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a b s t r a c t

Free vibration response of functionally graded (FG) elastic, rectangular, and simply (diaphragm)
supported plates is presented based on higher order shear/shear-normal deformations theories
(HOSTs/HOSNTs). The theoretical models are based on Taylor’s series expansion of in-plane and trans-
verse displacements in thickness coordinate defining the plate deformations. Some of these advanced
models account for the effects of transverse shear deformations, transverse normal deformation and
non-linear variation of in-plane displacements through plate’s thickness. Functionally graded materials
(FGMs) are idealized as continua with mechanical properties changing smoothly with respect to spatial
coordinates. The material properties of FG plates are assumed here to be varying through thickness of
plate in a continuous manner. Poisson’s ratios of FG plates are assumed constant, but their Young’s modu-
lii and material densities vary continuously in thickness direction according to the volume fraction of
constituents which is modeled as exponential and power law functions. The equations of motion are
derived using Hamilton’s principle on the basis of HOSTs/HOSNTs. Numerical solutions are obtained
using Navier solution method. The accuracy of numerical solutions is first established through compar-
ison with the exact three dimensional (3D) elasticity solutions and then compared with available other
models’ solutions. New solutions are then provided for future use.

� 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Functionally graded materials (FGMs) are the advanced materi-
als in the family of engineering composites made of two or more
constituent phases with smoothly varying composition in continu-
ous manner [1]. Because of the continuous changes in the compo-
sition, microstructure, porosity, etc. of these advanced materials,
the mechanical properties such as Young’s modulus of elasticity,
Poisson’s ratio, shear modulus of elasticity, material density, etc.
vary smoothly and continuously in preferred directions in FGMs.
These advanced materials with engineered gradients of composi-
tion, structure and/or specific properties in the preferred direc-
tion/orientation are superior to homogeneous material composed
of similar constituents. These materials are gaining wide applica-
tions in various branches of engineering and technology with a

view to make suitable use of potential properties of the available
materials in the best possible way. This has been possible through
research and development in the area of mechanics of FGMs for the
present day modern technologies of special nuclear components,
spacecraft structural members, ceramics, composites and high
temperature thermal barrier coatings, etc. These materials possess
numerous advantages that make them appropriate in potential
applications. It includes a potential reduction of in-plane and
through-the thickness transverse stresses, improved thermal prop-
erties, high toughness, etc. FGMs consisting of metallic and ceramic
components are well-known to enhance the properties of thermal-
barrier systems, because cracking or de-lamination, which are of-
ten observed in conventional multi-layer systems are avoided
due to the smooth transition between the properties of the compo-
nents. By varying percentage contents of volume fractions of two
or more materials spatially, FGMs can be formed which will have
desired property gradation in spatial directions.

Suresh and Mortensen [2] furnished an excellent introduction
to the fundamentals of FGMs. They published a very detailed
literature review in FGM technology. Since then, numerous inves-
tigators have attempted variety of analytical, numerical methods
for studying the mechanical, thermal and dynamic responses of
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structures made of FGMs. Birman and Byrd [3] have documented
an exhaustive literature review of developments in FGM research
addressing some recent progress in the characterization, modeling,
and analysis of FGMs. Recently, Jha et al. [4] have presented a crit-
ical literature review of the recent research studies on functionally
graded (FG) plates addressing thermo-elastic, vibration and stabil-
ity analyses.

Pagano [5,6], Srinivas and Rao [7] and Srinivas et al. [8] devel-
oped the exact solutions of simply supported laminated plates by
using 3D elasticity theory. Their benchmark solutions have proved
to be very useful in assessing two-dimensional (2D) approximate
plate theories by various researchers [9–11]. Their methods are va-
lid for laminated plates and shells, where the material properties
are piecewise constant, but not applicable for finding solutions of
plate problems with continuous in-homogeneity of material prop-
erties such as FGMs. Cheng and Batra [12] have studied the buck-
ling and steady-state vibrations of a simply supported FG
polygonal plate resting on an elastic foundation based on Reddy’s
C1 third order shear deformations theory (TSDT). Kim [13] has also
developed a theoretical method based on TSDT to investigate the
vibration characteristics of initially stressed FG rectangular plates
in thermal environment. Vel and Batra [14] extended their previ-
ous exact 3D thermo-static analysis to the problem of free and
forced vibrations of simply supported rectangular FG plates with
an arbitrary variation of properties in the thickness direction. The
exact solutions using the 3D elasticity solutions are then used to
assess the accuracy of the results obtained by 2D plate theories,
viz., classical plate theory (CPT), first order shear deformation the-
ory (FOST) and TSDT for FG plates. They observed that there are
substantial differences between the exact solutions and results ob-
tained from the CPT even when the transverse shear and the trans-
verse normal stresses of the plates are computed by integrating the
3D elasticity equations. These exact solutions presented by them
may be considered as the benchmark results which can be used
to assess the adequacy of different plate theories and other approx-
imate methods such as the finite element method. Buckling and
free vibrations of simply supported FG sandwich ceramic–metal
panels were presented by Zenkour [15] extending his previous
work of static analysis on such panels. Ferreira et al. [16] used
the global collocation method to analyze the free vibrations of FG
plates. The plate is modeled using the FOST and TSDT. They have
compared their numerical solutions with the exact 3D elasticity
solutions given by Vel and Batra [14], and the numerical solutions
presented by Qian et al. [17]. Prakash and Ganapathi [18] have
investigated the asymmetric free vibration characteristics and
thermo-elastic stability of circular FG plates using a three-noded
shear flexible plate finite element based on the field-consistency
principle. Other recent studies on free vibration of FG plates using
the 2D models of plates may be found in Bhangale and Ganesan
[19], Matsunaga [20], Ebrahimi and Rastgoo [21], and Liu et al.
[22]. Shahrjerdi et al. [23] have also studied the free vibration of
rectangular simply supported FG plates using second order shear
deformation theory (SSDT). Kumar et al. [24] have carried out the
free vibration analysis of FG plates using higher order theory
without enforcing zero transverse shear stress conditions on the
top and bottom surfaces of the plate. Benachour et al. [25] have
evaluated the natural frequency of plates made of FGMs by using
a four variable refined plate theory with an arbitrary gradient
considering only the four numbers of unknown functions taking
account of transverse shear effects and parabolic distribution of
the transverse shear strains through the thickness of the plate. Free
vibration analysis of FG and composite sandwich plates are carried
out by Xiang et al. [26] using a displacement model consisting of
n-order polynomial satisfying zero transverse shear stress bound-
ary conditions at the top and bottom surfaces of the plate. Neves

et al. [27,28] have developed the quasi-3D sinusoidal and
hyperbolic shear deformation theories for the bending and free
vibration analysis of FG plates accounting for thickness deforma-
tions as well.

New methodologies need to be developed to characterize
FGMs with their increase in applications in various fields, and
also to analyze and design structural components, viz., beams,
plates and shells made of these advanced materials with reason-
ably high accuracy and computational efforts. Due to the special
properties exhibited by FGMs, such as high degree of anisotropy,
higher load carrying capacity due to membrane–flexure coupling
for preferential structural performance, the analysis based on
CPT which neglects the effect of out-of-plane (transverse) stres-
ses/strains become inadequate. FOST assumes constant states of
transverse shear stresses and requires the use of shear correction
coefficients to simplify the shear stresses/strains through the
plate thickness in an approximate manner, which at times may
become unrealistic. These limitations of the FOST necessitate
the development of higher order refined theories, in which no
such coefficients are required. These refined theories consider
the realistic parabolic variation of transverse shear stresses
through the plate thickness and warping of the transverse
cross-section which is definitely essential for the analysis of FG
plates. In the present article, free vibration of simply (dia-
phragm) supported FG plates has been carried out using a set
of higher-order shear/shear-normal deformations theories.
Hamilton’s principle is used to obtain the governing equations
of motion for the free vibration of FG plates. The Navier solution
method is used as the solution technique for the free vibration
problem of FG plate. The objective of present study is to study
the influence of the higher order terms in the shear deformation
theories of FG plate on its natural frequencies. The effect of con-
stituent volume fraction (material grading) of FGMs on free
vibration of FG plates is also captured. Natural frequencies eval-
uated by the present theories are presented in this article. These
results are validated first with 3D elasticity solutions and then
are compared with the other models’ solutions available in the
literature.

2. Problem description and governing equations

A linearly-elastic rectangular simply (diaphragm) supported FG
plate of side dimensions a, b and uniform thickness h is considered
as shown in Fig. 1.

2.1. Displacement-field

The membrane–flexure coupling phenomenon exhibited by a
FG plate necessitates the use of a displacement field containing
both, membrane as well as flexural deformation terms which con-
tribute to the overall response of the plate. The displacements u, v
and w of a general point (x,y,z) in the plate domain in ‘X’, ‘Y’ and ‘Z’
directions, respectively are given by:

uðx; y; zÞ ¼ uoðx; yÞ þ zhxðx; yÞ þ z2u�oðx; yÞ þ z3h�xðx; yÞ

vðx; y; zÞ ¼ voðx; yÞ þ zhyðx; yÞ þ z2v�oðx; yÞ þ z3h�yðx; yÞ

wðx; y; zÞ ¼ woðx; yÞ þ n1zhzðx; yÞ þ n2z2w�oðx; yÞ þ n3z3h�zðx; yÞ ð1Þ

Here, the parameters uo, vo are the in-plane tangential displace-
ments and wo is the transverse displacement of a point (x,y) on
the plate’s middle surface. hx, hy are the rotations of the normals
to the plate’s middle surface (z = 0) about ‘Y’ and ‘X’ axes
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respectively. u�o; v�o; w�o; h�x; h�y; h�z and hz are the higher order terms
in the Taylor’s series expansion and represent the higher order
transverse cross-sectional deformation modes. The various models
with their nomenclatures formulated in the present study based
on higher order theories are given in Table 1.

In addition to the above higher order models, the FOST and CPT
models reported in the literature are also considered for free vibra-
tion of isotropic, orthotropic and FG plates.

Model-7 ‘FOST’ [29]

uðx; y; zÞ ¼ uoðx; yÞ þ zhxðx; yÞ
vðx; y; zÞ ¼ voðx; yÞ þ zhyðx; yÞ
wðx; y; zÞ ¼ woðx; yÞ ð2Þ

The FOST model has five middle surface parameters with zero trans-
verse normal strain, and is also known as constant shear deforma-
tion theory.

Model-8 ‘CPT’ [30]

uðx; y; zÞ ¼ uoðx; yÞ � z
@wo

@x
ðx; yÞ

vðx; y; zÞ ¼ voðx; yÞ � z
@wo

@y
ðx; yÞ

wðx; y; zÞ ¼ woðx; yÞ ð3Þ

This displacements definition is called CPT model, and has three
middle surface parameters. The shear and normal deformations are
completely ignored in this model.

2.2. Strain–displacement relations

The general linear strain–displacement relations [31] at any
point within a plate are:

ex ¼
@u
@x
; ey ¼

@v
@y

; cxy ¼
@u
@y
þ @v
@x

; ez ¼
@w
@z

; cyz

¼ @v
@z
þ @w
@y

; cxz ¼
@u
@z
þ @w
@x

ð4Þ

Table 2
Non-dimensionalization of natural frequency.

Dependent quantity
(non-dimensional parameter)

Type Isotropic Orthotropic Functionally graded

Natural frequency 1 x̂mn ¼ xmnðhÞ
ffiffiffiffiffiffiffiffiffi
q=G

p
�xmn ¼ xmnðhÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q=Q11

p
~xmn ¼ xmnðhÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
qc=Gc

p
2 – – ~~xmn ¼ xmn

a2

h

� � ffiffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
3 – – x̂mn ¼ xmnðhÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qm=Em

p
4 – – ^̂xmn ¼ xmn

a2

h

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qm=Em

p
5 – – xmn ¼ xmnðhÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qb=Gb

p

Table 1
List of displacement models based on higher order refined theories.

Model Theory DOF Nomenclature Displacement field Transverse shear
deformations (cxz and cyz)

Transverse normal
deformation (ez)

1 HOSNT 12 HOSNT12 As defined in Eq. (1) with n1 = n2 = n3 = 1 Cubic Parabolic
2 HOSNT 11 HOSNT11 As defined in Eq. (1) with n1 = n2 = 1; n3 = 0 Parabolic Linear
3 HOSNT 11 HOSNT11M As defined in Eq. (1) with n1 = n3 = 1; n2 = 0 Cubic Parabolic
4 HOSNT 10 HOSNT10B As defined in Eq. (1) with n1 = n3 = 0; n2 = 1 Parabolic Linear
5 HOSNT 10 HOSNT10M As defined in Eq. (1) with n1 = 1; n2 = n3 = 0 Parabolic Constant
6 HOST 9 HOST9 As defined in Eq. (1) with n1 = n2 = n3 = 0 Parabolic Not considered

DOF: Degrees of freedom considered in the model.
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Fig. 1. Geometry of FG plate with positive set of reference axes and displacement components.
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The six quantities: three elongations (ex,ey,ez) in three perpendicu-
lar directions and three shear strains (cxy,cyz,cxz) related to the three
orthogonal planes are called components of strain at a point. The
strain expressions at a point P(x,y,z) corresponding to a typical dis-
placement model ‘HOSNT12’ can be written as below. The strain
vector ez is split into two parts, ez

MB and ez
S. The former corresponds

to membrane-bending part while the latter corresponds to trans-
verse shear part. A superscript z signifies that the parameters are
defined at a general point ‘P’ located at a distance z from the refer-
ence surface of FG plate.

ez
MB ¼

ex

ey

ez

cxy

8>><
>>:

9>>=
>>;

z

¼

exo

eyo

ezo

exyo

8>><
>>:

9>>=
>>;þ z

jx

jy

j�z
jxy

8>><
>>:

9>>=
>>;þ z2

e�xo
e�yo
e�zo
e�xyo

8>><
>>:

9>>=
>>;þ z3

j�x
j�y
0

j�xy

8>><
>>:

9>>=
>>;

¼ eo þ zjþ z2e�o þ z3j� ð5aÞ

ez
S ¼

cyz
cxz

� �z

¼ uy
ux

� �
þ z

jyz

jxz

� �
þ z2 u�y

u�x

� �
þ z3 j�yz

j�xz

� �
¼ uo þ zjx þ z2u�o þ z3j�x ð5bÞ

where

ðexo; eyo; exyoÞ ¼
@uo

@x
;
@vo

@y
;
@uo

@y
þ @vo

@x

� �

ðe�xo; e
�
yo; e

�
xyoÞ ¼

@u�o
@x

;
@v�o
@y

;
@u�o
@y
þ @v

�
o

@x

� �
ezo; e�zo

	 

¼ hz;3h�z
	 


ðjxz;jyzÞ ¼ 2u�o þ
@hz

@x
;2v�o þ

@hz

@y

� �

j�xz;j
�
yz

� �
¼ @h�z

@x
;
@h�z
@y

� �

jx;jy;j�z ;jxy
	 


¼ @hx

@x
;
@hy

@y
;2w�o;

@hx

@y
þ @hy

@x

� �

j�x;j
�
y;j

�
xy

� �
¼ @h�x

@x
;
@h�y
@y

;
@h�x
@y
þ
@h�y
@x

� �

ux;u
�
x;uy;u

�
y

� �
¼ hx þ

@wo

@x
;3h�x þ

@w�o
@x

; hy þ
@wo

@y
;3h�y þ

@w�o
@y

� �
ð5cÞ

2.3. Stress–strain relations

A FG plate is modeled as an inhomogeneous plate. The material
is assumed to be isotropic/orthotropic with varying material prop-
erties along plate thickness direction. For an orthotropic FG plate in
a 3D state of stress/strain, the material constitutive relations from
linear elasticity theory (generalized Hooke’s law for an orthotropic
material) at a point located at a distance z with reference to the
principal material axes (1,2,3) can be written as [11]:

r1

r2

r3

s12

s23

s13

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

z

¼

C11 C12 C13 0 0 0
C12 C22 C23 0 0 0
C13 C23 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C55 0
0 0 0 0 0 C66

2
666666664

3
777777775

z e1

e2

e3

c12

c23

c13

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

z

ð6aÞ

or,

r0 ¼ Ce0 ð6bÞ

in which,

C11 ¼
E1ð1� t23t32Þ

D
; C12 ¼

E1ðt21 þ t31t23Þ
D

¼ C21

C22 ¼
E2ð1� t13t31Þ

D
; C13 ¼

E1ðt31 þ t21t32Þ
D

¼ C31

C33 ¼
E3ð1� t12t21Þ

D
; C23 ¼

E2ðt32 þ t12t31Þ
D

¼ C32

C44 ¼ G12; C55 ¼ G23; C66 ¼ G13

where

D ¼ ð1� t12t21 � t23t32 � t31t13 � 2t12t23t31Þ ð6cÞ

Here, E1, E2, E3 are the Young’s modulii and G12, G23, G13 are the
shear modulii for an orthotropic plate in the three orthogonal
planes. tij is Poisson’s ratio giving the strain in the ‘jth’ direction
caused by a strain in the ‘ith’ direction. In Eq. (6a), the superscript
z is introduced to designate a point located at a distance z from
the reference middle surface of FG plate. The relations given by
Eqs. 6a, 6b and 6c are the stress–strain constitutive relations for
FG plates with reference to the material principle axes (1,2,3) for
a homogeneous orthotropic layer in a general 3D state of stress. It
is assumed here that the structural reference axes (x,y,z) coincide
with the principal material axes (1,2,3).

Fig. 2. Variation of ceramic volume fraction with respect to non-dimensional
thickness of FG plate with different material grading index (k).

Fig. 3. Variation of material property with respect to non-dimensional thickness of
FG plate with different material grading index (p).
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Table 4
Comparison of non-dimensional natural frequencies �xmn of simply (diaphragm) supported orthotropic square plate (h/a = 0.1,a/b = 1).

