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Abstract

Two shear deformable ®nite element models, one based on ®rst-order shear deformation theory and the other based on a higher-

order shear deformation theory, are developed for buckling analysis of skew laminated composite and sandwich panels. The

procedure involves the development of transformation matrix between global and local degrees of freedom for the nodes lying on the

skew edges and suitable transformation of element matrices. The accuracy of the present models is demonstrated by comparing with

alternative solutions available in the literature. Extensive numerical results are presented for critical buckling loads of angle-ply and

cross-ply skew laminates with various lamination parameters, boundary conditions and width-to-thickness ratios. New results on

skew sandwiches, hitherto not reported in the literature, are obtained for di�erent geometric parameters and skew angles. Ó 1999

Elsevier Science Ltd. All rights reserved.
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1. Introduction

Fibre-reinforced composite materials due to their
high speci®c strength and sti�ness are becoming in-
creasingly used in weight-sensitive applications of
aerospace and ship building industries. It is well known
that skew or oblique plates made of these materials are
important structural components of ship hulls and swept
wings of aeroplanes. Buckling is one of the primary
modes of failure of these elements when they are sub-
jected to in-plane loads. Thus the stability analysis of
such plates is of interest to the designers. The compli-
cating factors in the analysis of skew plates is the non-
orthogonal co-ordinate system to be used in the deri-
vation of governing di�erential equations and ®nding
the solution to these coupled equations. Since there is no
exact solution to these equations and associated boun-
dary conditions, numerical methods such as ®nite ele-
ment method, ®nite di�erence method, Rayleigh±Ritz
method, etc. are natural choices upon which one can
obtain a conceptual understanding of this important
structural mechanics problem.

Considerable amount of literature on the buckling of
isotropic and orthotropic skew plates exists. It appears

that Anderson [1] is the ®rst person to investigate the
buckling problem of an isotropic skew plate. He has
used energy method and presented results for di�erent
aspect ratios of skew plates. Guest [2] has reported on
the buckling of clamped isotropic skew plates subjected
to uniaxial compression. Wittrick [3±5] has investigated
the buckling problem of rhombic simply supported and
clamped plates with a skew angle of 45° under orthog-
onally compressive and shear loads. He has employed
®nite di�erence method in his investigations. Later the
stability analysis of isotropic and orthotropic plates are
carried out by many researchers [6±14] for various
loading and boundary conditions. All of the studies
stated above are based on classical plate theory, with the
exception of the one by Kitipornchai et al. [14] in which
the ®rst-order shear deformation plate theory is adopted
for studying the buckling problem of isotropic thick
skew plates.

Compared with the literature on isotropic and ortho-
tropic skew plates, very little is reported on buckling
analysis of skew composite laminates and sandwiches.
Probably the ®rst comprehensive work on the buckling of
skew composite laminates is the one by Reddy and
Palaninathan [15]. The authors have employed a trian-
gular ®nite element based on classical laminate plate
theory. The results are presented in graphical form.
Navin Jaunky et al. [16] have used Rayleigh±Ritz method
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combined with a variational formulation and a ®rst-or-
der shear deformation theory (FSDT), to analyze the
buckling of arbitrary quadrilateral anisotropic plates
with di�erent boundary conditions. Recently, Wang [17]
has employed the B-Spline Rayleigh±Ritz method based
on ®rst-order shear deformation theory to study the
buckling problem of skew composite laminates. Nu-
merical results are presented for composite laminates
subjected to in-plane compressive and shear stresses. But
in obtaining the numerical results, standard material
properties are not considered as equal shear moduli are
taken for the lamina in all the three orthogonal direc-
tions. It is observed that buckling analysis of composite
laminates with shear deformable ®nite elements is not
attempted so far and also to the best of the authors
knowledge, there is no paper in the open literature deal-
ing with the buckling problem of skew sandwich panels.

In the present work, two C° continuous shear de-
formable ®nite element formulations are presented for
the buckling analysis of skew laminated composites and
sandwiches. One of the two models is based on the
Reissner±Mindlin ®rst-order theory and the other is
based on a higher-order theory developed by Kant and
co-workers [18±22]. In the present higher-order formu-
lation, the higher-order terms of displacements and ro-
tations in the Taylor's series expansion of in-plane
displacements are taken into account. Accuracy of the
present models is veri®ed against the literature values for
isotropic and composite skew plates. Some new results
are presented for skew composite laminates and sand-
wiches using standard material properties available in
the literature.

