness (A)=0.31in
central angle () = 120",

density (p)=7.33 x 10-*1b sec’/in*,
Poisson’s ratio (v)=10.3

Young's modulus (£) = 3.0 x 107 Ibjin®
load intensity {p}) = 600 Ib/in".

Data 3: A thin cylindrical
example is taken from [15]

radius (R) = 300.0in, thickness (h)=10.3in
central angle () =40, length (L) =100.0in
density (p)=2.25 x 10 7k sec*/in®,

Young’s modalus (E) = 3.6 x 10°kip/in*

diaphragm—this

{a) £
-
- 15
B/2
)
P
f—-—r-—-b

Fig. 2. A deep thin arch subjected to impulsive u.d.l.
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o] G002 00048 0008 o008 Q010 Qo
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Fig. 3. A thin arch subjected to suddenly applied u.d.l

Poisson’s ratio (v)=0.15
vertical acceleration (). = 115.9 in/sec”.

Data 4: Briones dam intake tower—this example is
taken from {16}

height (L) =230 ft

inner diameter at bottom (elevation 360.0)
=201t

inner diameter at top (elevation 575.0) = 10 fi

thickness at bottom = 1.33 f1

thickness at elevation 575.0=1.113 ft

density (p)=4.181b sec’/in*

Young's modulus (£} = 6.48 x 10 Ib/in’

Poisson’s ratio (v) =0.17.

4.3. Examples and discussion

Example 1. A deep thin circular arch of radius
67.115 in and unit cross-sectional area with a central
angle of 15 is modelled in this case using shell
elements. It is simply supported (SS82) at the ends and
subjected to an impulsive step loading in the form of
a uniformly applied pressure over its span as shown
in Fig. 2. This has been analysed by SHELDYNA
using the first ten modes. The same has also been
analysed by TIME and BLAST using an implicit time
scheme with a time step of 3.315 x 10 *sec. The
results have been recorded in the form of transient
variation of central deflection as shown in Fig. 3.

8 <

L

Fig. 4. A deep thin spherical cap subjected to suddenly
applied pressure.
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004 — ® Time {implicit}

© Blast limplicit) %
* Sheidyna /s
b4 /
* ?/;‘ r“ * '){
C A AL 4 ;y £
= % [\ W/ A i\ Vim §. "‘,
€ oM gy
@Q x‘ ' [} Q ‘ i / H ,' I
& ' ¢I S W QF:’ i} i
g-ooz- 8 Y ‘lil‘ TR AR
L /B Ve Q ‘é
8 p o \ n'.' *
e =ty g
]
~008 |
o] 0.0025
Time (sec)

Fig. 5. Variation of central deflection of a thin shell cap
subjected to suddenly applied pressure.

Uniform periodic variation of the deflection is ob-
served. The maximum value of the central deflection
observed is 3.9 x 10~ %in all the three cases. It can be
seen from Fig. 3 that the results by all the methods
are in good agreement.

Example 2. In this example a deep thin spherical
cap, shown in Figs 4(a) and (b), is analysed. This is
clamped all around its boundary. This is subjected to
a suddenly applied uniform pressure of intensity
600 1b/in®, the variation of which is shown in
Fig. 4(c). Taking advantage of symmetry, only one
quarter of the shell is taken and is discretized using
12 shell elements. In the analysis by SHELDYNA the
first ten modes were considered. A time step of
2 x 107° sec was adopted in the analysis using TIME
and BLAST. The transient variation of the central
deflection has been recorded in the form of a graph
as shown in Fig. 5. The maximum central deflection
observed is 3.5 x 107?in. The closeness of the results
by TIME and BLAST is clearly depicted in Fig. 5. A
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Fig. 6. A thin cylindrical cap subjected to base acceleration.
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Fig. 7. Variation of deflection of an edge point of a thin
cylindrical cap subjected to vertical acceleration.

slight difference in the results by SHELDYNA is
observed. It is expected that improved convergence
will be achieved by increasing the number of modes.

Example 3. In this case a thin cylindrical cap as
shown in Fig. 6(a) is analysed for the vertical base
acceleration shown in Fig. 6(b). This is simply sup-
ported (SS1) along the curved edge. Taking symmetry
into account again only one quarter of the structure
is discretized using four shell elements. The loading is
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——{ ~+— 613’
— B4— 50
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EL575.0 — {
' Normal woter
7 ' EL.5480
1
]
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Fig. 8. Brione’s dam intake tower.
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Fig. 9. Ground motion recorded at Taft Lincoln School Tunnel, California, earthquake, 21 July 1952.

in the form of vertical ground acceleration which
varies as a saw-tooth wave as shown in Fig. 6(b). The
variation of the vertical deflection of the corner edge
point (node 5) is shown in Fig. 7. In this case also the
first ten modes were considered while analysing by
SHELDYNA and in the case of analysis by TIME
and BLAST a time-step of value 0.005 sec was used.
The maximum value of the deflection observed is
1.63in in the case of SHELDYNA and TIME and
1.53 in in the case of BLAST. It is observed in Fig. 7
that the variation is more or less similar in all the
cases.