Mode m n Exact [8] HOSNT12 HOSNT11 HOSNT10B HOSNT11M/
HOSNT10M

HOST9 Mindlin’s FOSTa Kirchhoff’s CPTa Reddy’s
TSDT [34]

Senthilnathan
et al. [33]

RPT [34]

1 1 1 0.0474 0.0474 0.0467 0.0467 0.0520 0.0474 0.0476 0.0497 0.0476 0.0478 0.0477
% error nil 0.00 �1.50 �1.50 9.80 0.02 0.42 4.85 0.42 0.84 0.63

2 1 2 0.1033 0.1032 0.1030 0.1030 0.1125 0.1032 0.1041 0.1120 0.1041 0.1049 0.1040
% error nil �0.11 �0.28 �0.28 8.90 �0.11 0.77 8.42 0.77 1.55 0.68

3 2 1 0.1188 0.1188 0.1157 0.1157 0.1283 0.1188 0.1188 0.1354 0.1189 0.1198 0.1198
% error nil �0.03 �2.63 �2.63 8.00 �0.02 0.00 13.97 0.08 0.84 0.84

4 2 2 0.1694 0.1693 0.1679 0.1679 0.1821 0.1693 0.1698 0.1987 0.1698 0.1726 0.1722
% error nil �0.08 �0.89 �0.89 7.50 �0.07 0.24 17.30 0.24 1.89 1.65

5 1 3 0.1888 0.1884 0.1884 0.1884 0.2024 0.1885 0.1905 0.2154 0.1906 0.1919 0.1898
% error nil �0.20 �0.19 �0.19 7.20 �0.19 0.90 14.09 0.95 1.64 0.53

6 3 1 0.2180 0.2180 0.2133 0.2133 0.2333 0.2180 0.2178 0.2779 0.2181 0.2197 0.2197
% error nil 0.00 �2.15 �2.15 7.00 0.01 �0.09 27.48 0.05 0.78 0.78

7 2 3 0.2475 0.2471 0.2468 0.2468 0.2636 0.2471 0.2485 0.3029 0.2487 0.2533 0.2520
% error nil �0.18 �0.30 �0.30 6.50 �0.16 0.40 22.38 0.48 2.34 1.82

8 3 2 0.2624 0.2622 0.2597 0.2597 0.2787 0.2623 0.2623 0.3418 0.2626 0.2677 0.2675
% error nil �0.07 �1.02 �1.02 6.20 �0.05 �0.04 30.26 0.08 2.02 1.94

9 1 4 0.2969 0.2960 0.2960 0.2960 0.3147 0.2961 0.2994 0.3599 0.2995 0.3012 0.2980
% error nil �0.31 �0.29 �0.29 6.00 �0.29 0.84 21.22 0.88 1.45 0.37

10 4 1 0.3319 0.3318 0.3273 0.3273 0.3502 0.3320 0.3340 0.4773 0.3320 0.3340 0.3340
% error nil �0.02 �1.38 �1.38 5.50 0.02 0.63 43.81 0.03 0.63 0.63

11 3 3 0.3320 0.3314 0.3307 0.3307 0.3489 0.3315 0.3321 0.4470 0.3326 0.3414 0.3407
% error nil �0.17 �0.39 �0.39 5.10 �0.14 0.03 34.64 0.18 2.83 2.62

12 2 4 0.3476 0.3465 0.3466 0.3466 0.3643 0.3467 0.3491 0.4480 0.3495 0.3558 0.3534
% error nil �0.31 �0.28 �0.28 4.80 �0.27 0.43 28.88 0.55 2.36 1.67

13 4 2 0.3707 0.3704 0.3679 0.3679 0.3863 0.3706 0.3698 0.5415 0.3708 0.3775 0.3774
% error nil �0.08 �0.76 �0.76 4.20 �0.04 �0.24 46.07 0.03 1.83 1.81

a Results using these theories are computed independently and are found same as reported in various references.

Table 3
Comparison of non-dimensional natural frequencies x̂mn of simply (diaphragm) supported isotropic square plate (h/a = 0.1,a/b = 1).

Mode m n Exact
[8]

HOSNT12 HOSNT11 HOSNT10B HOSNT11M/
HOSNT10M

HOST9 Mindlin’s
FOSTa

Mindlin’s

FOSTks¼5=6

Kirchhoff’s
CPTa

Reddy’s
TSDT
[35]

Senthilnathan
et al. [33]

RPT
[35]

1 1 1 0.0932 0.0932 0.0932 0.0932 0.1024 0.093 0.0934 0.093 0.0955 0.093 0.093 0.093
(0.00) (0.00) (0.00) (9.87) (�0.21) (0.21) (�0.21) (2.47) (�0.21) (�0.21) (�0.21)

2 1 2 0.2226 0.2226 0.2226 0.2226 0.2425 0.222 0.2241 0.2219 0.236 0.222 0.222 0.222
(0.00) (0.00) (0.00) (8.94) (�0.27) (0.67) (�0.28) (6.02) (�0.27) (�0.27) (�0.27)

3 2 2 0.3421 0.3421 0.3421 0.3421 0.3701 0.3406 0.3454 0.3406 0.3732 0.3406 0.3406 0.3406
(0.00) (0.00) (0.00) (8.18) (�0.44) (0.96) (�0.44) (9.09) (�0.44) (�0.44) (�0.44)

4 1 3 0.4171 0.4172 0.4172 0.4172 0.4495 0.4151 0.422 0.4149 0.4629 0.4151 0.415 0.4151
(0.02) (0.02) (0.02) (7.77) (�0.48) (1.17) (�0.53) (10.98) (�0.48) (�0.50) (�0.48)

5 2 3 0.5239 0.524 0.524 0.524 0.5616 0.5208 0.5312 0.5206 0.5951 0.5208 0.5208 0.5208
(0.02) (0.02) (0.02) (7.20) (�0.59) (1.39) (�0.63) (13.59) (�0.59) (�0.59) (�0.59)

6 1 4 – 0.6573 0.6573 0.6573 0.7002 0.6525 0.668 0.652 0.7668 0.6525 0.6524 0.6525

7 3 3 0.6889 0.6892 0.6892 0.6892 0.7332 0.6839 0.7008 0.6834 0.809 0.6839 0.6839 0.684
(0.04) (0.04) (0.04) (6.43) (�0.73) (1.73) (�0.80) (17.43) (�0.73) (�0.73) (�0.71)

8 2 4 0.7511 0.7515 0.7515 0.7515 0.7974 0.7454 0.7649 0.7447 0.8926 0.7454 0.7453 0.7454
(0.05) (0.05) (0.05) (6.16) (�0.76) (1.84) (�0.85) (18.84) (�0.76) (�0.77) (�0.76)

9 3 4 – 0.8992 0.8992 0.8992 0.9488 0.8908 0.9172 0.8896 1.0965 0.8908 0.8908 0.8908

10 1 5 0.9268 0.9275 0.9275 0.9275 0.9777 0.9187 0.9465 0.9174 1.1365 0.9187 0.9186 0.9187
(0.08) (0.08) (0.08) (5.49) (�0.87) (2.13) (�1.01) (22.63) (�0.87) (�0.88) (�0.87)

11 2 5 – 1.0102 1.0102 1.0102 1.062 1 1.0321 0.9984 1.2549 1 1 1.0001

12 4 4 1.0889 1.0899 1.0899 1.0899 1.1429 1.0784 1.1146 1.0764 1.3716 1.0784 1.0784 1.0785
(0.09) (0.09) (0.09) (4.96) (�0.96) (2.36) (�0.96) (25.96) (�0.96) (�0.96) (�0.96)

13 3 5 – 1.1416 1.1416 1.1416 1.1951 1.1291 1.1681 1.1269 1.4475 1.1291 1.1292 1.1292

Numbers inside the bracket ( ) is the % error computed. ks(=5/6) is the shear correction factor used in FOST. – Against an entry indicates that the results/data are not available.
a Results using these theories are computed independently and are found same as reported in various references.
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2.4. Equations of motion and natural boundary conditions

The governing equations of motion appropriate for a displace-
ment model can be derived using the Hamilton’s principle [31].
For a typical model ‘HOSNT12’ the equations of motion is repre-
sented as;

duo :
@Nx

@x
þ @Nxy

@y
¼ i1€uo þ i2

€hx þ i3€u�o þ i4
€h�x

dvo :
@Ny

@y
þ @Nxy

@x
¼ i1 €vo þ i2

€hy þ i3 €v�o þ i4
€h�y

dwo :
@Qx

@x
þ
@Q y

@y
¼ i1 €wo þ i2

€hz þ i3 €w�o þ i4
€h�z

dhx :
@Mx

@x
þ @Mxy

@y
� Q x ¼ i2€uo þ i3

€hx þ i4€u�o þ i5
€h�x

dhy :
@My

@y
þ @Mxy

@x
� Q y ¼ i2 €vo þ i3

€hy þ i4 €v�o þ i5
€h�y

dhz :
@Sx

@x
þ @Sy

@y
� Nz ¼ i2 €wo þ i3

€hz þ i4 €w�o þ i5
€h�z

du�o :
@N�x
@x
þ
@N�xy

@y
� 2Sx ¼ i3€uo þ i4

€hx þ i5€u�o þ i6
€h�x

dv�o :
@N�y
@y
þ
@N�xy

@x
� 2Sy ¼ i3 €vo þ i4

€hy þ i5 €v�o þ i6
€h�y

dw�o :
@Q �x
@x
þ
@Q�y
@y
� 2M�

z ¼ i3 €wo þ i4
€hz þ i5 €w�o þ i6

€h�z

dh�x :
@M�

x

@x
þ
@M�

xy

@y
� 3Q �x ¼ i4€uo þ i5

€hx þ i6€u�o þ i7
€h�x

dh�y :
@M�

y

@y
þ
@M�

xy

@x
� 3Q �y ¼ i4 €vo þ i5

€hy þ i6 €v�o þ i7
€h�y

dh�z :
@S�x
@x
þ
@S�y
@y
� 3N�z ¼ i4 €wo þ i5

€hz þ i6 €w�o þ i7
€h�z ð7Þ

Here, superposed dot on displacement quantities denotes its differ-
entiation with respect to time. Nx; Ny; Nxy; Nz; Mx; My; Mxy; Qx;

Qy; Sx; Sy; N�x; N�y; N�xy; N�z ; M�
x; M�

y; M�
xy; M�

z ; Q �x; Q �y; S�x; S�y
represents ‘stress resultants’, which are the ‘stresses’ defined in
terms of equivalent forces (axial force, shear, or bending moment
imposed) acting on the middle surface of plate. The inertia terms
i1, i2, i3, i4, i5, i6, i7 in Eq. (7) are defined as;

i1; i2; i3; i4; i5; i6; i7 ¼
Z h=2

�h=2
qðzÞð1; z; z2; z3; z4; z5; z6Þdz ð8Þ

Table 5
Comparison of non-dimensional fundamental natural frequency ½ ~xmnðm ¼ n ¼ 1Þ� of simply (diaphragm) supported FG plates (Material set-1; a/h = 10,b/a = 1 and

p
2).

Aspect ratio and
side-to-thickness ratio

Theory Material gradient index (k)

0 (Ceramic) 0.1 0.5 1 2 10 100 (Metal)

b/a = 1; a/h = 10 Exact [8] 0.0932 – – – – – –
CPT1a 0.0955 – – – – – –

(2.47)
CPT2a 0.0963 0.0936 0.0866 0.0825 0.0797 0.0754 0.0701

(3.33)
FOSTa 0.0934 0.0908 0.0841 0.0802 0.0774 0.0731 0.0680

(0.21)
FOSTa 0.0930 0.0904 0.0837 0.0798 0.0770 0.0727 0.0677
(ks = 5/6) (�0.21)
HOSNT12 0.0932 0.0906 0.0839 0.0799 0.0770 0.0727 0.0678

(0.00)
HOSNT11 0.0932 0.0906 0.0839 0.0799 0.0770 0.0727 0.0678

(0.00)
HOSNT11M 0.1024 0.0995 0.0920 0.0876 0.0844 0.0796 0.0745

(9.84)
HOSNT10B 0.0932 0.0906 0.0840 0.0802 0.0774 0.0728 0.0678

(0.00)
HOSNT10M 0.1024 0.0996 0.0922 0.0879 0.0846 0.0798 0.0745

(9.84)
HOST9 0.0930 0.0905 0.0838 0.0798 0.0769 0.0726 0.0677

(�0.21)

b/a =
p

2; a/h = 10 Exact [36] 0.0704 – – – – – –
CPT1a 0.0718 – – – – – –

(1.99)
CPT2a 0.0722 0.0702 0.0649 0.0619 0.0598 0.0566 0.0526

(2.56)
FOSTa 0.0706 0.0686 0.0635 0.0606 0.0585 0.0552 0.0514

(0.28)
FOSTa 0.0704 0.0684 0.0633 0.0604 0.0582 0.0550 0.0512
(ks = 5/6) (0.00)
HOSNT12 0.0704 0.0685 0.0634 0.0604 0.0583 0.0550 0.0512

(0.00)
HOSNT11 0.0704 0.0685 0.0634 0.0604 0.0583 0.0550 0.0512

(0.00)
HOSNT11M 0.0775 0.0754 0.0697 0.0663 0.0639 0.0604 0.0564

(10.09)
HOSNT10B 0.0704 0.0685 0.0635 0.0607 0.0585 0.0551 0.0512

(0.00)
HOSNT10M 0.0775 0.0754 0.0698 0.0665 0.0641 0.0605 0.0564

(10.09)
HOST9 0.0704 0.0684 0.0633 0.0604 0.0582 0.0549 0.0512

(0.00)

Numbers inside the bracket ( ) is the % error computed. ks(=5/6) is the shear correction factor used in FOST. – Against an entry indicates that the results/data are not available.
a Results using these theories are computed independently and found same as in various references.
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Table 6
Non-dimensional fundamental natural frequency ½ ~xmnðm ¼ n ¼ 1Þ� of FG (Material set-1) square and rectangular thin and thick plates using FOST and HOSNT12.

Aspect ratio (b/a) Theory Side-to-thickness ratio (a/h) Material gradient index (k)

0 (Ceramic) 0.1 0.5 1 2 10 100 (Metal)

1 FOST (ks = 5/6) 2 1.5597 1.5212 1.4163 1.3480 1.2883 1.1959 1.1300
5 0.3454 0.3361 0.3116 0.2969 0.2857 0.2686 0.2511
10 0.0934 0.0908 0.0841 0.0802 0.0774 0.0731 0.0680
20 0.0239 0.0232 0.0215 0.0205 0.0198 0.0187 0.0174
50 0.0038 0.0037 0.0035 0.0033 0.0032 0.0030 0.0028
100 0.0010 0.0009 0.0009 0.0008 0.0008 0.0008 0.0007

HOSNT12 2 1.5185 1.4836 1.3851 1.3162 1.2482 1.1481 1.0990
5 0.3421 0.3331 0.3091 0.2942 0.2823 0.2646 0.2485
10 0.0932 0.0906 0.0839 0.0799 0.0770 0.0727 0.0678
20 0.0239 0.0232 0.0215 0.0205 0.0198 0.0187 0.0174
50 0.0038 0.0037 0.0035 0.0033 0.0032 0.0030 0.0028
100 0.0010 0.0009 0.0009 0.0008 0.0008 0.0008 0.0007

ffiffiffi
2
p

FOST (ks = 5/6) 2 1.2590 1.2274 1.1418 1.0869 1.0401 0.9678 0.9127

5 0.2655 0.2583 0.2393 0.2280 0.2196 0.2068 0.1930
10 0.0706 0.0686 0.0635 0.0606 0.0585 0.0552 0.0514
20 0.0180 0.0174 0.0161 0.0154 0.0149 0.0141 0.0131
50 0.0029 0.0028 0.0026 0.0025 0.0024 0.0023 0.0021
100 0.0007 0.0007 0.0006 0.0006 0.0006 0.0006 0.0005

HOSNT12 2 1.2292 1.2002 1.1192 1.0638 1.0108 0.9330 0.8902
5 0.2634 0.2564 0.2378 0.2264 0.2175 0.2043 0.1915
10 0.0704 0.0685 0.0634 0.0604 0.0583 0.0550 0.0512
20 0.0179 0.0174 0.0161 0.0154 0.0149 0.0140 0.0131
50 0.0029 0.0028 0.0026 0.0025 0.0024 0.0023 0.0021
100 0.0007 0.0007 0.0006 0.0006 0.0006 0.0006 0.0005

ks(=5/6) is the shear correction factor used in FOST.

(a) (b)
Fig. 4. Non-dimensional fundamental natural frequency ~xmnðm ¼ n ¼ 1Þ of simply (diaphragm) supported FG square plates (b = a) as a function of side-to thickness ratio (a/
h) for different k using HOSNT12 (a) for a/h = 2 to 10; (b) for a/h = 10 to 100.

(a) (b)
Fig. 5. Non-dimensional fundamental natural frequency ~xmnðm ¼ n ¼ 1Þ of simply (diaphragm) supported FG rectangular plates (b =

p
2a) as a function of side-to-thickness

ratio (a/h) for different k using HOSNT12 (a) for a/h = 2–10; (b) for a/h = 10–100.
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and, the boundary conditions are on the edge x = constant,

uo¼ �uo or; Nx¼Nx vo¼ �vo or; Nxy¼Nxy wo¼ �wo or; Q x¼Q x

hx¼�hx or; Mx¼Mx hy¼�hy or; Mxy¼Mxy hz¼�hz or; Sx¼Sx

u�o¼ �u�o or; N�x¼N�x v�o¼ �v�o or; N�xy¼N�xy w�o¼ �w�o or; Q �x¼Q �x

h�x¼�h�x or; M�
x¼M�

x h�y¼�h�y or; M�
xy¼M�

xy h�z ¼�h�z or; S�x¼S�x
ð9aÞ

on the edge y = constant,

uo¼ �uo or; Nxy¼Nxy vo¼ �vo or; Ny¼Ny wo¼ �wo or; Q y¼Q y

hx¼�hx or; Mxy¼Mxy hy¼�hy or; My¼My hz¼�hz or; Sy¼Sy

u�o¼ �u�o or; N�xy¼N�xy v�o¼ �v�o or; N�y¼N�y w�o¼ �w�o or; Q �y¼Q �y
h�x¼�h�x or; M�

xy¼M�
xy h�y¼�h�y or; M�

y¼M�
y h�z ¼�h�z or; S�y¼S�y

ð9bÞ

The governing equations of motion using other displacement mod-
els (Model-2 to Model-8) considered in the present study are listed
in Appendix A.