2. Theory

2.1. Displacement-models

The two shear deformation theories considered for
investigation in the present work are based on the as-
sumption of the displacement ®elds in the following form.

(a) First-order shear deformation theory (FOST), 5
dof/node

u�x; y; z� � uo�x; y� � zhy�x; y�;
v�x; y; z� � vo�x; y� ÿ zhx�x; y�; �1�
w�x; y; z� � wo�x; y�:

(b) Higher-order shear deformation theory (HOST),
9 dof/node

u�x; y; z� � uo�x; y� � zhy�x; y� � z2u�o�x; y� � z3h�y�x; y�;
v�x; y; z� � vo�x; y� ÿ zhx�x; y� � z2v�o�x; y� ÿ z3h�x�x; y�; �2�
w�x; y; z� � wo�x; y�;

where u, v and w de®ne the displacements of any generic
point (x, y, z) in the plate space, uo, vo and wo denote the
displacements (Fig. 1) of a point (x, y) on the middle
plane, hx and hy are the rotations of normal to middle-
plane about x- and y-axes, respectively. The parameters
u�o, v�o, h�x and h�y are higher-order terms in the Taylor's
series expansion and are also de®ned at mid-surface.
The continuum displacement vector at the mid-plane
can thus be de®ned as:

for FOST �u � fuo; vo;wo; hx; hygT
;

for HOST �u � fuo; vo;wo; hx; hy ; u�o; v
�
o; h

�
x ; h

�
ygT

: �3�

2.2. Stress±strain relationship

If the transverse stress and strain are neglected, the
stress±strain relations for the Lth lamina in the laminate
co-ordinates (x, y, z) are written as

rx

ry

sxy

syz

sxz

8>>>><>>>>:

9>>>>=>>>>; �
Q11 Q12 Q13 0 0
Q12 Q22 Q23 0 0
Q13 Q23 Q33 0 0
0 0 0 Q44 Q45

0 0 0 Q45 Q55

266664
377775

ex

ey

cxy

cyz

cxz

8>>>><>>>>:

9>>>>=>>>>; �4�

or in short form

r � Qe �5�
in which

r � rx ry sxy syz sxz

� 	T
;

e � ex ey cxy cyz cxz

� 	T �6�
are the stress and the strain vectors, receptively. Qij's are
the plane stress reduced sti�ness coe�cients. The
transformation of the stresses/strains between the lami-
na and laminate co-ordinate systems follows the usual
stress tensor transformation rule. It may be noted that
the formulation given in the rest of the paper is based on
HOST and the formulation corresponding to FOST is
obtained from that of HOST by truncating the terms
corresponding to the higher-order displacement degrees
of freedom.

Fig. 1. The geometry of skew laminate with in-plane loading.
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2.3. Strain±displacement relationship

Substituting Eq. (2) into the Green's strain tensor,
with �z� 0, the generalized strain vector components are
obtained as:

ex � eo
x � zvo

x � z2e�x � z3v�x � z4e��x � z5v��x � z6e���x ;

ey � eo
y � zvo

y � z2e�y � z3v�y � z4e��y � z5v��y � z6e���y ;

cxy � eo
xy � zvo

xy � z2e�xy � z3v�xy � z4e��xy � z5v��xy � z6e���xy ; �7�
cyz � /o

y � zwo
y � z2/�y � z3w�y � z4/��y � z5w��y ;

cxz � /o
x � zwo

x � z2/�x � z3w�x � z4/��x � z5w��x :

Note that the ®ve generalized strain components are
expressed in terms of 33 strain components (�e). Each of
the components of strain vector, �e has linear/or non-
linear parts which can be expressed in terms of mid-
plane displacement components.