Example 4. In this example a Briones dam intake
tower, as shown in Fig. 8 and adopted from [16], has
been analysed. The tower tapers with an internal radii
of 10ft at bottom to Sft at the top. The effective
height of the tower is 230 ft. This has been analysed
as a hollow tapering cylindrical cantilever fixed at the
base. This is subjected to an earthquake input of
S69E component recorded by the Taft Lincoln
School Tunnel, California, as shown in Fig. 9. Due
to unidirectional symmetry only one half of the
structure is considered and is discretized using 11
shell elements along the axis. The analysis is done for
the ‘no water condition’ only. In the analysis using

04 r * Sheldyna (20 modes)
a Time (implicit)
O Blast (implicit)
02 -
—_ \
£ LR
= P A
[ aas i~ WAV
G ‘\"'
2 1y
=
@ _ —
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~06 ] ] | J
20 40 60 80
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Fig. 10. Variation of tip deflection of a chimney subjected
to seismic input of Fig. 9.

SHELDYNA the first 20 modes were considered and
a time-step of 0.01 sec was taken in the case of
analysis by TIME and BLAST. The variation of the
tip deflection is recorded as an output in Fig. 10. In
the actual case this was analysed by taking it as a
cantilever beam and was discretized using beam
elements. Five percent damping was considered in
each mode and first five modes were taken. The
maximum displacement observed was 3.0in. The
maximum deflection observed in the present case with
no damping being considered is 4.5 in. It can be seen
from the results that although the results differ in the
initial stage slightly, they are more or less similar in
the later stage by all the three approaches.

5. CONCLUSIONS

The Mindlin-Reissner theory is employed with
explicitly integrated three-dimensional degenerated
shell elements for undamped elasto-dynamic as well
as seismic analysis of shells. Excellent agreement
between the results by SHELDYNA (software devel-
oped by authors for mode superposition) and TIME
(software developed by authors for time integration)
is observed both in the case of dynamic loading as
well as in base input problems. Also the closeness of
results with BLAST (software developed by Huang
for elasto-dynamic analysis using assumed strain
degenerate shell element) shows the accuracy and
efficiency of the present explicitly integrated element.
For the same level of accuracy. a considerable saving
in computation time is achieved in the mode superpo-
sition as compared to time integration methods since
only the first few modes were sufficient to obtain the
results with the same accuracy. As the formulation
is on a nodal basis the imposition of boundary
conditions is found to be straightforward.
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APPENDIX A
The constitutive matrix C is given below
— -
E vE 0 0 0
(T=w) (I—w)
E o _E 0 0
(I—=w) (1—w)
E
C= 0 0
2(1+v)
0 0 £
21 +v)
0 0 0 ‘L
2(1 +v) J
APPENDIX B

The D matrices in the membrane, bending and shear elements are given below

Etaz VE[,(
(I—w) (1—wv)
D — vEt, Etx
™ U=w) (T—w)
0
Et}
000 — 2
12(1 —wv)
Ei}
D,=] 000 -
12(1 — vv)
0 0 0 0
00 0 00O

000000

00000
00000
EL 5 000 0
2(1+v)
vEL 0 0
12(1 —wv)
Er; 0 0 0
12(1 — vv)
Et}
24(1 +v)
ki, 0
2.4(1 +v)
Et

%

241 +v)
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APPENDIX C

The L matrices for the membrane, bending and shear elements are given below

r ¢ (
. 0 0 0 0 0 0 0 0 -
X, ox,
¢ é
L,,= 0 — 0 0 0 L,= 0 0o 0 —- 0
oy, ¢y,
¢ ( ¢ 0
L S 0o 0 0 -
Cr,  dx, éx, Cr,
- P
0 0 V?x, 0 I
L.= 5
b
L 0 0 — -1 0
¥y
APPENDIX D
The local to nodal transformation matrix at a node / is
L) M RS M
i Bde dck,
R,= | ki, k;j, Kk Kk,
0 LU P S
0 0 LUN U F A
APPENDIX E
The B matrices for membrane, bending and shear are
[ éN, CN,
= 0 0 0 0 0 0 0 0
0xy ax,,
N, éN,
B, = 0o -~ 0 0 0 *o=10 0 0 —= 0
0¥y CVy
AN, 0N, N, N,
= 0 0 0 0 0 -
L Ay, &x, CXy Oy
¢N,
( 0 0 - 0 N,
Ox,
B}, = ’
N,
0 0 -N, 0
L ay,