Table 7
Comparison of non-dimensional fundamental natural frequencies ~xmn and ~~xmn of square and rectangular FG (material set-2) thin and thick plates using HOSNT12.

Aspect ratio (b/a) Side-to-thickness ratio (a/h) Material gradient index (k)

k = 0 (Ceramic) k = 1 k = 10 k = 100 (Metal)

~xmn ~~xmn
~xmn ~~xmn

~xmn ~~xmn
~xmn ~~xmn

1 2 1.5185 3.7670 1.3160 3.2650 1.1481 2.8482 1.0990 2.7264
5 0.3421 5.3042 0.2943 4.5621 0.2646 4.1022 0.2485 3.8535

10 0.0932 5.7713 0.0799 4.9573 0.0727 4.5067 0.0678 4.2029
20 0.0239 5.9219 0.0205 5.0780 0.0187 4.6332 0.0174 4.3104
50 0.0038 5.9650 0.0033 5.1138 0.0030 4.6710 0.0028 4.3424

100 0.0010 5.9713 0.0008 5.1190 0.0008 4.6765 0.0007 4.3470
p

2 2 1.2292 3.0493 1.0638 2.6389 0.9330 2.3144 0.8902 2.2083
5 0.2634 4.0845 0.2264 3.5107 0.2043 3.1668 0.1915 2.9686

10 0.0704 4.3679 0.0604 3.7472 0.0550 3.4106 0.0512 3.1782
20 0.0179 4.4510 0.0154 3.8164 0.0140 3.4832 0.0131 3.2398
50 0.0029 4.4753 0.0025 3.8367 0.0023 3.5046 0.0021 3.2579

100 0.0007 4.4788 0.0006 3.8396 0.0006 3.5077 0.0005 3.2605

Table 8
Natural frequencies of rectangular FG plates (material set-2; b/a = 2, a/h = 10).

Mode m � n Non-dimensional natural frequencies, ~~xmn ¼ xmn
a2

h

� � ffiffiffiffiffiffiffiffiffiffiffiffiffi
qc=Ec

p
k = 0 k = 0.5 k = 1 k = 2

SSDT [23] HOSNT12 SSDT [23] HOSNT12 SSDT [23] HOSNT12 SSDT [23] HOSNT12

1 1 � 1 3.6983 3.6911 3.3713 3.3664 3.2225 3.2179 3.1354 3.1291
2 1 � 2 5.8498 5.8323 5.3359 5.3238 5.1002 5.0886 4.9594 4.9434
3 2 � 1 12.0345 11.965 10.9940 10.946 10.5062 10.461 10.1985 10.137
4 2 � 2 14.0144 13.921 12.8103 12.745 12.2421 12.180 11.8784 11.794
5 2 � 3 17.2325 17.096 15.7660 15.668 15.0670 14.973 14.6092 14.481
6 3 � 2 26.3462 26.051 24.1494 23.941 23.0749 22.876 22.3273 22.059
7 3 � 3 29.2257 28.871 26.8100 26.554 25.6184 25.372 24.7781 24.446

1.8

2

2.2

2.4

2.6

2.8

3

3.2

3.4

3.6

3.8

0 50 100 150 200

k

a/h=2

a/h=5

a/h=10

a/h=50

a/h=100

(m
=n

=1
)

Fig. 6. Non-dimensional fundamental natural frequency ~~xmn (m = n = 1) of simply
(diaphragm) supported FG rectangular plates (b = 2a) as a function of k for different
a/h.

Fig. 7. Non-dimensional fundamental natural frequency ~~xmn ðm ¼ n ¼ 1Þ of simply
(diaphragm) supported FG rectangular plates (b = 2a) as a function of a/h for
different k.
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2.5. Relationship between stress-resultants and middle surface
displacements

Since, stresses in plate vary through its thickness; it is always
convenient to define ‘stresses’ in terms of equivalent forces acting
at plate’s middle surfaces. This definition of stresses (i.e., ‘stress
resultants’) considering a typical displacement model ‘HOSNT12’
for FG plate are:

Nx N�x

Ny N�y

Nz N�z

Nxy N�xy

2
666664

3
777775 ¼

R h=2
�h=2

rx

ry

rz

sxy

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

1 z2
� �

dz

Mx M�
x

My M�
y

M�
z 0

Mxy M�
xy

2
666664

3
777775 ¼

R h=2
�h=2

rx

ry

rz

sxy

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

z z3
� �

dz

Q x Q �x

Q y Q �y

" #
¼
R h=2
�h=2

sxz

syz

( )
1 z2
� �

dz

Sx S�x

Sy S�y

" #
¼
R h=2
�h=2

sxz

syz

( )
z z3
� �

dz

ð10Þ

In terms of displacement components, we obtain the following rela-
tions between ‘stress resultants’ and middle surface displacement
quantities (typical for model ‘HOSNT12’);

Nx
Ny
N�x
N�y
Nz
N�z
Mx
My
M�

x
M�

y
M�

z

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>;

11�1

¼ ½A�11�11

@uo
@x
@vo
@y
@u�o
@x
@v�o
@y
hz
h�z
@hx
@x
@hy

@y
@h�x
@x
@h�y
@y

w�o

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>;

11�1

þ ½A0�11�8

@uo
@y
@vo
@x
@u�o
@y
@v�o
@x
@hx
@y
@hy

@x
@h�x
@y
@h�y
@x

8>>>>>>>>>>>><
>>>>>>>>>>>>:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

8�1

Nxy
N�xy
Mxy
M�

xy

8><
>:

9>=
>;

4�1

¼ ½B0�4�11

@uo
@x
@vo
@y
@u�o
@x
@v�o
@y
hz
h�z
@hx
@x
@hy

@y
@h�x
@x
@h�y
@y
w�o

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>;

11�1

þ ½B�4�8

@uo
@y
@vo
@x
@u�o
@y
@v�o
@x
@hx
@y
@hy

@x
@h�x
@y
@h�y
@x

8>>>>>>>>>>>><
>>>>>>>>>>>>:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

8�1

Q x
Q �x
Sx
S�x

8><
>:

9>=
>;

4�1

¼ ½D�4�7

hx
@wo
@x
h�x
@w�o
@x
u�o
@hz
@x
@h�z
@x

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

7�1

þ ½D0�4�7

hy
@wo
@y
h�y
@w�o
@y
v�o
@hz
@y
@h�z
@y

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

7�1

Q y
Q �y
Sy
S�y

8><
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9>=
>;

4�1

¼ ½E0�4�7

hx
@wo
@x
h�x
@w�o
@x
u�o
@hz
@x
@h�z
@x

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

7�1

þ ½E�4�7
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@y
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@w�o
@y
v�o
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9>>>>>>>>=
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7�1

ð11Þ

Here, the matrices [A], [A0], [B], [B0], [D], [D0], [E], [E0] are the sub
matrices of plate rigidity matrix, and their elements are defined in
Appendix B.

3. Analytical solution

Among all the analytical methods available the Navier solution
technique is very simple and easy to use when the plate is of rect-
angular geometry with simply (diaphragm) supported edge condi-
tions. This method of solution for Kirchhoff plate problems of
rectangular geometry is well documented [11].

3.1. Solution technique

Navier solution technique using the double Fourier series is
adopted for solving the equations of motion for free vibration of
FG plates. The boundary conditions for the simply (diaphragm)
supported FG plate using a typical model ‘HOSNT12’ are:

At edges x = 0 and x = a:

vo ¼ 0; wo ¼ 0; hy ¼ 0; hz ¼ 0; Mx ¼ 0; Nx ¼ 0
v�o ¼ 0; w�o ¼ 0; h�y ¼ 0; h�z ¼ 0; M�

x ¼ 0; N�x ¼ 0

ð12aÞ

At edges y = 0 and y = b:

uo ¼ 0; wo ¼ 0; hx ¼ 0; hz ¼ 0; My ¼ 0; Ny ¼ 0
u�o ¼ 0; w�o ¼ 0; h�x ¼ 0; h�z ¼ 0; M�

y ¼ 0; N�y ¼ 0

ð12bÞ

Fig. 8. Non-dimensional fundamental natural frequency ~~xmn ðm ¼ n ¼ 1Þ of simply
(diaphragm) supported FG plates as a function of b/a for different a/h with k = 0.2.

Fig. 9. Non-dimensional fundamental natural frequency ~~xmn ðm ¼ n ¼ 1Þ of simply
(diaphragm) supported FG plates as a function of b/a for different k for a/h = 10.
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Table 10
Comparison of ‘‘thickness mode non-dimensional natural frequency’’ of a simply (diaphragm) supported square FG (Material set-3) thick plates, a/h = 5, and m = n = 1.

Theory Thickness mode Non-dimensional natural frequency ^̂xmn ¼ xmn
a2

h

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qm=Em

p
Material gradient index, k

0 (Ceramic) 0.5 2 3 5 10 1 (Metal)

Exact[14] 1 – – 5.4923 5.5285 5.5632 – –
2 – – 14.278 14.150 14.026 – –
3 – – 23.909 23.696 23.494 – –
4 – – 50.376 48.825 47.687 – –
5 – – 54.685 53.179 52.068 – –

HOSNT12 1 6.0519 5.7351 5.5507 5.5666 5.5919 5.5709 5.2002
2 15.7188 15.3185 14.6780 14.4543 14.1930 13.9140 13.5067
3 26.3977 25.7398 24.6471 24.2568 23.8030 23.3302 22.6827
4 57.7694 57.8370 52.4375 50.0819 47.9768 47.2074 49.6394
5 62.5433 62.3364 56.8427 54.5505 52.5115 51.7124 53.7415

HOSNT11 1 6.0519 5.7351 5.5510 5.5669 5.5922 5.5709 5.2002
2 15.7188 15.3186 14.6780 14.4543 14.1930 13.9140 13.5067
3 26.4023 25.7431 24.6508 24.2616 23.8092 23.3370 22.6866
4 57.7694 57.8373 52.4375 50.0819 47.9768 47.2074 49.6394
5 62.5433 62.3451 56.8689 54.5728 52.5257 51.7181 53.7415

HOSNT10B 1 6.0519 5.7528 5.5976 5.6106 5.6245 5.5867 5.2002
2 15.7188 15.3185 14.6780 14.4543 14.1930 13.9140 13.5067
3 29.4072 28.5589 27.2066 26.8059 26.3770 25.9423 25.2686
4 57.7694 57.8370 52.4375 50.0819 47.9768 47.2074 49.6394
5 62.5433 62.3610 56.8978 54.6002 52.5476 51.7304 53.7415

HOSNT11M/HOSNT10M 1 6.5466 6.2130 6.0063 6.0148 6.0321 6.0061 5.6253
2 15.7188 15.3185 14.6780 14.4543 14.1930 13.9140 13.5067
3 26.4023 25.7434 24.6531 24.2644 23.8118 23.3382 22.6866
4 57.7694 57.8370 52.4375 50.0819 47.9768 47.2074 49.6394
5 64.1354 63.8116 58.2307 55.9659 53.9725 53.1940 55.1095

HOST9 1 6.0258 5.7122 5.5293 5.5439 5.5672 5.5449 5.1777
2 15.7188 15.3185 14.6780 14.4543 14.1930 13.9140 13.5067
3 26.5696 25.8909 24.7997 24.4200 23.9796 23.5129 22.8304
4 57.7694 57.8370 52.4375 50.0819 47.9768 47.2074 49.6394
5 62.9358 62.7110 57.1924 54.8964 52.8556 52.0559 54.0787

FOST (ks = 5/6) 1 6.0245 5.7058 5.5481 5.5786 5.6149 5.5844 5.1767
2 15.7188 15.3185 14.6784 14.4549 14.1935 13.9141 13.5067
3 26.5696 25.8910 24.8015 24.4225 23.9820 23.5137 22.8304
4 58.1068 57.8397 54.2537 52.5794 50.8175 49.5509 49.9293
5 63.2840 62.7310 59.0283 57.3967 55.6839 54.3978 54.3779

FOST 1 6.1109 5.7830 5.6254 5.6595 5.7006 5.6722 5.2509
2 15.7188 15.3187 14.6793 14.4559 14.1944 13.9147 13.5067
3 26.5696 25.8919 24.8059 24.4275 23.9864 23.5163 22.8304
4 63.2633 62.9966 59.0760 57.2355 55.2975 53.9084 54.3602
5 68.3436 67.7975 63.7630 61.9630 60.0712 58.6613 58.7255

CPT 1 6.8154 6.4094 6.2544 6.3213 6.4032 6.3928 5.8563
2 31.4373 30.6392 29.3676 28.9225 28.3980 27.8343 27.0137
3 53.1392 51.8059 49.6863 48.9314 48.0363 47.0667 45.6608

– Against an entry indicates that the results/data are not available. ks(=5/6) is the shear correction factor used in FOST.

Table 9
Comparison of non-dimensional fundamental frequency of simply (diaphragm) supported square FG (material set-3) thin and thick plates using various models.

Theory h/a = 0.05 h/a = 0.1 h/a = 0.2

k = 1 k = 1 k = 1 k = 2 k = 3 k = 5

Non-dimensional fundamental natural frequency x̂mn ¼ xmnðhÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qm=Em

p
Exact [14] 0.0153 0.0596 0.2192 0.2197 0.2211 0.2225
HOSNDPT [17] 0.0149 0.0584 0.2152 0.2153 0.2172 0.2194
TSDT [16] 0.0147 0.0592 0.2188 0.2188 0.2202 0.2215
HOSNT12 0.0153 0.0598 0.2219 0.2220 0.2227 0.2237
HOSNT11 0.0153 0.0598 0.2219 0.2220 0.2227 0.2237
HOSNT10B 0.0154 0.0599 0.2239 0.2239 0.2244 0.2250
HOSNT11M 0.0167 0.0655 0.2402 0.2403 0.2406 0.2413
HOSNT10M 0.0167 0.0655 0.2402 0.2403 0.2406 0.2413
HOST9 0.0153 0.0599 0.2211 0.2212 0.2218 0.2227
FOST (ks = 5/6) 0.0154 0.0601 0.2217 0.2219 0.2231 0.2246
FOST 0.0156 0.0610 0.2248 0.2250 0.2264 0.2280
CPT 0.0162 0.0656 0.2500 0.2502 0.2529 0.2561

ks(=5/6) is the shear correction factor used in FOST.
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The generalized displacement field for a typical model ‘HOSNT12’ to
satisfy the above boundary conditions is expanded in double Fou-
rier series as:

uo ¼
X1
m¼1

X1
n¼1

uomn cosamxsinbnye�ixmnt u�o ¼
X1
m¼1

X1
n¼1

u�omn
cosamxsinbnye�ixmn t

vo ¼
X1
m¼1

X1
n¼1

vomn sinamxcosbnye�ixmn t v�o ¼
X1
m¼1

X1
n¼1

v�omn
sinamxcosbnye�ixmnt

wo ¼
X1
m¼1

X1
n¼1

womn sinamxsinbnye�ixmn t w�o ¼
X1
m¼1

X1
n¼1

w�omn
sinamxsinbnye�ixmn t

hx ¼
X1
m¼1

X1
n¼1

hxmn cosamxsinbnye�ixmnt h�x ¼
X1
m¼1

X1
n¼1

h�xmn
cosamxsinbnye�ixmn t

hy ¼
X1
m¼1

X1
n¼1

hymn
sinamxcosbnye�ixmn t h�y ¼

X1
m¼1

X1
n¼1

h�ymn
sinamxcosbnye�ixmn t

hz ¼
X1
m¼1

X1
n¼1

hzmn sinamxsinbnye�ixmnt h�z ¼
X1
m¼1

X1
n¼1

h�zmn
sinamxsinbnye�ixmnt

ð13Þ

where am ¼ mp
a and bn ¼ np

b in which m, n = 1,2,3, . . .

Using the above generalized displacement field and following
the standard steps described in previous section for collecting
the coefficients of the twelve displacement degrees of freedom in
a (12 � 12) system of simultaneous equations, we obtain the fol-
lowing eigenvalue problem for any fixed values of m and n:

ð½X�12�12 �x2
mn½M�12�12Þ

uomn

vomn

womn

hxmn

hymn

hzmn

u�omn

v�omn

w�omn

h�xmn

h�ymn

h�zmn

8>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>;

12�1

¼ f0g ð14Þ

Here, [X] is the coefficient matrix using displacement Model-1
(HOSNT12) whose elements are presented in Appendix C. [M] is
the mass matrix using Model-1(HOSNT12) whose elements are pro-
vided in Appendix D. xmn is the circular natural frequency of vibra-
tion of the system associated with mth mode in x-direction and nth
mode in y-direction. uomn ; vomn ; womn ; hxmn ; hymn

; hzmn ; u�omn
;

v�omn
; w�omn

; h�xmn
; h�ymn

, and h�zmn
are the twelve unknown coefficients.

The above eigenvalue problem can be solved for the various eigen-

Fig. 10. First nine ‘‘thickness mode natural frequencies’’ of homogeneous (Al)
square plates (a/h =

p
10) using various models.

Fig. 11. First ten ‘‘thickness mode natural frequencies’’ of FG (Al/ZrO2) square plates
(a/h = 5, k = 1) using various models.
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Fig. 12. Errors (%) in the first ten ‘‘thickness mode natural frequencies’’ of thick FG
plates (b/a = 1, a/h = 5, k = 1) using various models.
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Fig. 13. Errors (%) in the first five ‘‘thickness mode natural frequencies’’ of thick FG
plates (b/a = 1, a/h = 5, k = 1) using various models.
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values and associated eigenvectors. To obtain non-trivial solution,
we must set j½X� �x2

mn½M�j ¼ 0. The real positive roots of Eq. (14)
yield the circular natural frequency xmn corresponding to vibration
modes (m,n). The lowest eigenvalue gives the square of the funda-
mental natural frequency of vibration of FG plate.