The potential energy, P of the plate can be expressed as

P � 1

2

Z
A

�eT�rdAÿ
Z
A

�uTp dA; �8�

where, p is the vector of in-plane mechanical loads and

�r � fNT MT QTgT
: �9�

The stress resultants in Eq. (9) are de®ned as follows:

No
x No

y N o
xy

N �x N �y N �xy
N ��x N ��y N ��xy
N ���x N ���y N ���xy

2664
3775 �XNL

L�1

ZZL�1

ZL

1
z2

z4

z6

2664
3775 rx ry sxy

� �
dz;

�10�
Mo

x Mo
y Mo

xy
M�

x M�
y M�

xy
M��

x M��
y M��

xy

24 35 �XNL

L�1

ZZL�1

ZL

z
z3

z5

24 35 rx ry sxy

� �
dz; �11�

Qo
x Qo

y
So

x So
y

Q�x Q�y
S�x S�y
Q��x Q��y
S��x S��y

26666664

37777775 �
XNL

L�1

ZZL�1

ZL

1
z
z2

z3

z4

z5

26666664

37777775 sxz syz

� �
dz: �12�

After integration, these stress resultants are written in
matrix form as

�r � D�e; �13�
where,

D �
DM DC 0
DT

C DB 0
0 0 DS

24 35 �14�

in which DM ;DB;Dc and DS are the membrane, ¯exural,
membrane±¯exural coupling and shear rigidity matrices,
respectively.

3. Finite element formulation

Let the region of the plate be divided into ®nite
number of quadrilateral elements. The continuum dis-
placement vector within an element is discretized such
that

u �
XNN

i�1

Niui; �15�

where Ni is the shape function of node i, NN is number
of nodes in an element and ui is the generalized dis-
placement vector corresponding to the ith node of an
element. The above relation is expressed in matrix form
as

u � �Nd; �16�
where �N is element shape function matrix and d is ele-
ment nodal displacement vector. The components of
strain vector, �e can be expressed in terms of nodal dis-
placement vector, d as

�e � Bo

�
� 1

2
BL

�
d; �17�

where, Bo and BL are linear and non-linear strain±dis-
placement matrices. Substituting for �e from Eq. (17) in
Eq. (8) and then minimization of potential energy givesXNE

i�1

K e
od

h
� K e

gd ÿ R
i
� 0; �18�

where, NE is the number of elements. K e
o and K e

g are the
linear and geometric element sti�ness matrices and R is
the element load vector. These matrices are constructed
using the standard procedure [23] as,

K e
o �

Z
A

BT
o DBo dA;

K e
gd �

Z
A

BT
L S dA; �19�

R �
Z
A

NTpdA;

where, S is the stress resultant matrix.

3.1. Skew boundary transformation

For skew plates supported on two adjacent edges, the
edges of the boundary elements may not be parallel to
the global axes (x, y, z). In such a situation, it is not
possible to specify boundary conditions in terms of the
global displacements uo, vo, wo, etc. In order to specify
boundary conditions at skew edges, it becomes neces-
sary to use edge displacements ul

o; v
l
o;w

l
o, etc. in local co-

ordinates (xl, yl, zl) (Fig. 1). It is thus required to
transform the element matrices corresponding to global
axes to local edge axes with respect to which the boun-
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dary conditions can be conveniently speci®ed. The re-
lation between the global and local degrees of freedom
of a node can be obtained through the simple transfor-
mation rules [23,24] and the same can be expressed as

d i � Lgdl
i �20�

in which di and d l
i are the generalized displacement

vectors in the global and local edge coordinate system,
respectively of node i and they are de®ned as

d i � uo; vo;wo; hx; hy ; u�o; v
�
o; h

�
x ; h

�
y

n oT

;

d l
i � ul

o; v
l
o;w

l
o; h

l
x; h

l
y ; u
�1

o ; v
�1

o ; h
�1

x ; h
�1

y

n oT

: �21�

The node transformation matrix for a node i, on the
skew boundary is

Lg �

c s 0 0 0 0 0 0 0
ÿs c 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 c s 0 0 0 0
0 0 0 ÿ s c 0 0 0 0
0 0 0 0 0 c s 0 0
0 0 0 0 0 ÿ s c 0 0
0 0 0 0 0 0 0 c s
0 0 0 0 0 0 0 ÿ s c

26666666666664

37777777777775
�22�

in which c � cos�W� and s � sin�W�, where W is skew
angle of the plate. It may be noted that for nodes which
are not on lying on skew edges, the node transformation
matrix consists of all elements being zero except the
principal diagonal elements which are equal to unity.
Thus for the complete element, the element transfor-
mation matrix is written as,

Te �
Lg 0 0 . . .
0 Lg 0
0 0 Lg

:

2664
3775 �23�

in which the number of Lg matrices are equal to the
number of nodes in the element. For those elements
whose nodes are on the skew edges, the element matrices
are transformed to the local axes using the element
transformation matrix, Te. After the transformation of
element matrices, Eq. (18) is expressed asXNE

i�1

K l
od

h
� K l

gd ÿ Rl
i
� 0; �24�

where

K l
o � TT

e K e
oTe; K1

g � TT
e K e

gTe and R1 � TT
e R:

�25�
Eq. (24) is solved in two stages. In the ®rst stage, the
geometric sti�ness matrix is neglected and stress analysis
is performed to determine the stress resultants. These
stress resultants are used to compute geometric sti�ness
matrix in the second stage and then the stability problem
is solved as an eigenvalue problem as

Ko

� � kKg

�
dd � 0 �26�

in which, Ko and Kg are the assembled linear sti�ness
and geometric sti�ness matrices, respectively. The sub-
space iteration method [25] is used to solve the eigen-
value problem.

4. Numerical results and discussion

Computer programs are developed based on the
foregoing ®nite element models to solve a number of
numerical examples on buckling of skew composite
laminates and sandwiches. A 6 ´ 6 skew mesh of 16-
noded element is used in computations. This scheme is
arrived at on the basis of convergence study in which the
critical buckling load converges monotonically from a
higher value. The details of the convergence study is not
presented here for the sake of brevity. The selective in-
tegration scheme, namely 4 ´ 4 Gauss±Legendre for
membrane, ¯exure, membrane±¯exure and 3 ´ 3 for
shear contributions of energy, is used for thin laminates
(a/h > 20, h ± thickness of plate) and a full (4 ´ 4) in-
tegration scheme is used for thick laminates. All the
laminates considered are assumed to have an aspect
ratio of a=b � 1, though the general case a ¹ b can also
be studied without any di�culty. In all the computa-
tions of FOST model, a shear correction factor of 5/6 is
used.

The accuracy of the present ®nite element formula-
tions is evaluated ®rst for isotropic and composite skew
plates with the available literature results. Subsequently,
some new results are presented for laminated composite
and sandwich skew plates subjected to uniaxial com-
pression. The buckling loads are expressed in terms of
non-dimensional parameter, kU � �Nxb2=E2h3. Two types
of simply supported boundary conditions, SS1 and SS2
are used (Table 1). The notations used in the tables
below for boundary conditions SSSS and CCCC repre-
sent all edges are simply supported and clamped, re-
spectively. The following sets of material properties are
used in numerical studies.

Material 3 (sandwich)

Face sheets

E1=E2 � 19; G12=E2 � G13=E2 � 0:52; G23=E2 � 0:338;

m12 � m13 � 0:32; m23 � 0:49:

Core

Material 1 Material 2
E1=E2 � 40 E1=E2 � 40
G12=E2 � G13=E2 � 0:5;
G23=E2 � 0:2

G12=E2 � G13=E2 � 0:6;
G23=E2 � 0:5

m12� m23� m13� 0.25 m12� m23� m13� 0.25
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E1=Ef
2 � 3:2� 10ÿ5; E2=Ef

2 � 2:9� 10ÿ5;

E3=Ef
2 � 0:4; G12=Ef

2 � 2:4� 10ÿ3;

G13=Ef
2 � 7:9� 10ÿ2; G23=Ef

2 � 6:6� 10ÿ2;

m12 � 0:99; m13 � m23 � 3� 10ÿ5

in which Ef
2 refers to that of face sheets.

4.1. Isotropic skew plates

Critical buckling loads of isotropic thin �a=h � 1000�
and thick �a=h � 10� skew plates subjected to uniaxial
compression are determined for both simply supported
and clamped boundary conditions. The buckling loads
are evaluated in non-dimensional form, expressed as
Kcr � �Nxb2=�p2D�, where �Nx is the critical buckling load,
D � Eh3=�12�1ÿ m2�� and E is the Young's modulus.
Poisson's ratio, m is taken as 0.3. The results are pre-
sented in Table 2 along with the other literature results
for four di�erent values of W� 0°, 15°, 30° and 45°. It is
to be noted that the solutions of the present FOST and
HOST models match well with the literature results.