4. Numerical investigations

The various displacement models considered in the present
study as presented in Table 1, viz., HOSNT12, HOSNT11, HOS-
NT11M, HOSNT10B, HOSNT10M, HOST9, FOST and CPT have been
used to analyze the free vibration responses of simply (diaphragm)
supported isotropic, orthotropic and FG plates. A set of computer
programs are developed in MATLAB 7.0 based on the present the-
oretical formulations for the free vibration of FG plates. Additional
modules are also developed for the free vibration of isotropic and
orthotropic plates. The natural frequencies for the simply (dia-

phragm) supported isotropic, orthotropic and FG plates are evalu-
ated using these computer programs. In order to validate the
accuracy, the numerical results using present formulations are
compared with the other models’ solutions and the exact 3D elas-
ticity solutions available in the literature. The comparisons of the
results are presented in tabular form. The errors in the solutions
are computed as follows:

% Error ¼ Value obtained by a theory
Corresponding value by exact solution

� 1
� �

� 100:

The results are presented in the non-dimensional form, and the var-
ious kinds of non-dimensionalizations of the natural frequencies are
given in Table 2. The following material properties are used in the
analysis:

� Isotropic material

Table 11
Comparison of ‘‘thickness mode non-dimensional natural frequency’’ of a simply (diaphragm) supported square thick homogeneous and FG (Material set-3) plates, m = n = 1.

Theory Thickness mode Non-dimensional natural frequency ^̂xmn ¼ xmn
a2

h

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qm=Em

p
Homogeneous (Al) Plate FG (Al/ZrO2) Plate; k = 1

a/h =
p

10 a/h = 10 a/h = 5 a/h = 10 a/h = 20

Exact[14] 1 4.6582 5.7769 5.4806 5.9609 6.1076
2 8.7132 27.554 14.558 29.123 58.250
3 14.463 46.503 24.381 49.013 98.145
4 21.343 196.77 53.366 207.50 823.92
5 24.830 201.34 57.620 212.22 828.78

HOSNT12 1 4.6605 5.7770 5.7130 6.1933 6.3390
2 8.7132 27.554 15.341 30.686 61.374
3 14.463 46.503 25.776 51.795 103.71
4 21.348 196.83 57.243 222.94 885.64
5 24.918 201.47 61.725 227.89 890.73

HOSNT11 1 4.6605 5.7770 5.7132 6.1933 6.3390
2 8.7132 27.554 15.341 30.686 61.374
3 14.481 46.503 25.779 51.795 103.71
4 21.348 196.83 57.243 222.94 885.64
5 24.918 201.47 61.746 227.91 890.75

HOSNT10B 1 4.6605 5.7770 5.7495 6.2362 6.3841
2 8.7132 27.554 15.341 30.686 61.374
3 16.301 51.548 28.498 57.000 114.00
4 21.348 196.83 57.243 222.94 885.64
5 24.918 201.47 61.772 227.94 890.78

HOSNT11M/HOSNT10M 1 4.9452 6.3487 6.1899 6.8101 7.0038
2 8.7132 27.554 15.341 30.686 61.374
3 14.481 46.503 25.780 51.796 103.71
4 21.348 196.83 57.243 222.94 885.64
5 26.137 203.01 63.162 229.48 892.37

HOST9 1 4.6224 5.7694 5.6911 6.1862 6.3371
2 8.7132 27.554 15.341 30.686 61.374
3 14.728 46.574 25.925 51.866 103.74
4 21.348 196.83 57.243 222.94 885.64
5 25.245 201.83 62.095 228.27 891.11

FOST (ks = 5/6) 1 4.6181 5.7693 5.6908 6.1864 6.3372
2 8.7132 27.554 15.341 30.686 61.374
3 14.728 46.574 25.925 51.866 103.74
4 21.460 198.04 57.812 225.25 894.89
5 25.367 203.05 62.691 230.60 900.39

FOST 1 4.7436 5.7944 5.7672 6.2113 6.3439
2 8.7132 27.554 15.341 30.686 61.375
3 14.728 46.574 25.928 51.867 103.74
4 23.183 216.59 62.968 246.37 979.92
5 27.053 221.47 67.758 251.59 985.27

CPT 1 4.9436 5.9944 7.1331 7.1416 7.1436
2 9.7010 28.500 16.859 33.718 67.437
3 15.346 47.765 28.542 57.016 114.00

Numbers inside the bracket ( ) is the % error computed. – Against an entry indicates that the results/data are not available. ks(=5/6) is the shear correction factor used in FOST.
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t ¼ 0:3:

� Orthotropic material

E2=E1 ¼ 0:5250; t12 ¼ 0:4405; t21 ¼ 0:2312

G12=E1 ¼ 0:2629; G13=E1 ¼ 0:1599; G23=E1 ¼ 0:2688

� Functionally Graded Material (FGM)

The free vibration response of FG plates is investigated using
following two FGM models.

(a) Power-law model of FGM The material properties of the FG
plate are assumed to be graded in the thickness direction
and the volume fractions of its constituent materials, i.e.,
ceramic and metal are assumed to follow the power law dis-
tribution [32] expressed as:

Vc ¼
z
h
þ 1

2

� �k

; Vm ¼ 1� Vc ð15Þ

in which, subscripts m and c indicate the metal and ceramic constit-
uents of FGM, respectively; z represents the thickness coordinate
(�h/2 6 z 6 h/2); and k is the material gradient index (k P 0). The
variation of the composition of ceramic and metal is linear for
k = 1. The value of k equal to zero represents a fully ceramic plate.
The variation of the ceramic volume fraction function Vc versus
non-dimensional thickness of a FG plate z/h with different material
gradient index k is plotted in Fig. 2. The mechanical properties of

FGM are determined from the volume fraction of the material con-
stituents. The Young’s modulus, E and density of material, q are as-
sumed to vary in the thickness direction based on the Voigt’s rule
[32] over the whole range of the volume fraction. The Poisson’s ratio
t is assumed to be constant. The effective material properties of
FGM with two constituents can be expressed as;

EðzÞ ¼ EcVc þ EmVm ¼ Em þ ðEc � EmÞ
z
h
þ 1

2

� �k

¼ Eb þ ðEt � EbÞ
z
h
þ 1

2

� �k

qðzÞ ¼ qcVc þ qmVm ¼ qm þ ðqc � qmÞ
z
h
þ 1

2

� �k

¼ qb þ ðqt � qbÞ
z
h
þ 1

2

� �k

ð16Þ

Here subscripts b and t refer to the bottom (z = �h/2) and top
(z = +h/2) surfaces of FG plate. It is clear from the assumed variation
expression that the bottom surface of the FG plate is ‘‘metal rich’’
and the top is ‘‘ceramic rich’’ in constituents. Following material
properties are used in the numerical exercises pertaining to free
vibration of FG plates.

� Material set-1

Metal ðAluminumÞ : Em¼70 GPa; t¼0:3; qm¼2707 kg=m3

Ceramic ðZirconiaÞ : Ec ¼151 GPa; t¼0:3; qc ¼3000 kg=m3

Table 12
Comparison of non-dimensional natural frequencies of FG plates (Material set-4).

a/h a/b Theory Non-dimensional natural frequency xmn ¼ xmnðhÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qb=Gb

p
(m,n)

(1, 1) (1, 2) (2, 1) (2, 2) (1, 3) (2, 3) (3, 3)

4 1 3D Elasticity [37] 0.4275 0.9199 0.9199 1.3174 1.5493 1.8621 2.3175
HOSNT12 0.4277 0.9207 0.9207 1.3188 1.5511 1.8648 2.3221

2 3D Elasticity [37] 0.9199 2.2317 1.3174 2.4825 3.6442 3.8188 4.0958
HOSNT12 0.9207 2.2359 1.3188 2.4880 3.6637 3.8418 4.1255

5 3D Elasticity [37] 2.9342 6.5089 3.1406 6.6160 10.1169 10.1891 10.3082
HOSNT12 2.9434 6.6538 3.1522 6.7684 10.5869 10.6666 10.7984

10 3D Elasticity [37] 6.5089 13.7403 6.6160 13.7947 21.0055 21.0418 21.1022
HOSNT12 6.6538 14.6110 6.7684 14.6715 22.6831 22.7234 22.7902

5 1 3D Elasticity [37] 0.2865 0.6400 0.6400 0.9373 1.1142 1.3560 1.7123
HOSNT12 0.2865 0.6404 0.6404 0.9381 1.1153 1.3574 1.7146

2 3D Elasticity [37] 0.6400 1.6449 0.9373 1.8424 2.7663 2.9058 3.1272
HOSNT12 0.6404 1.6470 0.9381 1.8450 2.7739 2.9147 3.1386

5 3D Elasticity [37] 2.2003 5.0572 2.3645 5.1428 7.9386 7.9962 8.0914
HOSNT12 2.2043 5.1202 2.3694 5.2095 8.1962 8.2589 8.3625

10 3D Elasticity [37] 5.0572 10.8326 5.1428 10.8760 16.6390 16.6681 16.7164
HOSNT12 5.1202 11.3790 5.2095 11.4270 17.8370 17.8700 17.9230

10 1 3D Elasticity [37] 0.0769 0.1852 0.1852 0.2865 0.3506 0.4431 0.5857
HOSNT12 0.0769 0.1852 0.1852 0.2865 0.3507 0.4427 0.5860

2 3D Elasticity [37] 0.1852 0.5580 0.2865 0.6400 1.0495 1.1142 1.2180
HOSNT12 0.1852 0.5583 0.2865 0.6404 1.0505 1.1153 1.2192

5 3D Elasticity [37] 0.7942 2.1578 0.8670 2.2003 3.5941 3.6228 3.6703
HOSNT12 0.7948 2.1616 0.8677 2.2043 3.6126 3.6419 3.6902

10 3D Elasticity [37] 2.1578 5.0356 2.2003 5.0572 7.9242 7.9386 7.9627
HOSNT12 2.1616 5.0977 2.2043 5.1202 8.1805 8.1962 8.2224

100 1 3D Elasticity [37] 0.0008 0.0020 0.0020 0.0032 0.0039 0.0051 0.0071
HOSNT12 0.0008 0.0020 0.0020 0.0032 0.0039 0.0051 0.0071

2 3D Elasticity [37] 0.0020 0.0067 0.0032 0.0079 0.0145 0.0157 0.0177
HOSNT12 0.0020 0.0067 0.0032 0.0079 0.0145 0.0157 0.0177

5 3D Elasticity [37] 0.0102 0.0393 0.0114 0.0405 0.0866 0.0877 0.0895
HOSNT12 0.0102 0.0393 0.0114 0.0405 0.0866 0.0877 0.0895

10 3D Elasticity [37] 0.0393 0.1503 0.0405 0.1514 0.3192 0.3201 0.3217
HOSNT12 0.0393 0.1503 0.0405 0.1514 0.3193 0.3202 0.3218
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� Material set-2 [23]

Metal ðAlÞ : Em ¼ 68:9 GPa; t ¼ 0:33; qm ¼ 2700 kg=m3

Ceramic ðZrO2Þ : Ec ¼211 GPa; t¼0:33; qc ¼4500 kg=m3

� Material set-3 [14,16,17]

Metal ðAlÞ : Em ¼ 70 GPa; qm ¼ 2702 kg=m3; t ¼ 0:30

Ceramic ðZrO2Þ : Ec ¼200 GPa; qc ¼5700 kg=m3; t¼0:30

(b) Exponential model of FGM
In this model, the material properties of the FG plate are

assumed to be graded in the thickness direction according to
an exponential law, expressed as:

EðzÞ ¼ Ebep z
hþ

1
2ð Þ; qðzÞ ¼ qbep z

hþ
1
2ð Þ ð17Þ

Here Eb and qb indicate the Young modulus and material density of
the plate on its bottom surface (z = �h/2). E(z) and q(z) are Young
modulus and material density respectively at a point located at a
distance z form the plate middle surface (z = 0). p is the exponential
index of material gradation along the thickness direction of the FG
plate. Poisson’s ratio is assumed to be constant. The variation of the
mechanical properties versus non-dimensional thickness of plate z/h
with different exponential index p is plotted in Fig. 3.

� Material set-4 [37]

Eb ¼ 70 GPa; qb ¼ 2702 kg=m3; t ¼ 0:30; p ¼ 3

4.1. Free vibration of isotropic and orthotropic plates

Non-dimensional natural frequencies (bending frequencies pre-
dominantly) are evaluated using the various displacement models

Table C.1
Model-1 ‘HOSNT12’.

Disp. u0 v0 w0 hx hy hz u�0 v�0 w�0 h�x h�y h�z
X12�12 1 2 3 4 5 6 7 8 9 10 11 12

1 þA1;1a2
m +A1,2ambn 0 þA1;7a2

m +A1,8ambn �A1,5am þA1;3a2
m +A1,4ambn �A1,11am þA1;9a2

m +A1,10ambn �A1,6am

þB1;1b2
n

+B1,2ambn þB1;5b2
n

+B1,6ambn þB1;3b2
n

+B1,4ambn þB1;7b2
n

+B1,8ambn

2 +A2,1ambn þA2;2b2
n

0 +A2,7ambn þA2;8b2
n

�A2,5bn +A2,3ambn þA2;4b2
n

�A2,11bn +A2,9ambn þA2;10b2
n

�A2,6bn

+B1,1ambn þB1;2a2
m +B1,5ambn þB1;6a2

m +B1,3ambn þB1;4a2
m +B1,7ambn þB1;8a2

m

3 0 0 þD1;2a2
m +D1,1am +E1,1bn þD1;6a2

m +D1,5am +E1,5bn þD1;4a2
m +D1,3am +E1,3bn þD1;7a2

m

þE1;2b2
n þE1;6b2

n þE1;4b2
n þE1;7b2

n

4 þA7;1a2
m +A7,2ambn +D1,2am þA7;7a2

m +A7,8ambn �A7,5am þA7;3a2
m +A7,4ambn �A7,11am þA7;9a2

m +A7,10ambn �A7,6am

þB3;1b2
n

+B3,2ambn þB3;5b2
n

+B3,6ambn +D1,6am þB3;3b2
n

+B3,4ambn +D1,4am þB3;7b2
n

+B3,8ambn +D1,7am

+D1,1 +D1,5 +D1,3

5 +A8,1ambn þA8;2b2
n

+E1,2bn +A8,7ambn þA8;8b2
n

�A8,5bn +A8,3ambn þA8;4b2
n

�A8,11bn +A8,9ambn þA8;10b2
n

�A8,6bn

+B3,1ambn þB3;2a2
m +B3,5ambn þB3;6a2

m +E1,6bn +B3,3ambn þB3;4a2
m +E1,4bn +B3,7ambn þB3;8a2

m +E1,7bn

+E1,1 +E1,5 +E1,3

6 �A5,1am �A5,2bn þD3;2a2
m �A5,7am �A5,8bn +A5,5 �A5,3am �A5,4bn +A5,11 �A5,9am �A5,10bn +A5,6

þE3;2b2
n

+D3,1am +E3,1bn þD3;6a2
m +D3,5am +E3,5bn þD3;4a2

m +D3,3am +E3,3bn þD3;7a2
m

þE3;6b2
n þE3;4b2

n þE3;7b2
n

7 þA3;1a2
m +A3,2ambn +2D3,2am þA3;7a2

m +A3,8ambn �A3,5am þA3;3a2
m +A3,4ambn �A3,11am þA3;9a2

m +A3,10ambn �A3,6am

þB2;1b2
n

+B2,2ambn þB2;5b2
n

+B2,6ambn +2D3,6am þB2;3b2
n

+B2,4ambn +2D3,4am þB2;7b2
n

+B2,8ambn +2D3,7am

+2D3,1 +2D3,5 +2D3,3

8 +A4,1ambn þA4;2b2
n

+2E3,2bn +A4,7ambn þA4;8b2
n

�A4,5bn +A4,3ambn þA4;4b2
n

�A4,11bn +A4,9ambn þA4;10b2
n

�A4,6bn

+B2,1amb þB2;2a2
m +B2,5ambn þB2;6a2

m +2E3,6bn +B2,3ambn þB2;4a2
m +2E3,4bn +B2,7ambn þB2;8a2

m +2E3,7bn

+2E3,1 +2E3,5 +2E3,3

9 �2A11,1am �2A11,2bn þD2;2a2
m �2A11,7am �2A11,8bn +2A11,5 �2A11,3am �2A11,4bn +2A11,11 �2A11,9am �2A11,10bn +2A11,6

þE2;2b2
n

+D2,1am +E2,1bn þD2;6a2
m +D2,5am +E2,5bn þD2;4a2

m +D2,3am +E2,3bn þD2;7a2
m

þE2;6b2
n þE2;4b2

n þE2;7b2
n

10 þA9;1a2
m +A9,2ambn +3D2,2am þA9;7a2

m +A9,8ambn �A9,5am þA9;3a2
m +A9,4ambn �A9,11am þA9;9a2

m +A9,10ambn �A9,6am

þB4;1b2
n

+B4,2ambn þB4;5b2
n

+B4,6abn +3D2,6am þB4;3b2
n

+B4,4ambn +3D2,4am þB4;7b2
n

+B4,8ambn +3D2,7am

+3D2,1 +3D2,5 +3D2,3

11 +A10,1ambn þA10;2b2
n

+3E2,2bn +A10,7ambn þA10;8b2
n

�A10,5bn +A10,3ambn þA10;4b2
n

�A10,11bn +A10,9ambn þA10;10b2
n

�A10,6bn

+B4,1ambn þB4;2a2
m +B4,5ambn þB4;6a2

m +3E2,6bn +B4,3ambn þB4;4a2
m +3E2,4bn +B4,7ambn þB4;8a2

m +3E2,7bn

+3E2,1 +3E2,5 +3E2,3

12 �3A6,1am �3A6,2bn þD4;2a2
m �3A6,7am �3A6,8bn +3A6,5 �3A6,3am �3A6,4bn +3A6,11 �3A6,9am �3A6,10bn +3A6,6

þE4;2b2
n

+D4,1am +E4,1bn þD4;6a2
m +D4,5am +E4,5bn þD4;4a2

m +D4,3am +E4,3bn þD4;7a2
m

þE4;6b2
n þE4;4b2

n þE4;7b2
n
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considered in the present study for isotropic and orthotropic
square plates, and are tabulated in Tables 3 and 4 respectively.
These tables also show the exact 3D elasticity solutions [7,8] and
the available solutions by other plate theories, viz., Reddy’s TSDT,
Mindlin’s FOST, Kirchhoff’s CPT (without accounting for the rotary
inertias), Senthilnathan et al. [33], and refined plate theory (RPT)
[34,35]. Present results are obtained using same values of m and
n as those used for obtaining results using 3D elasticity exact the-
ory [7,8].

4.2. Free vibration of FG plates

Example-1: Free vibration of FG plates using Material set-1.
The various displacement models are used here to evaluate the

natural frequencies of simply (diaphragm) supported FG plates of
several geometrical/material configurations, viz., aspect ratio (b/a),
side-to-thickness ratio (a/h) and material gradient index (k). The
FG Material set-1 is used for the numerical exercises. The exact
solutions using 3D elasticity theory are available for b/a = 1 and
a/h = 10 in [7], and for b/a =

p
2 and a/h = 10 in [36]. A comparison

between these results and the present solutions is shown in Table
5. The comparison shows that HOSNT12, HOSNT11 and HOSNT10B
solutions are in excellent agreement with the 3D elasticity solu-

tions. In fact, these three models provide the zero error solutions
in this particular case. HOSNT10M has 9.84% error, which is much
more than even CPT and FOST solutions with the errors of 2.4% and
0.21% respectively. This particular model (HOSNT10M) has signifi-
cant errors in computing free vibration parameters of plates, in
general. The influence of constituents’ volume fraction on natural
frequencies of FG plate is studied by varying the material gradient
index, k. As can be seen from the presented results, the natural fre-
quencies decreased with increase k. The natural frequencies of
rectangular plate with b =

p
2a are smaller than the other one,

b = a.
In Table 6, the free vibration parameters of square and rectan-

gular FG plates are presented for different a/h ratios using the var-
ious displacement models considered in the present study. The
results show that for thin plates (a/h > 10), all these models
provide more or less the similar solutions. But, for thick plates
(a/h < 10), the results are quite different. The effectiveness of high-
er order model HOSNT12 can be easily observed by the presented
results for thick FG plates. Also, when the ratio a/h is small (thicker
plates), the difference between the results are more. The natural
frequency of simply (diaphragm) supported FG plates against k
for various a/h and for b/a = 1 and

p
2 are plotted in Figs. 4 and 5

respectively based on the model ‘HOSNT12’. The fundamental nat-

Table C.2
Model-2 ‘HOSNT11’.

Disp. u0 v0 w0 hx hy hz u�0 v�0 w�0 h�x h�y
X11�11 1 2 3 4 5 6 7 8 9 10 11

1 þA1;1a2
m +A1,2ambn 0 þA1;7a2

m +A1,8ambn �A1,5am þA1;3a2
m +A1,4ambn �A1,11am þA1;9a2

m +A1,10ambn

þB1;1b2
n

+B1,2ambn þB1;5b2
n

+B1,6ambn þB1;3b2
n

+B1,4ambn þB1;7b2
n

+B1,8ambn

2 +A2,1ambn þA2;2b2
n

0 +A2,7ambn þA2;8b2
n

�A2,5bn +A2,3ambn þA2;4b2
n

�A2,11bn +A2,9ambn þA2;10b2
n

+B1,1ambn þB1;2a2
m +B1,5ambn þB1;6a2

m +B1,3ambn þB1;4a2
m +B1,7ambn þB1;8a2

m

3 0 0 þD1;2a2
m +D1,1am +E1,1bn þD1;6a2

m +D1,5am +E1,5bn þD1;4a2
m +D1,3am +E1,3bn

þE1;2b2
n þE1;6b2

n þE1;4b2
n

4 þA7;1a2
m +A7,2ambn +D1,2am þA7;7a2

m +A7,8ambn �A7,5am þA7;3a2
m +A7,4ambn �A7,11am þA7;9a2

m +A7,10ambn

þB3;1b2
n

+B3,2ambn þB3;5b2
n

+B3,6ambn +D1,6am þB3;3b2
n

+B3,4ambn +D1,4am þB3;7b2
n

+B3,8ambn

+D1,1 +D1,5 +D1,3

5 +A8,1ambn þA8;2b2
n

+E1,2bn +A8,7ambn þA8;8b2
n

�A8,5bn +A8,3ambn þA8;4b2
n

�A8,11bn +A8,9ambn þA8;10b2
n

+B3,1ambn þB3;2a2
m +B3,5ambn þB3;6a2

m +E1,6bn +B3,3ambn þB3;4a2
m +E1,4bn +B3,7ambn þB3;8a2

m

+E1,1 +E1,5 +E1,3

6 �A5,1am �A5,2bn þD3;2a2
m �A5,7am �A5,8bn +A5,5 �A5,3am �A5,4bn +A5,11 �A5,9am �A5,10bn

þE3;2b2
n

+D3,1am +E3,1bn þD3;6a2
m +D3,5am +E3,5bn þD3;4a2

m +D3,3am +E3,3bn

þE3;6b2
n þE3;4b2

n

7 þA3;1a2
m +A3,2ambn +2D3,2am þA3;7a2

m +A3,8ambn �A3,5am þA3;3a2
m +A3,4ambn �A3,11am þA3;9a2

m +A3,10ambn

þB2;1b2
n

+B2,2ambn þB2;5b2
n

+B2,6ambn +2D3,6am þB2;3b2
n

+B2,4ambn +2D3,4am þB2;7b2
n

+B2,8ambn

+2D3,1 +2D3,5 +2D3,3

8 +A4,1ambn þA4;2b2
n

+2E3,2bn +A4,7ambn þA4;8b2
n

�A4,5bn +A4,3ambn þA4;4b2
n

�A4,11bn +A4,9ambn þA4;10b2
n

+B2,1ambn þB2;2a2
m +B2,5ambn þB2;6a2

m +2E3,6bn +B2,3ambn þB2;4a2
m +2E3,4bn +B2,7ambn þB2;8a2

m

+2E3,1 +2E3,5 +2E3,3

9 �2A11,1am �2A11,2bn þD2;2a2
m �2A11,7am �2A11,8bn +2A11,5 �2A11,3am �2A11,4bn +2A11,11 �2A11,9am �2A11,10bn

þE2;2b2
n

+D2,1am +E2,1bn þD2;6a2
m +D2,5am +E2,5bn þD2;4a2

m +D2,3am +E2,3bn

þE2;6b2
n þE2;4b2

n

10 þA9;1a2
m +A9,2ambn +3D2,2am þA9;7a2

m +A9,8ambn �A9,5am þA9;3a2
m +A9,4ambn �A9,11am þA9;9a2

m +A9,10ambn

þB4;1b2
n

+B4,2ambn þB4;5b2
n

+B4,6ambn +3D2,6am þB4;3b2
n

+B4,4ambn +3D2,4am þB4;7b2
n

+B4,8ambn

+3D2,1 +3D2,5 +3D2,3

11 +A10,1ambn þA10;2b2
n

+3E2,2bn +A10,7ambn þA10;8b2
n

�A10,5bn +A10,3ambn þA10;4b2
n

�A10,11bn +A10,9ambn þA10;10b2
n

+B4,1ambn þB4;2a2
m +B4,5ambn þB4;6a2

m +3E2,6bn +B4,3ambn þB4;4a2
m +3E2,4bn +B4,7ambn þB4;8a2

m

+3E2,1 +3E2,5 +3E2,3
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ural frequency decreases significantly with increase of the metal
percentage of FGM. It is basically due to the fact that the Young’s
modulus of ceramic is higher than metal. It is worth noting that,
as a/h increases, the natural frequencies decreases because of the
decrease in stiffness of the plate.

Example-2: Free vibration of FG plates using Material set-2.
There is one another kind of non-dimensionalization of natural

frequency parameter available in the literature [23–26]. The non-
dimensional frequency in these references is defined as ~~xmn (in Ta-
ble 2). The FG Material set-2 is used for the numerical exercises.
This kind of non-dimensional fundamental natural frequency
~~xmnðm ¼ n ¼ 1Þ is also evaluated using HOSNT12 for various k, a/
h and b/a, and presented in Table 7 along with ~xmnðm ¼ n ¼ 1Þ
for making a comparison of the two different non-dimensional nat-
ural frequency parameters. It can be clearly seen from the pre-
sented results that this non-dimensional frequency parameter
also decreases with increase of material gradient index (k). Here,
it is interesting to note that this non-dimensional frequency in-
creases with the increase of side-to-thickness ratio (a/h) of the
plate. This is because of the fact that the a/h term is getting multi-
plied into the non-dimensional frequency parameter.

In Table 8, non-dimensional frequency ~~xmn of rectangular FG
plates (b/a = 2,a/h = 10) with zirconia as upper-surface ceramic

and aluminum as lower-surface metal is evaluated based on HOS-
NT12. The present solutions are compared with the SSDT solutions
[23] taking the similar material properties (FG Material set-2). The
non-dimensional fundamental natural frequency, ~~xmnðm ¼ n ¼ 1Þ
of simply (diaphragm) supported rectangular FG plates (b/a = 2)
against material gradient index (k) for various values of
side-to-thickness ratios (a/h) is plotted in Fig. 6 based on HOSNT12.
The same parameter is plotted against side-to-thickness ratio (a/h)
for different material gradient index (k) in Fig. 7. As can be seen,
the frequency decreases significantly with the increase of k. It is
basically due to the fact that the Young’s modulus of ceramic is
higher than metal. The variation of frequency parameter with as-
pect ratios (b/a) of FG plates using HOSNT12 is plotted in Figs. 8
and 9. As can be seen from the presented results, the natural
frequencies decrease with increasing value of material gradient
index, k for the same mode. For the same value of k, natural
frequency increases for the higher modes. Actually, this kind of
non-dimensionalization defies the physical characteristics of the
frequency parameter, although mathematically it is all right. With
the increase of side-to-thickness ratio (a/h) of the plate, the plates
become thin, hence becomes more flexible, the fundamental
natural frequency must decrease because of the reduced stiffness
of plate.

Table C.3
Model-3 ‘HOSNT11M’.

Disp. u0 v0 w0 hx hy hz u�0 v�0 h�x h�y h�z
X11�11 1 2 3 4 5 6 7 8 9 10 11

1 þA1;1a2
m +A1,2ambn 0 þA1;7a2

m +A1,8ambn �A1,5am þA1;3a2
m +A1,4ambn þA1;9a2

m +A1,10ambn �A1,6am

þB1;1b2
n

+B1,2ambn þB1;5b2
n

+B1,6ambn þB1;3b2
n

+B1,4ambn þB1;7b2
n

+B1,8ambn

2 +A2,1ambn þA2;2b2
n

0 +A2,7ambn þA2;8b2
n

�A2,5bn +A2,3ambn þA2;4b2
n

+A2,9ambn þA2;10b2
n

�A2,6bn

+B1,1ambn þB1;2a2
m +B1,5ambn þB1;6a2

m +B1,3ambn þB1;4a2
m +B1,7ambn þB1;8a2

m

3 0 0 þD1;2a2
m +D1,1am +E1,1bn þD1;6a2

m +D1,5am +E1,5bn +D1,3am +E1,3bn þD1;7a2
m

þE1;2b2
n þE1;6b2

n þE1;7b2
n

4 þA7;1a2
m +A7,2ambn +D1,2am þA7;7a2

m +A7,8ambn �A7,5am þA7;3a2
m +A7,4ambn þA7;9a2

m +A7,10ambn �A7,6am

þB3;1b2
n

+B3,2ambn þB3;5b2
n

+B3,6ambn +D1,6am þB3;3b2
n

+B3,4ambn þB3;7b2
n

+B3,8ambn +D1,7am

+D1,1 +D1,5 +D1,3

5 +A8,1ambn þA8;2b2
n

+E1,2bn +A8,7ambn þA8;8b2
n

�A8,5bn +A8,3ambn þA8;4b2
n

+A8,9ambn þA8;10b2
n

�A8,6bn

+B3,1ambn þB3;2a2
m +B3,5ambn þB3;6a2

m +E1,6bn +B3,3ambn þB3;4a2
m +B3,7ambn þB3;8a2

m +E1,7bn

+E1,1 +E1,5 +E1,3

6 �A5,1am �A5,2bn þD3;2a2
m �A5,7am �A5,8bn +A5,5 �A5,3am �A5,4bn �A5,9am �A5,10bn +A5,6

þE3;2b2
n

+D3,1am +E3,1bn þD3;6a2
m +D3,5am +E3,5bn +D3,3am +E3,3bn þD3;7a2

m

þE3;6b2
n þE3;7b2

n

7 þA3;1a2
m +A3,2ambn +2D3,2am þA3;7a2

m +A3,8ambn �A3,5am þA3;3a2
m +A3,4ambn þA3;9a2

m +A3,10ambn �A3,6am

þB2;1b2
n

+B2,2ambn þB2;5b2
n

+B2,6ambn +2D3,6am þB2;3b2
n

+B2,4ambn þB2;7b2
n

+B2,8ambn +2D3,7am

+2D3,1 +2D3,5 +2D3,3

8 +A4,1ambn þA4;2b2
n

+2E3,2bn +A4,7ambn þA4;8b2
n

�A4,5bn +A4,3ambn þA4;4b2
n

+A4,9ambn þA4;10b2
n

�A4,6bn

+B2,1ambn þB2;2a2
m +B2,5ambn þB2;6a2

m +2E3,6bn +B2,3ambn þB2;4a2
m +B2,7ambn þB2;8a2

m +2E3,7bn

+2E3,1 +2E3,5 +2E3,3

9 þA9;1a2
m +A9,2ambn +3D2,2am þA9;7a2

m +A9,8ambn �A9,5am þA9;3a2
m +A9,4ambn þA9;9a2

m +A9,10ambn �A9,6am

þB4;1b2
n

+B4,2ambn þB4;5b2
n

+B4,6ambn +3D2,6am þB4;3b2
n

+B4,4ambn þB4;7b2
n

+B4,8ambn +3D2,7am

+3D2,1 +3D2,5 +3D2,3

10 +A10,1ambn þA10;2b2
n

+3E2,2bn +A10,7ambn þA10;8b2
n

�A10,5bn +A10,3ambn þA10;4b2
n

+A10,9ambn þA10;10b2
n

�A10,6bn

+B4,1ambn þB4;2a2
m +B4,5ambn þB4;6a2

m +3E2,6bn +B4,3ambn þB4;4a2
m +B4,7ambn þB4;8a2

m +3E2,7bn

+3E2,1 +3E2,5 +3E2,3

11 �3A6,1am �3A6,2bn þD4;2a2
m �3A6,7am �3A6,8bn +3A6,5 �3A6,3am �3A6,4bn �3A6,9am �3A6,10bn +3A6,6

þE4;2b2
n

+D4,1am +E4,1bn þD4;6a2
m +D4,5am +E4,5bn +D4,3am +E4,3bn þD4;7a2

m

þE4;6b2
n þE4;7b2

n
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Example-3: Free vibration of FG plates using Material set-3.
The non-dimensional fundamental natural frequency using var-

ious displacement models considered in the present study are
computed for FG plates comprised of aluminum and zirconia (FG
Material set-3), mainly because exact solutions for a plate made
of these materials are available in [14]. The same parameter has
been evaluated based on various higher order plate theories by
Ferreira et al. [16] and Qian et al. [17]. The comparisons of present
results with these available solutions are presented in Table 9.

For an aluminum (Al)/zirconia (ZrO2) FG plate, ‘‘thickness mode
natural frequencies’’ ½ ^̂xmnðm ¼ n ¼ 1Þ� using various models are
presented along with the exact 3D elasticity solutions [14] in Ta-
bles 10 and 11. Here m and n define the in-plane mode shapes of
vibration. Corresponding to each in-plane mode shape, there are
as many natural frequencies (eigenvalues) as the degree of free-
doms considered in the displacement model, each one of them rep-
resenting a different thickness-mode. These thickness modes
appear in symmetric and unsymmetric manner for the identical
in-plane harmonic modes of the FG plate as has been reported by
Vel and Batra [14]. The first eigenvalue is generally referred to
the flexural mode eigenvalue. These parameters obtained from
present models along with the exact solutions are plotted in Figs.
10 and 11. HOSNT12 and HOSNT11 models are in excellent agree-
ment with the exact solutions. The % errors with respect to the ex-
act solutions in the ‘‘thickness mode natural frequencies’’ of thick
FG plates (a/h = 5,k = 1) using various models considered in the
present study are plotted in Figs. 12 and 13. The results demon-

strate that the HOSNT12 and HOSNT11 are highly accurate 2D
models for studying the free vibration behavior of thick FG plates.
CPT has very high errors of about 17%, and hence not suitable for
modeling thick FG plates. FOST shows improved results than CPT,
but the errors in the higher modes are quite significant (18% in
the fifth mode). HOSNT12 and HOSNT11 have less than 5% errors
in the ‘‘thickness mode natural frequencies’’ up-to fifth thickness
modes.

Example-4: Free vibration of FG plates using Material set-4.
The non-dimensional natural frequency parameter using the

most accurate Model-1 (HOSNT12) are computed for FG plates of
different aspect and side-to-thickness ratios using FG Material
set-4, and compared with the 3D elasticity solutions [37]. The com-
parison is presented in Table 12. The HOSNT12 model is in excel-
lent agreement with the 3D elasticity solutions even for higher
modes of vibration.

5. Conclusions

In this article, the displacement based higher order 2D plate
theories for the free vibration of thick FG elastic, rectangular plates
are presented. Some of these theories account for both the trans-
verse shear and normal deformations of the plate. Free vibration
of FG plates with simply (diaphragm) supported edge conditions
are carried out assuming the variation of material properties of
FG plates in its thickness direction to follow both power and expo-

Table C.4
Model-4 ‘HOSNT10B’.