4.2. Angle-ply skew laminates

Angle-ply skew laminates with symmetric and anti-
symmetric lay-ups are considered in this section. Results
are presented showing the e�ects of skew angle, various
lamination parameters such as number of layers, ®bre-
orientation angle and boundary conditions on critical
buckling load.

4.2.1. Antisymmetric laminates
Simply supported (SS1) and clamped skew laminates

[(45/-45/. . .)] having a=h � 10 are analyzed. Plates with
2, 4, 12 layer lay-ups are considered. The material
properties of each layer are E1=E3 � 40, E2�E3,
G12�G23�G13� 0.5E3, m12� m23� m13� 0.25. The solu-
tions of present formulations along with those obtained
by Wang [17] using Rayleigh±Ritz method (RRM) with
FSDT is given in Table 3. It is to be noted that the
results of FOST and RRM match well for all the lay-ups
considered. But the results of these two models are
higher in comparison to that of HOST for two and four
layer laminates. The di�erences may be due to the
assumption of an arbitrary value of 5/6 for shear

Table 1

Details of boundary conditions for laminated skew plates and sandwiches

Boundary Model Simply Supported Fixed

SS1 SS2

x1 � 0; a FOST v1
o � w1

o � 0; h1
x � 0 u1

o � w1
o � 0; h1

x � 0 u1
o � v1

o � w1
o � 0; h1

x � h1
y � 0

HOST v1
o � w1

o � 0; h1
x � v�1o � 0; h�1x � 0 u1

o � w1
o � 0; h1

x � u�1o � 0; h�1x � 0 u1
o � v1

o � w1
o � 0; h1

x � h1
y � u�1o � 0;

v�1o � h�1x � h�1y � 0

y1 � 0; b FOST u1
o � w1

o � 0; h1
y � 0 v1

o � w1
o � 0; h1

y � 0 u1
o � v1

o � w1
o � 0; h1

x � h1
y � 0

HOST u1
o � w1

o � 0; h1
y � u�1o � 0; h�1y � 0 v1

o � w1
o � 0; h1

y � v�1o � 0; h�1y � 0 u1
o � v1

o � w1
o � 0; h1

x � h1
y � u�1o � 0;

v�1o � h�1x � h�1y � 0

Table 2

Buckling load parameter, Kcr for isotropic skew plates

Plate type Support conditions Researchers Skew angle (W)

0 15 30 45

Thin SSSS Durvasula [7] 4.00 4.48 6.41 12.30

Tham and Szeto [12] 4.00 4.38 5.93 10.36

Wang [17] 4.00 4.39 5.90 10.12

HOST 4.00 4.40 5.92 10.23

FOST 4.00 4.40 5.92 10.23

CCCC Argyris [11] 10.15 ± 13.76 20.44

Durvasula [6] 10.08 10.87 13.58 20.44

Tham and Szeto [12] 10.08 10.84 13.60 20.60

Wang [17] 10.07 10.83 13.54 20.12

HOST 10.07 10.84 13.54 20.12

FOST 10.07 10.84 13.54 20.12

Thick SSSS Wang [17] 3.73 4.08 5.35 8.52

Kitipornchai et al. [14] 3.79 4.14 5.46 8.80

HOST 3.73 4.08 5.38 8.65

FOST 3.73 4.08 5.38 8.65

CCCC Wang [17] 8.02 8.47 9.96 13.02

Kitipornchai et al. [14] 8.29 8.77 10.38 13.69

HOST 8.04 8.49 9.99 13.11

FOST 8.03 8.48 9.97 13.05
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correction factors which depend on several factors such
as number of layers, lamination angle etc. In case of
laminates with 12 layers, i.e., when the behaviour of the
laminate tends to be orthotropic, a close agreement ex-
ists between the present results and in®nite layer solu-
tion of RRM.

Figs. 2 and 3 show the variation of buckling load
parameter, kU with ®bre-orientation angle and number
of layers for simply supported (SS2) thin �a=h � 1000�
and thick �a=h � 10� skew laminates (material 1). These
results are obtained with FOST and HOST models for
thin and thick plates, respectively. It is observed that the

present thin plate solutions has shown good agreement
with the ®nite element solutions of Krishna Reddy and
Palaninathan [15] for all values of h < 60° in which the
buckling mode shape is (m� 1, n� 1). For hP 60°,
when mode shape changes from (1,1) to (2,1) or (3,1),
their results are higher to the present results and the
di�erences increase with increasing skew angles. The
reason for this may be due to employing a coarse mesh
of 4 ´ 4 in their numerical computations. The authors
have determined buckling load ratios, a1 �
f�kU �h�0=�kU �h�90g and it is shown that for plates with
W� 45°, a1� 0.787. The value of a1 obtained based on

Table 3

Buckling load parameter (kU /p2) for skew antisymmetric angle-ply laminates

NL Skew angle (W)

15 30 45

HOST FOST RRM [17] HOST FOST RRM HOST FOST RRM

(a) simply supported

2 1.7759 1.9187 1.9021 2.0406 2.1884 2.1707 2.6099 2.7515 2.7022

4 2.7416 3.0350 3.0314 3.0195 3.3449 3.3240 3.4861 3.7921 3.8204

12 3.2273 3.2299 3.2507 3.5193 3.5216 3.5251 3.9795 3.9370 3.9791

(b) clamped

2 2.1604 2.3089 2.2972 2.4092 2.5724 2.5570 2.8794 3.0263 3.0436

4 3.0193 3.3256 3.3238 3.2072 3.5327 3.5332 3.5647 3.8596 3.9390

12 3.5098 3.4808 3.4975 3.7185 3.6708 3.6880 4.0462 3.9650 4.0718

Fig. 2. Uniaxial buckling loads for simply supported antisymmetric angle-ply skew laminates �a=b � 1; a=h � 1000�.
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the present fully converged buckling loads is 1.52. Thus
their observation that skew plates with W� 45° has
more buckling strength for 90° lamination than for 0°
lamination is not correct and the present results clearly
establish that skew plates with h� 0° ®bre-orientation
has signi®cantly higher buckling strength than the ones
with h� 90° ®bre-orientation.

It may be noticed that the buckling load factor of
both thin and thick skew laminates increases with the
increase in number of layers and eventually, the be-
haviour of laminates tend to be that of orthotropic
homogeneous one for very large layers. The buckling
load factor of both thin and thick laminates increases as
the skew angle of the laminates increases. But the in-
crease is small in thick plates because of the e�ect of
large transverse shear ¯exibility. The attractive feature
of composite laminates, the ®bre-orientation e�ect (in-
crease in kU with h) is seen to increase with the increase
in skew angle for thin laminates. However, in case of
thick laminates, this e�ect is more or less remain same
for plates with W� 0°, 15°, 30° and then decreases for
plates with W� 45°.

4.2.2. Symmetric laminates
Critical buckling loads of 3-layer �h=ÿ h=h� and 7-

layer [�h=ÿ h=h=ÿ �h�s] regular symmetric skew lami-
nates (material 1) having a=h � 10 are determined. The

numerical results are presented in Tables 4 and 5 for the
respective SSSS (SS2)and CCCC laminates for four ®-
bre-orientations, i. e., h� 0°, 15°, 30° and 45°. No direct
comparative solutions are available in the literature. It is
observed that FOST results are slightly lower than
HOST results for h� 0°. For other values of h, FOST
results are higher than HOST results. The di�erences
between the FOST and HOST solutions are small for 7-
layer laminates. In general bucking load factors increase
with the skew angle with the exception of 3-layer lami-
nate with h� 15°, in which the buckling load initially
decreases as W increases from 0° to 15° and thereafter
increases with W. The e�ect of boundary conditions is
seen to reduce as the skew angle increases.