Disp. u0 v0 w0 hx hy u�0 v�0 w�0 h�x h�y
X10�10 1 2 3 4 5 6 7 8 9 10

1 þA1;1a2
m +A1,2ambn 0 þA1;7a2

m +A1,8ambn þA1;3a2
m +A1,4ambn �A1,11am þA1;9a2

m +A1,10ambn

þB1;1b2
n

+B1,2ambn þB1;5b2
n

+B1,6ambn þB1;3b2
n

+B1,4ambn þB1;7b2
n

+B1,8ambn

2 +A2,1ambn þA2;2b2
n

0 +A2,7ambn þA2;8b2
n

+A2,3ambn þA2;4b2
n

�A2,11bn +A2,9ambn þA2;10b2
n

+B1,1ambn þB1;2a2
m +B1,5ambn þB1;6a2

m +B1,3ambn þB1;4a2
m +B1,7ambn þB1;8a2

m

3 0 0 þD1;2a2
m +D1,1am +E1,1bn +D1,5am +E1,5bn þD1;4a2

m +D1,3am +E1,3bn

þE1;2b2
n þE1;4b2

n

4 þA7;1a2
m +A7,2ambn +D1,2am þA7;7a2

m +A7,8ambn þA7;3a2
m +A7,4ambn �A7,11am þA7;9a2

m +A7,10ambn

þB3;1b2
n

+B3,2ambn þB3;5b2
n

+B3,6ambn þB3;3b2
n

+B3,4ambn +D1,4am þB3;7b2
n

+B3,8ambn

+D1,1 +D1,5 +D1,3

5 +A8,1ambn þA8;2b2
n

+E1,2bn +A8,7ambn þA8;8b2
n

+A8,3ambn þA8;4b2
n

�A8,11bn +A8,9ambn þA8;10b2
n

+B3,1ambn þB3;2a2
m +B3,5ambn þB3;6a2

m +B3,3ambn þB3;4a2
m +E1,4bn +B3,7ambn þB3;8a2

m

+E1,1 +E1,5 +E1,3

6 þA3;1a2
m +A3,2ambn +2D3,2am þA3;7a2

m +A3,8ambn þA3;3a2
m +A3,4ambn �A3,11am þA3;9a2

m +A3,10ambn

þB2;1b2
n

+B2,2ambn þB2;5b2
n

+B2,6ambn þB2;3b2
n

+B2,4ambn +2D3,4am þB2;7b2
n

+B2,8ambn

+2D3,1 +2D3,5 +2D3,3

7 +A4,1ambn þA4;2b2
n

+2E3,2bn +A4,7ambn þA4;8b2
n

+A4,3ambn þA4;4b2
n

�A4,11bn +A4,9ambn þA4;10b2
n

+B2,1ambn þB2;2a2
m +B2,5ambn þB2;6a2

m +B2,3ambn þB2;4a2
m +2E3,4bn +B2,7ambn þB2;8a2

m

+2E3,1 +2E3,5 +2E3,3

8 �2A11,1am �2A11,2bn þD2;2a2
m �2A11,7am �2A11,8bn �2A11,3am �2A11,4bn +2A11,11 �2A11,9am �2A11,10bn

þE2;2b2
n

+D2,1am +E2,1bn +D2,5am +E2,5bn þD2;4a2
m +D2,3am +E2,3bn

þE2;4b2
n

9 þA9;1a2
m +A9,2ambn +3D2,2am þA9;7a2

m +A9,8ambn þA9;3a2
m +A9,4ambn �A9,11am þA9;9a2

m +A9,10ambn

þB4;1b2
n

+B4,2ambn þB4;5b2
n

+B4,6ambn þB4;3b2
n

+B4,4ambn +3D2,4am þB4;7b2
n

+B4,8ambn

+3D2,1 +3D2,5 +3D2,3

10 +A10,1ambn þA10;2b2
n

+3E2,2bn +A10,7ambn þA10;8b2
n

+A10,3ambn þA10;4b2
n

�A10,11bn +A10,9ambn þA10;10b2
n

+B4,1ambn þB4;2a2
m +B4,5ambn þB4;6a2

m +B4,3ambn þB4;4a2
m +3E2,4bn +B4,7ambn þB4;8a2

m

+3E2,1 +3E2,5 +3E2,3
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nential law distributions. Navier solution technique employing
double Fourier series is used to get the results with desired level
of accuracy. The present numerical solutions are compared with
the available exact 3D elasticity solutions and also with the solu-
tions available using other 2D models in the literature under sim-
ilar edge conditions and material grading through the thickness.
The numerical solutions obtained using some of the higher order
models (in particular, HOSNT12 and HOSNT11 models) used in
the present study are in excellent agreement with the exact 3D
elasticity solutions. These high accurate numerical solutions can
be used as benchmark to assess any other analytical/computational
model for FG plates. The results show that the natural frequencies
decrease with increasing the material gradient index as well as
side-to-thickness ratios.

The comparative study of HOSNT12 and HOSNT11 results with
the other HOSNTs/HOSTs/FOST/CPT available in the literature
(some of them are considered in the present study too) establish
that these two models, HOSNT12 and HOSNT11 have the improved
accuracy for thicker plates. The difference in the numerical solu-
tions of higher order models HOSNT12 and HOSNT11 are only ob-
served after the side-to-thickness ratios of plates become less than
5 (very thick plate). The difference occurs only at the second deci-
mal place and hence is quite insignificant. The accuracy of the HOS-
NT11 solutions for free vibration problems is as good as HOSNT12,
and therefore including the higher order membrane term h�z

	 

in

the theoretical formulation for defining the transverse displace-

ment (w) has no significant contribution, as such. Thus, HOSNT11
may be treated as the most accurate and justified higher order dis-
placement model for the analysis of both thick and thin FG plates.
Although the presented formulation for FG plates using higher or-
der models, viz., HOSNT12 and HOSNT11 involve large computa-
tions compared to FOST and CPT, but the obtained numerical
results are very accurate when compared to 3D elasticity solutions.
The benefit of this approach is that a 2D theory is able to predict
solutions as good as 3D elasticity solutions.

Appendix A. Equations of motion for various displacement
models other than Model-1

A.1. Model-2 ‘HOSNT11’

duo :
@Nx

@x
þ @Nxy

@y
¼ i1€uo þ i2

€hx þ i3€u�o þ i4
€h�x

dvo :
@Ny

@y
þ @Nxy

@x
¼ i1 €vo þ i2

€hy þ i3 €v�o þ i4
€h�y

dwo :
@Q x

@x
þ
@Qy

@y
¼ i1 €wo þ i2

€hz þ i3 €w�o

dhx :
@Mx

@x
þ @Mxy

@y
� Qx ¼ i2€uo þ i3

€hx þ i4€u�o þ i5
€h�x

Table C.5
Model-5 ‘HOSNT10M’.

Disp. u0 v0 w0 hx hy hz u�0 v�0 h�x h�y
X10�10 1 2 3 4 5 6 7 8 9 10

1 þA1;1a2
m +A1,2ambn 0 þA1;7a2

m +A1,8ambn �A1,5am þA1;3a2
m +A1,4ambn þA1;9a2

m +A1,10ambn

þB1;1b2
n

+B1,2ambn þB1;5b2
n

+B1,6ambn þB1;3b2
n

+B1,4ambn þB1;7b2
n

+B1,8ambn

2 +A2,1ambn þA2;2b2
n

0 +A2,7ambn þA2;8b2
n

�A2,5bn +A2,3ambn þA2;4b2
n

+A2,9ambn þA2;10b2
n

+B1,1ambn þB1;2a2
m +B1,5ambn þB1;6a2

m +B1,3ambn þB1;4a2
m +B1,7ambn þB1;8a2

m

3 0 0 þD1;2a2
m +D1,1am +E1,1bn þD1;6a2

m +D1,5am +E1,5bn +D1,3am +E1,3bn

þE1;2b2
n þE1;6b2

n

4 þA7;1a2
m +A7,2ambn +D1,2am þA7;7a2

m +A7,8ambn �A7,5am þA7;3a2
m +A7,4ambn þA7;9a2

m +A7,10ambn

þB3;1b2
n

+B3,2ambn þB3;5b2
n

+B3,6ambn +D1,6am þB3;3b2
n

+B3,4ambn þB3;7b2
n

+B3,8ambn

+D1,1 +D1,5 +D1,3

5 +A8,1ambn þA8;2b2
n

+E1,2bn +A8,7ambn þA8;8b2
n

�A8,5bn +A8,3ambn þA8;4b2
n

+A8,9ambn þA8;10b2
n

+B3,1ambn þB3;2a2
m +B3,5ambn þB3;6a2

m +E1,6bn +B3,3ambn þB3;4a2
m +B3,7ambn þB3;8a2

m

+E1,1 +E1,5 +E1,3

6 �A5,1am �A5,2bn þD3;2a2
m �A5,7am �A5,8bn +A5,5 �A5,3am �A5,4bn �A5,9am �A5,10bn

þE3;2b2
n

+D3,1am +E3,1bn þD3;6a2
m +D3,5am +E3,5bn +D3,3am +E3,3bn

þE3;6b2
n

7 þA3;1a2
m +A3,2ambn +2D3,2am þA3;7a2

m +A3,8ambn �A3,5am þA3;3a2
m +A3,4ambn þA3;9a2

m +A3,10ambn

þB2;1b2
n

+B2,2ambn þB2;5b2
n

+B2,6ambn +2D3,6am þB2;3b2
n

+B2,4ambn þB2;7b2
n

+B2,8ambn

+2D3,1 +2D3,5 +2D3,3

8 +A4,1ambn þA4;2b2
n

+2E3,2bn +A4,7ambn þA4;8b2
n

�A4,5bn +A4,3ambn þA4;4b2
n

+A4,9ambn þA4;10b2
n

+B2,1ambn þB2;2a2
m +B2,5ambn þB2;6a2

m +2E3,6bn +B2,3ambn þB2;4a2
m +B2,7ambn þB2;8a2

m

+2E3,1 +2E3,5 +2E3,3

9 þA9;1a2
m +A9,2ambn +3D2,2am þA9;7a2

m +A9,8ambn �A9,5am þA9;3a2
m +A9,4ambn þA9;9a2

m +A9,10ambn

þB4;1b2
n

+B4,2ambn þB4;5b2
n

+B4,6ambn +3D2,6am þB4;3b2
n

+B4,4ambn þB4;7b2
n

+B4,8ambn

+3D2,1 +3D2,5 +3D2,3

10 +A10,1ambn þA10;2b2
n

+3E2,2bn +A10,7ambn þA10;8b2
n

�A10,5bn +A10,3ambn þA10;4b2
n

+A10,9ambn þA10;10b2
n

+B4,1ambn þB4;2a2
m +B4,5ambn þB4;6a2

m +3E2,6bn +B4,3ambn þB4;4a2
m +B4,7a bn þB4;8a2

m

+3E2,1 +3E2,5 +3E2,3
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dhy :
@My

@y
þ @Mxy

@x
� Q y ¼ i2 €vo þ i3

€hy þ i4 €v�o þ i5
€h�y

dhz :
@Sx

@x
þ @Sy

@y
� Nz ¼ i2 €wo þ i3

€hz þ i4 €w�o

du�o :
@N�x
@x
þ
@N�xy

@y
� 2Sx ¼ i3€uo þ i4

€hx þ i5€u�o þ i6
€h�x

dv�o :
@N�y
@y
þ
@N�xy

@x
� 2Sy ¼ i3 €vo þ i4

€hy þ i5 €v�o þ i6
€h�y

dw�o :
@Q �x
@x
þ
@Q �y
@y
� 2M�

z ¼ i3 €wo þ i4
€hz þ i5 €w�o

dh�x :
@M�

x

@x
þ
@M�

xy

@y
� 3Q �x ¼ i4€uo þ i5

€hx þ i6€u�o þ i7
€h�x

dh�y :
@M�

y

@y
þ
@M�

xy

@x
� 3Q �y ¼ i4 €vo þ i5

€hy þ i6 €v�o þ i7
€h�y ðA:1Þ

A.2. Model-3 ‘HOSNT11M’

duo :
@Nx

@x
þ @Nxy

@y
¼ i1€uo þ i2

€hx þ i3€u�o þ i4
€h�x

dvo :
@Ny

@y
þ @Nxy

@x
¼ i1 €vo þ i2

€hy þ i3 €v�o þ i4
€h�y

dwo :
@Q x

@x
þ
@Q y

@y
¼ i1 €wo þ i2

€hz þ i4
€h�z

dhx :
@Mx

@x
þ @Mxy

@y
� Q x ¼ i2€uo þ i3

€hx þ i4€u�o þ i5
€h�x

dhy :
@My

@y
þ @Mxy

@x
� Q y ¼ i2 €vo þ i3

€hy þ i4 €v�o þ i5
€h�y

dhz :
@Sx

@x
þ @Sy

@y
� Nz ¼ i2 €wo þ i3

€hz þ i5
€h�z

du�o :
@N�x
@x
þ
@N�xy

@y
� 2Sx ¼ i3€uo þ i4

€hx þ i5€u�o þ i6
€h�x

dv�o :
@N�y
@y
þ
@N�xy

@x
� 2Sy ¼ i3 €vo þ i4

€hy þ i5 €v�o þ i6
€h�y

dh�x :
@M�

x

@x
þ
@M�

xy

@y
� 3Q �x ¼ i4€uo þ i5

€hx þ i6€u�o þ i7
€h�x

dh�y :
@M�

y

@y
þ
@M�

xy

@x
� 3Q �y ¼ i4 €vo þ i5

€hy þ i6 €v�o þ i7
€h�y

dh�z :
@S�x
@x
þ
@S�y
@y
� 3N�z ¼ i4 €wo þ i5

€hz þ i7
€h�z ðA:2Þ

Table C.6
Model-6 ‘HOST9’.

Disp. u0 v0 w0 hx hy u�0 v�0 h�x h�y
X9�9 1 2 3 4 5 6 7 8 9

1 þA1;1a2
m +A1,2ambn 0 þA1;7a2

m +A1,8ambn þA1;3a2
m +A1,4ambn þA1;9a2

m +A1,10ambn

þB1;1b2
n

+B1,2abn þB1;5b2
n

+B1,6abn þB1;3b2
n

+B1,4abn þB1;7b2
n

+B1,8ambn

2 +A2,1ambn þA2;2b2
n

0 +A2,7ambn þA2;8b2
n

+A2,3ambn þA2;4b2
n

+A2,9ambn þA2;10b2
n

+B1,1ambn þB1;2a2
m +B1,5ambn þB1;6a2

m +B1,3ambn þB1;4a2
m +B1,7ambn þB1;8a2

m

3 0 0 þD1;2a2
m +D1,1am +E1,1bn +D1,5am +E1,5bn +D1,3am +E1,3bn

þE1;2b2
n

4 þA7;1a2
m +A7,2ambn +D1,2am þA7;7a2

m +A7,8ambn þA7;3a2
m +A7,4ambn þA7;9a2

m +A7,10ambn

þB3;1b2
n

+B3,2ambn þB3;5b2
n

+B3,6ambn þB3;3b2
n

+B3,4ambn þB3;7b2
n

+B3,8ambn

+D1,1 +D1,5 +D1,3

5 +A8,1ambn þA8;2b2
n

+E1,2bn +A8,7ambn þA8;8b2
n

+A8,3ambn þA8;4b2
n

+A8,9a bn þA8;10b2
n

+B3,1ambn þB3;2a2
m +B3,5ambn þB3;6a2

m +B3,3ambn þB3;4a2
m +B3,7ambn þB3;8a2

m

+E1,1 +E1,5 +E1,3

6 þA3;1a2
m +A3,2ambn +2D3,2am þA3;7a2

m +A3,8ambn þA3;3a2
m +A3,4ambn þA3;9a2

m +A3,10ambn

þB2;1b2
n

+B2,2ambn þB2;5b2
n

+B2,6ambn þB2;3b2
n

+B2,4ambn þB2;7b2
n

+B2,8ambn

+2D3,1 +2D3,5 +2D3,3

7 +A4,1ambn þA4;2b2
n

+2E3,2bn +A4,7ambn þA4;8b2
n

+A4,3ambn þA4;4b2
n

+A4,9ambn þA4;10b2
n

+B2,1ambn þB2;2a2
m +B2,5ambn þB2;6a2

m +B2,3ambn þB2;4a2
m +B2,7ambn þB2;8a2

m

+2E3,1 +2E3,5 +2E3,3

8 þA9;1a2
m +A9,2ambn +3D2,2am þA9;7a2

m +A9,8ambn þA9;3a2
m +A9,4ambn þA9;9a2

m +A9,10ambn

þB4;1b2
n

+B4,2ambn þB4;5b2
n

+B4,6ambn þB4;3b2
n

+B4,4ambn þB4;7b2
n

+B4,8ambn

+3D2,1 +3D2,5 +3D2,3

9 +A10,1ambn þA10;2b2
n

+3E2,2bn +A10,7ambn þA10;8b2
n

+A10,3ambn þA10;4b2
n

+A10,9ambn þA10;10b2
n

+B4,1ambn þB4;2a2
m +B4,5ambn þB4;6a2

m +B4,3ambn þB4;4a2
m +B4,7ambn þB4;8a2

m

+3E2,1 +3E2,5 +3E2,3

Table C.7
Model-7 ‘FOST’.