4.3. Cross-ply skew laminates

Only symmetric laminates are considered and anti-
symmetric laminates are not considered as true bifur-
cation buckling can not physically occur for such
laminates. Symmetric skew laminates (material 2) hav-
ing a=h � 10 and made up of 3, 5 and 9-layer lay-ups are
analyzed. The outer layers of all the laminates are of
zero degree lamina and the thickness of middle layer is
twice that of other layers. Numerical results are
recorded in Table 6 for both SSSS (SS1) and CCCC
support conditions. The solutions of both FOST and

Fig. 3. Uniaxial buckling loads for simply supported antisymmetric angle-ply skew laminates �a=b � 1; a=h � 10�.
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HOST match well for simply supported skew laminates.
For clamped plates, the results of FOST are slightly
lower to that of HOST with a maximum deviation of
about 5%.

Fig. 4(a) and (b) show the e�ect of span to thickness
ratio on the critical buckling load of 3-layer skew lam-

inate for SSSS and CCCC support conditions, respec-
tively. The critical buckling load parameter decreases,
i.e. the e�ect of transverse shear deformation increases
with the increase of thickness. It is seen that the e�ect of
transverse shear deformation increases with the skew
angle for both SSSS and CCCC laminates. The increase
is more pronounced in CCCC laminate. The e�ect of
boundary conditions and skew angle decreases as the
thickness of laminate increases.

4.4. Skew sandwiches

Sandwich skew panels comprising of cross-ply com-
posite face sheets and honeycomb central core (material
3) are considered here. The ®bre-orientation of the lay-
ers of the bottom face sheet is [0/90]5, with the ®bres of
the bottom layer making 0° with x-axis. The layers of
the top face sheet are positioned, with respect to the
sandwich middle surface (z� 0), so as to make the
sandwich lamination orientation symmetric. Numerical
results are presented in Table 7 for simply supported
(SS1) panels for four di�erent values of W� 0°, 15°, 30°
and 45°. Two parameters, a=h and hf=h are varied,
where hf is thickness of face sheet. For validation of the
present models, the 3-D elasticity solution results [26]
are also given for panels with W� 0°. It may be noted
that the results of HOST match well with 3-D elasticity

Table 4

Buckling load parameter, kU for SSSS skew composite laminates with symmetric angle-ply lay-ups

NL h Skew angle (W)

0 15 30 45

HOST FOST HOST FOST HOST FOST HOST FOST

3 0 20.227 20.116 20.684 20.569 22.499 22.365 27.671 27.450

15 19.170 19.559 18.506 18.882 20.103 20.558 26.430 27.279

30 18.346 19.278 18.832 19.893 21.552 22.681 24.304 25.748

45 16.226 17.053 16.201 17.054 16.752 17.755 20.099 21.303

7 0 20.227 20.116 20.684 20.569 22.499 22.365 27.671 27.450

15 22.832 23.353 23.086 23.733 25.594 26.316 32.110 32.749

30 26.516 27.931 27.457 28.838 30.226 31.240 33.288 34.169

45 22.875 24.168 23.399 24.188 24.980 25.738 27.333 27.985

Table 5

Buckling load parameter, kU for CCCC skew composite laminates with symmetric angle-ply lay-ups

NL h Skew angle (W)

0 15 30 45

HOST FOST HOST FOST HOST FOST HOST FOST

3 0 35.115 34.254 35.521 34.592 36.921 35.757 39.888 38.195

15 28.789 29.054 28.506 28.968 29.610 30.161 32.737 33.326

30 22.835 23.800 22.958 24.007 24.314 25.529 27.039 28.463

45 17.828 18.635 17.956 18.887 19.293 20.330 22.115 22.989

7 0 35.115 34.254 35.521 34.592 36.921 35.757 39.888 38.195

15 33.704 33.813 33.826 34.108 35.206 35.553 37.911 38.185

30 30.638 31.136 30.854 31.528 31.992 32.844 34.042 34.712

45 24.432 25.069 24.876 25.426 25.940 26.534 27.738 28.200

Table 6

Buckling load parameter, kU for simply supported and clamped skew

composite laminates with symmetric cross-ply lay-ups

Support

conditions

W Theory NL

3 5 9

SSSS 0 HOST 22.965 24.865 25.416

FOST 23.084 24.821 25.378

15 HOST 24.267 26.779 27.642

FOST 24.505 26.803 27.607

30 HOST 29.237 33.648 35.373

FOST 29.887 33.865 35.195

45 HOST 39.714 45.516 46.033

FOST 40.573 45.754 46.585

CCCC 0 HOST 40.749 43.525 42.877

FOST 40.069 41.374 40.689

15 HOST 41.216 44.166 43.559

FOST 40.691 42.073 41.375

30 HOST 42.943 45.993 45.503

FOST 42.454 43.833 43.163

45 HOST 46.155 48.933 48.681

FOST 45.310 46.744 46.097
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solution for all values of hf =h whereas FOST overesti-
mates the buckling load with signi®cant margin at
higher values of hf=h. In case of skew panels, HOST and

FOST show good agreement with each other for sand-
wiches with very thin face sheets (hf=h � 0:025). But for
sandwiches with hf =h P 0.050, FOST results are on the
higher side to that of HOST and the di�erences increase
with increasing hf =h and W. For panels with W� 45°
and hf =h� 0.15, FOST in comparison to HOST over-
estimates the buckling load by as much as 48% when
a=h � 10 and by about 23% when a=h � 20.

5. Concluding remarks

Two C° isoparametric ®nite element formulations,
one based on ®rst-order shear deformation theory and
the other based on a higher-order shear deformation
theory, are presented for buckling analysis skew ®bre-
reinforced composite and sandwich laminates. By the
use of transformation matrices for the nodes lying on
the skew edges, the general ®nite element formulation in
orthogonal co-ordinates is extended to the analysis of
skew plates. The accuracy of the present formulations is
evaluated with the available results in the literature.
Numerical results are presented for isotropic, anisotro-
pic and sandwich plates with skew geometries.

The sensitivity of the buckling coe�cient to the
variations in skew angle, width-to-thickness ratio and
boundary conditions is studied. The in¯uence of skew
angle on buckling coe�cient is more pronounced as the
skew angle increases and this in¯uence is more signi®-
cant in thin plates than in thick plates. In thick lami-
nates, the transverse shear deformation e�ect is
signi®cant and this e�ect increases with increasing skew
angle. The results also show that in case of composite
laminates the di�erences in predictions of ®rst-order

Table 7

Buckling load parameter, kU for simply supported skew sandwiches with composite cross-ply face sheets

a=h W Theory hf =h

0.025 0.050 0.075 0.100 0.150

20 0 3-D elasticity [26] 2.5534 4.6460 6.4401 7.9352 ±

HOST 2.5536 4.6756 6.4528 7.9512 10.3405

FOST 2.5437 4.7128 6.6156 8.2984 11.1017

15 HOST 2.9241 5.3212 7.3053 8.9628 11.6015

FOST 2.9200 5.3817 7.5319 9.4311 12.5977

30 HOST 4.3601 7.7733 10.4931 12.6998 16.1573

FOST 4.3538 7.9078 10.9744 13.6732 18.1833

45 HOST 7.7560 13.1498 17.0275 19.9271 24.3272

FOST 7.7813 13.6269 18.5161 22.7913 30.0425

10 0 3-D elasticity 2.2081 3.7385 4.8307 5.6721 ±

HOST 2.2122 3.7499 4.8643 5.7100 7.0095

FOST 2.2043 3.8662 5.2650 6.4930 8.5749

15 HOST 2.4596 4.1129 5.3038 6.1912 7.5452

FOST 2.4707 4.2860 5.8043 7.1361 9.4036

30 HOST 3.4292 5.4380 6.7133 7.4876 8.5624

FOST 3.4336 5.7238 7.5725 9.1767 11.9388

45 HOST 5.1826 7.1102 7.9533 8.4699 9.5719

FOST 5.1083 7.6524 9.5314 11.1782 14.1729

Fig. 4. E�ect of thickness ratio on buckling load of symmetric cross-

ply [�0=90�s] skew laminates: (a) SSSS; (b) CCCC.
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theory and higher-order theory are small. However, for
sandwiches the ®rst-order theory in comparison to
higher-order theory overestimates the buckling load
with signi®cant margin and the di�erences increase as
the skew angle increases. It is believed that the present
results on skew sandwiches are ®rst of its kind and it is
hoped that these results may serve as benchmark solu-
tions for other researchers to validate their numerical
techniques.
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