Disp. u0 v0 w0 hx hy

X5�5 1 2 3 4 5

1 þD4;1a2
m þ D6;3b2

n
+D4,2ambn 0 þD4;4a2

m +D4,5ambn

+D6,3ambn þD6;6b2
n

+D6,6ambn

2 +D5,1ambn þD5;2b2
n

0 +D5,4ambn þD5;5b2
n

+D6,3ambn þD6;3a2
m +D6,6ambn þD6;6a2

m

3 0 0 þD7;7a2
m +D7,7am +D8,8bn

þD8;8b2
n

4 þD1;1a2
m +D1,2ambn +D7,7am þD1;4a2

m +D1,5ambn

þD3;3b2
n

+D3,3ambn þD3;6b2
n

+D3,6ambn

+D7,7

5 +D2,1ambn þD2;2b2
n

+D8,8bn +D2,4ambn þD2;5b2
n

+D3,3ambn þD3;3a2
m +D3,6ambn þD3;6a2

m

+D8,8
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A.3. Model-4 ‘HOSNT10B’

duo :
@Nx

@x
þ @Nxy

@y
¼ i1€uo þ i2

€hx þ i3€u�o þ i4
€h�x

dvo :
@Ny

@y
þ @Nxy

@x
¼ i1 €vo þ i2

€hy þ i3 €v�o þ i4
€h�y

dwo :
@Q x

@x
þ
@Q y

@y
¼ i1 €wo þ i3 €w�o

dhx :
@Mx

@x
þ @Mxy

@y
� Q x ¼ i2€uo þ i3

€hx þ i4€u�o þ i5
€h�x

dhy :
@My

@y
þ @Mxy

@x
� Q y ¼ i2 €vo þ i3

€hy þ i4 €v�o þ i5
€h�y

du�o :
@N�x
@x
þ
@N�xy

@y
� 2Sx ¼ i3€uo þ i4

€hx þ i5€u�o þ i6
€h�x

dv�o :
@N�y
@y
þ
@N�xy

@x
� 2Sy ¼ i3 €vo þ i4

€hy þ i5 €v�o þ i6
€h�y

dw�o :
@Q �x
@x
þ
@Q �y
@y
� 2M�

z ¼ i3 €wo þ i5 €w�o

dh�x :
@M�

x

@x
þ
@M�

xy

@y
� 3Q �x ¼ i4€uo þ i5

€hx þ i6€u�o þ i7
€h�x

dh�y :
@M�

y

@y
þ
@M�

xy

@x
� 3Q �y ¼ i4 €vo þ i5

€hy þ i6 €v�o þ i7
€h�y

ðA:3Þ

A.4. Model-5 ‘HOSNT10M’

duo :
@Nx

@x
þ @Nxy

@y
¼ i1€uo þ i2

€hx þ i3€u�o þ i4
€h�x

dvo :
@Ny

@y
þ @Nxy

@x
¼ i1 €vo þ i2

€hy þ i3 €v�o þ i4
€h�y

dwo :
@Q x

@x
þ
@Q y

@y
¼ i1 €wo þ i2

€hz

dhx :
@Mx

@x
þ @Mxy

@y
� Q x ¼ i2€uo þ i3

€hx þ i4€u�o þ i5
€h�x

dhy :
@My

@y
þ @Mxy

@x
� Q y ¼ i2 €vo þ i3

€hy þ i4 €v�o þ i5
€h�y

dhz :
@Sx

@x
þ @Sy

@y
� Nz ¼ i2 €wo þ i3

€hz

du�o :
@N�x
@x
þ
@N�xy

@y
� 2Sx ¼ i3€uo þ i4

€hx þ i5€u�o þ i6
€h�x

dv�o :
@N�y
@y
þ
@N�xy

@x
� 2Sy ¼ i3 €vo þ i4

€hy þ i5 €v�o þ i6
€h�y

dh�x :
@M�

x

@x
þ
@M�

xy

@y
� 3Q �x ¼ i4€uo þ i5

€hx þ i6€u�o þ i7
€h�x

dh�y :
@M�

y

@y
þ
@M�

xy

@x
� 3Q �y ¼ i4 €vo þ i5

€hy þ i6 €v�o þ i7
€h�y

ðA:4Þ

Table C.8
Model-8 ‘CPT’.

Disp. u0 v0 w0

X3�3 1 2 3

1 þD4;1a2
m +D4,2ambn þD4;4a3

m

þD6;3b2
n

+D6,3ambn þD4;5amb2
n

þ2D6;6amb2
n

2 +D5,1ambn þD5;2b2
n þD5;5b3

n

+D6,3ambn þD6;3a2
m þD5;4a2

mbn

þ2D6;6a2
mbn

3 þD1;1a3
m þD2;2b3

n þD1;4a4
m þ D1;5a2

mb2
n

þD2;1amb2
n þD1;2a2

mbn þD2;4a2
mb2

n þ D2;5b4
n

þ2D3;3amb2
n þ2D3;3a2

mbn þ4D3;6a2
mb2

n

Table D.1
Model-1 ‘HOSNT12’.

Disp. u0 v0 w0 hx hy hz u�0 v�0 w�0 h�x h�y h�z
[M]12�12 1 2 3 4 5 6 7 8 9 10 11 12

1 i1 0 0 i2 0 0 i3 0 0 i4 0 0
2 0 i1 0 0 i2 0 0 i3 0 0 i4 0
3 0 0 i1 0 0 i2 0 0 i3 0 0 i4
4 i2 0 0 i3 0 0 i4 0 0 i5 0 0
5 0 i2 0 0 i3 0 0 i4 0 0 i5 0
6 0 0 i2 0 0 i3 0 0 i4 0 0 i5
7 i3 0 0 i4 0 0 i5 0 0 i6 0 0
8 0 i3 0 0 i4 0 0 i5 0 0 i6 0
9 0 0 i3 0 0 i4 0 0 i5 0 0 i6

10 i4 0 0 i5 0 0 i6 0 0 i7 0 0
11 0 i4 0 0 i5 0 0 i6 0 0 i7 0
12 0 0 i4 0 0 i5 0 0 i6 0 0 i7

Table D.2
Model-2 ‘HOSNT11’.

Disp. u0 v0 w0 hx hy hz u�0 v�0 w�0 h�x h�y
[M]11�11 1 2 3 4 5 6 7 8 9 10 11

1 i1 0 0 i2 0 0 i3 0 0 i4 0
2 0 i1 0 0 i2 0 0 i3 0 0 i4
3 0 0 i1 0 0 i2 0 0 i3 0 0
4 i2 0 0 i3 0 0 i4 0 0 i5 0
5 0 i2 0 0 i3 0 0 i4 0 0 i5
6 0 0 i2 0 0 i3 0 0 i4 0 0
7 i3 0 0 i4 0 0 i5 0 0 i6 0
8 0 i3 0 0 i4 0 0 i5 0 0 i6
9 0 0 i3 0 0 i4 0 0 i5 0 0

10 i4 0 0 i5 0 0 i6 0 0 i7 0
11 0 i4 0 0 i5 0 0 i6 0 0 i7

Table D.3
Model-3 ‘HOSNT11M’.

Disp. u0 v0 w0 hx hy hz u�0 v�0 h�x h�y h�z
[M]11�11 1 2 3 4 5 6 7 8 9 10 11

1 i1 0 0 i2 0 0 i3 0 i4 0 0
2 0 i1 0 0 i2 0 0 i3 0 i4 0
3 0 0 i1 0 0 i2 0 0 0 0 i4
4 i2 0 0 i3 0 0 i4 0 i5 0 0
5 0 i2 0 0 i3 0 0 i4 0 i5 0
6 0 0 i2 0 0 i3 0 0 0 0 i5
7 i3 0 0 i4 0 0 i5 0 i6 0 0
8 0 i3 0 0 i4 0 0 i5 0 i6 0
9 i4 0 0 i5 0 0 i6 0 i7 0 0

10 0 i4 0 0 i5 0 0 i6 0 i7 0
11 0 0 i4 0 0 i5 0 0 0 0 i7

Table D.4
Model-4 ‘HOSNT10B’.

Disp. u0 v0 w0 hx hy u�0 v�0 w�0 h�x h�y
[M]10�10 1 2 3 4 5 6 7 8 9 10

1 i1 0 0 i2 0 i3 0 0 i4 0
2 0 i1 0 0 i2 0 i3 0 0 i4
3 0 0 I1 0 0 0 0 I3 0 0
4 i2 0 0 i3 0 i4 0 0 i5 0
5 0 i2 0 0 i3 0 i4 0 0 i5
6 i3 0 0 i4 0 i5 0 0 i6 0
7 0 i3 0 0 i4 0 i5 0 0 i6
8 0 0 I3 0 0 0 0 I5 0 0
9 i4 0 0 i5 0 i6 0 0 i7 0

10 0 i4 0 0 i5 0 i6 0 0 i7
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A.5. Model-6 ‘HOST9’

duo :
@Nx

@x
þ @Nxy

@y
¼ i1€uo þ i2

€hx þ i3€u�o þ i4
€h�x

dvo :
@Ny

@y
þ @Nxy

@x
¼ i1 €vo þ i2

€hy þ i3 €v�o þ i4
€h�y

dwo :
@Q x

@x
þ
@Qy

@y
¼ i1 €wo

dhx :
@Mx

@x
þ @Mxy

@y
� Qx ¼ i2€uo þ i3

€hx þ i4€u�o þ i5
€h�x

dhy :
@My

@y
þ @Mxy

@x
� Qy ¼ i2 €vo þ i3

€hy þ i4 €v�o þ i5
€h�y

du�o :
@N�x
@x
þ
@N�xy

@y
� 2Sx ¼ i3€uo þ i4

€hx þ i5€u�o þ i6
€h�x

dv�o :
@N�y
@y
þ
@N�xy

@x
� 2Sy ¼ i3 €vo þ i4

€hy þ i5 €v�o þ i6
€h�y

dh�x :
@M�

x

@x
þ
@M�

xy

@y
� 3Q �x ¼ i4€uo þ i5

€hx þ i6€u�o þ i7
€h�x

dh�y :
@M�

y

@y
þ
@M�

xy

@x
� 3Q �y ¼ i4 €vo þ i5

€hy þ i6 €v�o þ i7
€h�y

ðA:5Þ

A.6. Model-7 ‘FOST’ [29]

duo :
@Nx

@x
þ @Nxy

@y
¼ i1€uo þ i2

€hx

dvo :
@Ny

@y
þ @Nxy

@x
¼ i1 €vo þ i2

€hy

dwo :
@Q x

@x
þ
@Q y

@y
¼ i1 €wo

dhx :
@Mx

@x
þ @Mxy

@y
� Q x ¼ i2€uo þ i3

€hx

dhy :
@My

@y
þ @Mxy

@x
� Q y ¼ i2 €vo þ i3

€hy

ðA:6Þ

A.7. Model-8 ‘CPT’ [30]

duo :
@Nx

@x
þ @Nxy

@y
¼ i1€uo

dvo :
@Ny

@y
þ @Nxy

@x
¼ i1 €vo

dwo :
@2Mx

@x2 þ
2@2Mxy

@x@y
þ @

2My

@y2 ¼ i1 €wo

ðA:7Þ

Table D.5
Model-5 ‘HOSNT10M’.

Disp. u0 v0 w0 hx hy hz u�0 v�0 h�x h�y
[M]10�10 1 2 3 4 5 6 7 8 9 10

1 i1 0 0 i2 0 0 i3 0 i4 0
2 0 i1 0 0 i2 0 0 i3 0 i4
3 0 0 i1 0 0 i2 0 0 0 0
4 i2 0 0 i3 0 0 i4 0 i5 0
5 0 i2 0 0 i3 0 0 i4 0 i5
6 0 0 i2 0 0 i3 0 0 0 0
7 i3 0 0 i4 0 0 i5 0 i6 0
8 0 i3 0 0 i4 0 0 i5 0 i6
9 i4 0 0 i5 0 0 i6 0 i7 0

10 0 i4 0 0 i5 0 0 i6 0 i7

Table D.6
Model-6 ‘HOST9’.

Disp. u0 v0 w0 hx hy u�0 v�0 h�x h�y
[M]9�9 1 2 3 4 5 6 7 8 9

1 i1 0 0 i2 0 i3 0 i4 0
2 0 i1 0 0 i2 0 i3 0 i4
3 0 0 i1 0 0 0 0 0 0
4 i2 0 0 i3 0 i4 0 i5 0
5 0 i2 0 0 i3 0 i4 0 i5
6 i3 0 0 i4 0 i5 0 i6 0
7 0 i3 0 0 i4 0 i5 0 i6
8 i4 0 0 i5 0 i6 0 i7 0
9 0 i4 0 0 i5 0 i6 0 i7

Table D.7
Model-7 ‘FOST’.

Disp. u0 v0 w0 hx hy

[M]5�5 1 2 3 4 5

1 i1 0 0 i2 0
2 0 i1 0 0 i2
3 0 0 i1 0 0
4 i2 0 0 i3 0
5 0 i2 0 0 i3

Table D.8
Model-8 ‘CPT’.

Disp u0 v0 w0

[M]3�3 1 2 3

1 i1 0 0
2 0 i1 0
3 0 0 i1
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Appendix B. Elements of the sub matrices of plate rigidity
matrix in Eq. (11) for various displacement models

B.1. Model-1 ‘HOSNT12’

½A�11�11 ¼

I11;0 I12;0 I11;2 I12;2 I13;0 3I13;2 I11;1 I12;1 I11;3 I12;3 2I13;1

I12;0 I22;0 I12;2 I22;2 I23;0 3I23;2 I12;1 I22;1 I12;3 I22;3 2I23;1

I11;2 I12;2 I11;4 I12;4 I13;2 3I13;4 I11;3 I12;3 I11;5 I12;5 2I13;3

I12;2 I22;2 I12;4 I22;4 I23;2 3I23;4 I12;3 I22;3 I12;5 I22;5 2I23;3

I13;0 I23;0 I13;2 I23;2 I33;0 3I33;2 I13;1 I23;1 I13;3 I23;3 2I33;1

I13;2 I23;2 I13;4 I23;4 I33;2 3I33;4 I13;3 I23;3 I13;5 I23;5 2I33;3

I11;1 I12;1 I11;3 I12;3 I13;1 3I13;3 I11;2 I12;2 I11;4 I12;4 2I13;2

I12;1 I22;1 I12;3 I22;3 I23;1 3I23;3 I12;2 I22;2 I12;4 I22;4 2I23;2

I11;3 I12;3 I11;5 I12;5 I13;3 3I13;5 I11;4 I12;4 I11;6 I12;6 2I13;4

I12;3 I22;3 I12;5 I22;5 I23;3 3I23;5 I12;4 I22;4 I12;6 I22;6 2I23;4

I13;1 I23;1 I13;3 I23;3 I33;1 3I33;3 I13;2 I23;2 I13;4 I23;4 2I33;2

2
6666666666666666666664

3
7777777777777777777775

ðB:1Þ

½A0�11�8 ¼

I14;0 I14;0 I14;2 I14;2 I14;1 I14;1 I14;3 I14;3

I24;0 I24;0 I24;2 I24;2 I24;1 I24;1 I24;3 I24;3

I14;2 I14;2 I14;4 I14;4 I14;3 I14;3 I14;5 I14;5

I24;2 I24;2 I24;4 I24;4 I24;3 I24;3 I24;5 I24;5

I34;0 I34;0 I34;2 I34;2 I34;1 I34;1 I34;3 I34;3

I34;2 I34;2 I34;4 I34;4 I34;3 I34;3 I34;5 I34;5

I14;1 I14;1 I14;3 I14;3 I14;2 I14;2 I14;4 I14;4

I24;1 I24;1 I24;3 I24;3 I24;2 I24;2 I24;4 I24;4

I14;3 I14;3 I14;5 I14;5 I14;4 I14;4 I14;6 I14;6

I24;3 I24;3 I24;5 I24;5 I24;4 I24;4 I24;6 I24;6

I34;1 I34;1 I34;3 I34;3 I34;2 I34;2 I34;4 I34;4

2
6666666666666666666664

3
7777777777777777777775
ðB:2Þ

½B0�4�11 ¼

I14;0 I24;0 I14;2 I24;2 I34;0 3I34;2 I14;1 I24;1 I14;3 I24;3 2I34;1

I14;2 I24;2 I14;4 I24;4 I34;2 3I34;4 I14;3 I24;3 I14;5 I24;5 2I34;3

I14;1 I24;1 I14;3 I24;3 I34;1 3I34;3 I14;2 I24;2 I14;4 I24;4 2I34;2

I14;3 I24;3 I14;5 I24;5 I34;3 3I34;5 I14;4 I24;4 I14;6 I24;6 2I34;4

2
6664

3
7775

ðB:3Þ

½B�4�8 ¼

I44;0 I44;0 I44;2 I44;2 I44;1 I44;1 I44;3 I44;3

I44;2 I44;2 I44;4 I44;4 I44;3 I44;3 I44;5 I44;5

I44;1 I44;1 I44;3 I44;3 I44;2 I44;2 I44;4 I44;4

I44;3 I44;3 I44;5 I44;5 I44;4 I44;4 I44;6 I44;6

2
6664

3
7775 ðB:4Þ

½D�4�7 ¼

I66;0 I66;0 3I66;2 I66;2 2I66;1 I66;1 I66;3

I66;2 I66;2 3I66;4 I66;4 2I66;3 I66;3 I66;5

I66;1 I66;1 3I66;3 I66;3 2I66;2 I66;2 I66;4

I66;3 I66;3 3I66;5 I66;5 2I66;4 I66;4 I66;6

2
6664

3
7775 ðB:5Þ

½D0�4�7 ¼

I56;0 I56;0 3I56;2 I56;2 2I56;1 I56;1 I56;3

I56;2 I56;2 3I56;4 I56;4 2I56;3 I56;3 I56;5

I56;1 I56;1 3I56;3 I56;3 2I56;2 I56;2 I56;4

I56;3 I56;3 3I56;5 I56;5 2I56;4 I56;4 I56;6

2
6664

3
7775 ðB:6Þ

½E0�4�7 ¼

I56;0 I56;0 3I56;2 I56;2 2I56;1 I56;1 I56;3

I56;2 I56;2 3I56;4 I56;4 2I56;3 I56;3 I56;5

I56;1 I56;1 3I56;3 I56;3 2I56;2 I56;2 I56;4

I56;3 I56;3 3I56;5 I56;5 2I56;4 I56;4 I56;6

2
6664

3
7775 ðB:7Þ

½E�4�7 ¼

I55;0 I55;0 3I55;2 I55;2 2I55;1 I55;1 I55;3

I55;2 I55;2 3I55;4 I55;4 2I55;3 I55;3 I55;5

I55;1 I55;1 3I55;3 I55;3 2I55;2 I55;2 I55;4

I55;3 I55;3 3I55;5 I55;5 2I55;4 I55;4 I55;6

2
66664

3
77775 ðB:8Þ

B.2. Model-2 ‘HOSNT11’

½A�11�11¼

I11;0 I12;0 I11;2 I12;2 I13;0 0 I11;1 I12;1 I11;3 I12;3 2I13;1

I12;0 I22;0 I12;2 I22;2 I23;0 0 I12;1 I22;1 I12;3 I22;3 2I23;1

I11;2 I12;2 I11;4 I12;4 I13;2 0 I11;3 I12;3 I11;5 I12;5 2I13;3

I12;2 I22;2 I12;4 I22;4 I23;2 0 I12;3 I22;3 I12;5 I22;5 2I23;3

I13;0 I23;0 I13;2 I23;2 I33;0 0 I13;1 I23;1 I13;3 I23;3 2I33;1

I13;2 I23;2 I13;4 I23;4 I33;2 0 I13;3 I23;3 I13;5 I23;5 2I33;3

I11;1 I12;1 I11;3 I12;3 I13;1 0 I11;2 I12;2 I11;4 I12;4 2I13;2

I12;1 I22;1 I12;3 I22;3 I23;1 0 I12;2 I22;2 I12;4 I22;4 2I23;2

I11;3 I12;3 I11;5 I12;5 I13;3 0 I11;4 I12;4 I11;6 I12;6 2I13;4

I12;3 I22;3 I12;5 I22;5 I23;3 0 I12;4 I22;4 I12;6 I22;6 2I23;4

I13;1 I23;1 I13;3 I23;3 I33;1 0 I13;2 I23;2 I13;4 I23;4 2I33;2

2
666666666666666666666664

3
777777777777777777777775

ðB:9Þ

½B�4�8 ¼

I44;0 I44;0 I44;2 I44;2 I44;1 I44;1 I44;3 I44;3

I44;2 I44;2 I44;4 I44;4 I44;3 I44;3 I44;5 I44;5

I44;1 I44;1 I44;3 I44;3 I44;2 I44;2 I44;4 I44;4

I44;3 I44;3 I44;5 I44;5 I44;4 I44;4 I44;6 I44;6

2
66664

3
77775
ðB:10Þ

½D�4�7 ¼

I66;0 I66;0 3I66;2 I66;2 2I66;1 I66;1 0
I66;2 I66;2 3I66;4 I66;4 2I66;3 I66;3 0
I66;1 I66;1 3I66;3 I66;3 2I66;2 I66;2 0
I66;3 I66;3 3I66;5 I66;5 2I66;4 I66;4 0

2
6664

3
7775 ðB:11Þ

½E�4�7 ¼

I55;0 I55;0 3I55;2 I55;2 2I55;1 I55;1 0
I55;2 I55;2 3I55;4 I55;4 2I55;3 I55;3 0
I55;1 I55;1 3I55;3 I55;3 2I55;2 I55;2 0
I55;3 I55;3 3I55;5 I55;5 2I55;4 I55;4 0

2
6664

3
7775 ðB:12Þ

B.3. Model-3 ‘HOSNT11M’

½A�11�11¼

I11;0 I12;0 I11;2 I12;2 I13;0 3I13;2 I11;1 I12;1 I11;3 I12;3 0

I12;0 I22;0 I12;2 I22;2 I23;0 3I23;2 I12;1 I22;1 I12;3 I22;3 0

I11;2 I12;2 I11;4 I12;4 I13;2 3I13;4 I11;3 I12;3 I11;5 I12;5 0

I12;2 I22;2 I12;4 I22;4 I23;2 3I23;4 I12;3 I22;3 I12;5 I22;5 0

I13;0 I23;0 I13;2 I23;2 I33;0 3I33;2 I13;1 I23;1 I13;3 I23;3 0

I13;2 I23;2 I13;4 I23;4 I33;2 3I33;4 I13;3 I23;3 I13;5 I23;5 0

I11;1 I12;1 I11;3 I12;3 I13;1 3I13;3 I11;2 I12;2 I11;4 I12;4 0

I12;1 I22;1 I12;3 I22;3 I23;1 3I23;3 I12;2 I22;2 I12;4 I22;4 0

I11;3 I12;3 I11;5 I12;5 I13;3 3I13;5 I11;4 I12;4 I11;6 I12;6 0

I12;3 I22;3 I12;5 I22;5 I23;3 3I23;5 I12;4 I22;4 I12;6 I22;6 0

I13;1 I23;1 I13;3 I23;3 I33;1 3I33;3 I13;2 I23;2 I13;4 I23;4 0

2
666666666666666666666664

3
777777777777777777777775

ðB:13Þ
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½A0�11�8¼

I14;0 I14;0 I14;2 I14;2 I14;1 I14;1 I14;3 I14;3

I24;0 I24;0 I24;2 I24;2 I24;1 I24;1 I24;3 I24;3

I14;2 I14;2 I14;4 I14;4 I14;3 I14;3 I14;5 I14;5

I24;2 I24;2 I24;4 I24;4 I24;3 I24;3 I24;5 I24;5

I34;0 I34;0 I34;2 I34;2 I34;1 I34;1 I34;3 I34;3

I34;2 I34;2 I34;4 I34;4 I34;3 I34;3 I34;5 I34;5

I14;1 I14;1 I14;3 I14;3 I14;2 I14;2 I14;4 I14;4

I24;1 I24;1 I24;3 I24;3 I24;2 I24;2 I24;4 I24;4

I14;3 I14;3 I14;5 I14;5 I14;4 I14;4 I14;6 I14;6

I24;3 I24;3 I24;5 I24;5 I24;4 I24;4 I24;6 I24;6

I34;1 I34;1 I34;3 I34;3 I34;2 I34;2 I34;4 I34;4

2
666666666666666664

3
777777777777777775

ðB:14Þ

½B0�4�11¼

I14;0 I24;0 I14;2 I24;2 I34;0 3I34;2 I14;1 I24;1 I14;3 I24;3 0
I14;2 I24;2 I14;4 I24;4 I34;2 3I34;4 I14;3 I24;3 I14;5 I24;5 0
I14;1 I24;1 I14;3 I24;3 I34;1 3I34;3 I14;2 I24;2 I14;4 I24;4 0
I14;3 I24;3 I14;5 I24;5 I34;3 3I34;5 I14;4 I24;4 I14;6 I24;6 0

2
6664

3
7775

ðB:15Þ

½B�4�8 ¼

I44;0 I44;0 I44;2 I44;2 I44;1 I44;1 I44;3 I44;3

I44;2 I44;2 I44;4 I44;4 I44;3 I44;3 I44;5 I44;5

I44;1 I44;1 I44;3 I44;3 I44;2 I44;2 I44;4 I44;4

I44;3 I44;3 I44;5 I44;5 I44;4 I44;4 I44;6 I44;6

2
6664

3
7775
ðB:16Þ

½D�4�7 ¼

I66;0 I66;0 3I66;2 0 2I66;1 I66;1 I66;3

I66;2 I66;2 3I66;4 0 2I66;3 I66;3 I66;5

I66;1 I66;1 3I66;3 0 2I66;2 I66;2 I66;4

I66;3 I66;3 3I66;5 0 2I66;4 I66;4 I66;6

2
6664

3
7775 ðB:17Þ

½D0�4�7 ¼

I56;0 I56;0 3I56;2 0 2I56;1 I56;1 I56;3

I56;2 I56;2 3I56;4 0 2I56;3 I56;3 I56;5

I56;1 I56;1 3I56;3 0 2I56;2 I56;2 I56;4

I56;3 I56;3 3I56;5 0 2I56;4 I56;4 I56;6

2
6664

3
7775 ðB:18Þ

½E0�4�7 ¼

I56;0 I56;0 3I56;2 0 2I56;1 I56;1 I56;3

I56;2 I56;2 3I56;4 0 2I56;3 I56;3 I56;5

I56;1 I56;1 3I56;3 0 2I56;2 I56;2 I56;4

I56;3 I56;3 3I56;5 0 2I56;4 I56;4 I56;6

2
6664

3
7775 ðB:19Þ

½E�4�7 ¼

I55;0 I55;0 3I55;2 0 2I55;1 I55;1 I55;3

I55;2 I55;2 3I55;4 0 2I55;3 I55;3 I55;5

I55;1 I55;1 3I55;3 0 2I55;2 I55;2 I55;4

I55;3 I55;3 3I55;5 0 2I55;4 I55;4 I55;6

2
6664

3
7775 ðB:20Þ

B.4. Model-4 ‘HOSNT10B’

½A�11�11 ¼

I11;0 I12;0 I11;2 I12;2 0 0 I11;1 I12;1 I11;3 I12;3 2I13;1

I12;0 I22;0 I12;2 I22;2 0 0 I12;1 I22;1 I12;3 I22;3 2I23;1

I11;2 I12;2 I11;4 I12;4 0 0 I11;3 I12;3 I11;5 I12;5 2I13;3

I12;2 I22;2 I12;4 I22;4 0 0 I12;3 I22;3 I12;5 I22;5 2I23;3

I13;0 I23;0 I13;2 I23;2 0 0 I13;1 I23;1 I13;3 I23;3 2I33;1

I13;2 I23;2 I13;4 I23;4 0 0 I13;3 I23;3 I13;5 I23;5 2I33;3

I11;1 I12;1 I11;3 I12;3 0 0 I11;2 I12;2 I11;4 I12;4 2I13;2

I12;1 I22;1 I12;3 I22;3 0 0 I12;2 I22;2 I12;4 I22;4 2I23;2

I11;3 I12;3 I11;5 I12;5 0 0 I11;4 I12;4 I11;6 I12;6 2I13;4

I12;3 I22;3 I12;5 I22;5 0 0 I12;4 I22;4 I12;6 I22;6 2I23;4

I13;1 I23;1 I13;3 I23;3 0 0 I13;2 I23;2 I13;4 I23;4 2I33;2

2
666666666666666666666666664

3
777777777777777777777777775

ðB:21Þ

½B�4�8¼

I44;0 I44;0 I44;2 I44;2 I44;1 I44;1 I44;3 I44;3

I44;2 I44;2 I44;4 I44;4 I44;3 I44;3 I44;5 I44;5

I44;1 I44;1 I44;3 I44;3 I44;2 I44;2 I44;4 I44;4

I44;3 I44;3 I44;5 I44;5 I44;4 I44;4 I44;6 I44;6

2
6664

3
7775 ðB:22Þ

½D�4�7 ¼

I66;0 I66;0 3I66;2 I66;2 2I66;1 0 0
I66;2 I66;2 3I66;4 I66;4 2I66;3 0 0
I66;1 I66;1 3I66;3 I66;3 2I66;2 0 0
I66;3 I66;3 3I66;5 I66;5 2I66;4 0 0

2
6664

3
7775 ðB:23Þ

½E�4�7 ¼

I55;0 I55;0 3I55;2 I55;2 2I55;1 0 0
I55;2 I55;2 3I55;4 I55;4 2I55;3 0 0
I55;1 I55;1 3I55;3 I55;3 2I55;2 0 0
I55;3 I55;3 3I55;5 I55;5 2I55;4 0 0

2
6664

3
7775 ðB:24Þ

B.5. Model-5 ‘HOSNT10M’

½A�11�11 ¼

I11;0 I12;0 I11;2 I12;2 I13;0 0 I11;1 I12;1 I11;3 I12;3 0
I12;0 I22;0 I12;2 I22;2 I23;0 0 I12;1 I22;1 I12;3 I22;3 0
I11;2 I12;2 I11;4 I12;4 I13;2 0 I11;3 I12;3 I11;5 I12;5 0
I12;2 I22;2 I12;4 I22;4 I23;2 0 I12;3 I22;3 I12;5 I22;5 0
I13;0 I23;0 I13;2 I23;2 I33;0 0 I13;1 I23;1 I13;3 I23;3 0
I13;2 I23;2 I13;4 I23;4 I33;2 0 I13;3 I23;3 I13;5 I23;5 0
I11;1 I12;1 I11;3 I12;3 I13;1 0 I11;2 I12;2 I11;4 I12;4 0
I12;1 I22;1 I12;3 I22;3 I23;1 0 I12;2 I22;2 I12;4 I22;4 0
I11;3 I12;3 I11;5 I12;5 I13;3 0 I11;4 I12;4 I11;6 I12;6 0
I12;3 I22;3 I12;5 I22;5 I23;3 0 I12;4 I22;4 I12;6 I22;6 0
I13;1 I23;1 I13;3 I23;3 I33;1 0 I13;2 I23;2 I13;4 I23;4 0

2
6666666666666666666664

3
7777777777777777777775

ðB:25Þ

½B�4�8¼

I44;0 I44;0 I44;2 I44;2 I44;1 I44;1 I44;3 I44;3

I44;2 I44;2 I44;4 I44;4 I44;3 I44;3 I44;5 I44;5

I44;1 I44;1 I44;3 I44;3 I44;2 I44;2 I44;4 I44;4

I44;3 I44;3 I44;5 I44;5 I44;4 I44;4 I44;6 I44;6

2
6664

3
7775 ðB:26Þ

½D�4�7 ¼

I66;0 I66;0 3I66;2 0 2I66;1 I66;1 0
I66;2 I66;2 3I66;4 0 2I66;3 I66;3 0
I66;1 I66;1 3I66;3 0 2I66;2 I66;2 0
I66;3 I66;3 3I66;5 0 2I66;4 I66;4 0

2
6664

3
7775 ðB:27Þ

½E�4�7 ¼

I55;0 I55;0 3I55;2 0 2I55;1 I55;1 0
I55;2 I55;2 3I55;4 0 2I55;3 I55;3 0
I55;1 I55;1 3I55;3 0 2I55;2 I55;2 0
I55;3 I55;3 3I55;5 0 2I55;4 I55;4 0

2
6664

3
7775 ðB:28Þ

B.6. Model-6 ‘HOST9’

½A�11�11 ¼

I11;0 I12;0 I11;2 I12;2 0 0 I11;1 I12;1 I11;3 I12;3 0
I12;0 I22;0 I12;2 I22;2 0 0 I12;1 I22;1 I12;3 I22;3 0
I11;2 I12;2 I11;4 I12;4 0 0 I11;3 I12;3 I11;5 I12;5 0
I12;2 I22;2 I12;4 I22;4 0 0 I12;3 I22;3 I12;5 I22;5 0
I13;0 I23;0 I13;2 I23;2 0 0 I13;1 I23;1 I13;3 I23;3 0
I13;2 I23;2 I13;4 I23;4 0 0 I13;3 I23;3 I13;5 I23;5 0
I11;1 I12;1 I11;3 I12;3 0 0 I11;2 I12;2 I11;4 I12;4 0
I12;1 I22;1 I12;3 I22;3 0 0 I12;2 I22;2 I12;4 I22;4 0
I11;3 I12;3 I11;5 I12;5 0 0 I11;4 I12;4 I11;6 I12;6 0
I12;3 I22;3 I12;5 I22;5 0 0 I12;4 I22;4 I12;6 I22;6 0
I13;1 I23;1 I13;3 I23;3 0 0 I13;2 I23;2 I13;4 I23;4 0

2
6666666666666666666664

3
7777777777777777777775

ðB:29Þ
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½B�4�8 ¼

I44;0 I44;0 I44;2 I44;2 I44;1 I44;1 I44;3 I44;3

I44;2 I44;2 I44;4 I44;4 I44;3 I44;3 I44;5 I44;5

I44;1 I44;1 I44;3 I44;3 I44;2 I44;2 I44;4 I44;4

I44;3 I44;3 I44;5 I44;5 I44;4 I44;4 I44;6 I44;6

2
6664

3
7775
ðB:30Þ

½D�4�7 ¼

I66;0 I66;0 3I66;2 0 2I66;1 0 0
I66;2 I66;2 3I66;4 0 2I66;3 0 0
I66;1 I66;1 3I66;3 0 2I66;2 0 0
I66;3 I66;3 3I66;5 0 2I66;4 0 0

2
6664

3
7775 ðB:31Þ

½E�4�7 ¼

I55;0 I55;0 3I55;2 0 2I55;1 0 0
I55;2 I55;2 3I55;4 0 2I55;3 0 0
I55;1 I55;1 3I55;3 0 2I55;2 0 0
I55;3 I55;3 3I55;5 0 2I55;4 0 0

2
6664

3
7775 ðB:32Þ

B.7. Model-7 ‘FOST’

Mx

My

Mxy

Nx

Ny

Nxy

Q x

Qy

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>;

8�1

¼

I11;1 I12;1 0 I11;2 I12;2 0 0 0
I12;1 I22;1 0 I12;2 I22;2 0 0 0

0 0 I33;1 0 0 I33;2 0 0
I11;0 I12;0 0 I11;1 I12;1 0 0 0
I12;0 I22;0 0 I12;1 I22;1 0 0 0

0 0 I33;0 0 0 I33;1 0 0
0 0 0 0 0 0 ksI33;0 0
0 0 0 0 0 0 0 ksI33;0

2
66666666666664

3
77777777777775

8�8

@uo
@x
@vo
@y

@uo
@y þ

@vo
@x

@hx
@x
@hy

@y

@hx
@y þ

@hy

@x

hxþ @wo
@x

hyþ @wo
@y

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>;

8�1

ðB:33Þ

where ks = Shear correction factor.

B.8. Model-8 ‘CPT’

Mx

My

Mxy

Nx

Ny

Nxy

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

6�1

¼

I11;1 I12;1 0 I11;2 I12;2 0
I12;1 I22;1 0 I12;2 I22;2 0

0 0 I33;1 0 0 I33;2

I11;0 I12;0 0 I11;1 I12;1 0
I12;0 I22;0 0 I12;1 I22;1 0

0 0 I33;0 0 0 I33;1

2
666666664

3
777777775

6�6

@uo
@x
@vo
@y

@uo
@y þ

@vo
@x

� @2wo
@x2

� @2wo
@y2

�2 @2wo
@x@y

8>>>>>>>>>>>><
>>>>>>>>>>>>:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

6�1

ðB:34Þ

in which,

Iij;k ¼
Z þh=2

�h=2
Q ijz

kdz ðB:35Þ

As structural reference axes (x,y,z) of the FG plate coincide with the
principal material axes (1,2,3) of the FG plate, thus;

Q 11 ¼ C11;Q 12 ¼ C12;Q 13 ¼ C13;Q22 ¼ C22;Q 23 ¼ C23

Q 33 ¼ C33;Q 44 ¼ C44;Q 55 ¼ C55;Q66 ¼ C66

Q 14 ¼ Q 24 ¼ Q34 ¼ Q56 ¼ 0
ðB:36Þ

Appendix C. Elements of coefficient matrix [X] in Eq. (14) for
various displacement models

See Tables C1–C8.

Appendix D. Elements of mass matrix [M] in Eq. (14) for various
displacement models

See Tables D1–D8.
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