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Free vibration analysis of functionally graded elastic, rectangular, and simply supported

(diaphragm) plates is presented based on a higher-order shear and normal deformation theory

(HOSNT). Although functionally graded materials (FGMs) are highly heterogeneous in nature,

they are generally idealized as continua with mechanical properties changing smoothly with
respect to the spatial coordinates. The material properties of functionally graded (FG) plates

are assumed here to be varying through the thickness of the plate in a continuous manner.

The Poisson ratios of the FG plates are assumed to be constant, but their Young's modulii

and densities vary continuously in the thickness direction according to the volume fraction
of constituents which is mathematically modeled as a power law function. The equations of

motion are derived using Hamilton's principle for the FG plates on the basis of a HOSNT

assuming varying material properties. Numerical solutions are obtained by the use of Navier

solution method. The accuracy of the numerical solutions is ¯rst established through com-
parison with the exact three-dimensional (3D) elasticity solutions and the present solutions are

then compared with available solutions of other models.
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1. Introduction

Functionally graded materials (FGMs) are recently developed advanced composite

materials which have potential for wide use in various engineering appliances such

as nuclear reactors and high-speed spacecrafts. FGMs are inhomogeneous materials

in which the mechanical properties such as Young's modulus of elasticity, Poisson's

ratio, shear modulus of elasticity, material density, etc. vary smoothly and con-

tinuously in preferred directions. FGMs consisting of metallic and ceramic com-

ponents are well known to improve the properties of thermal-barrier systems. This

is because, cracking or de-lamination, which are often observed in conventional

multi-layer systems are avoided due to the smooth transition between the properties

of the components. A combination of ceramic and metal is used to make FGMs. The

analysis of FGMs has been considered by many researchers in recent years due to

the potential of the applications of such materials.

The concept of FGMs was proposed by the Japanese scientists1 in early nineties.

Pagano,2,3 Srinivas and Rao4 and Srinivas et al.5 developed the exact solutions of

simply supported laminated plates by using three-dimensional (3D) elasticity theory.

Their benchmark solutions have proved to be very useful in assessing 2D approxi-

mate plate theories by di®erent researchers (see Refs. 6�8). Their methods are valid

for laminated plates and shells, where the material properties are piecewise constant,

but not applicable for ¯nding solutions of plate problems with continuous in-

homogeneity of material properties such as FGMs. Suresh and Mortensen9 provided

an excellent introduction to the fundamentals of FGMs. Intensive studies have been

done to analyze the mechanical, thermal and dynamic responses of functionally

graded (FG) beams, plates and shells. Tanigawa10 presented a broad review of the

works on FG structures. Praveen and Reddy11 reported the response of FG ceramic

metal plates using a plate ¯nite element formulation. Static behavior of FG rec-

tangular plates based on a third-order shear deformation theory (TSDT) is done by

Reddy12 to show the e®ects of the material distribution on the de°ection and stresses.

Javaheri and Eslami13,14 presented the mechanical and thermal buckling of rec-

tangular FG plates based on the classical and high-order plate theories. Cheng

and Batra15�17 have derived ¯eld equations for a FG plate and further these

equations are simpli¯ed for a simply supported polygonal plate. They established

an exact relationship between the de°ection of a simply supported FG polygonal

plate given by the ¯rst-order shear deformation theory (FOST) and TSDT to that

of an equivalent homogeneous Kirchho® plate. They used an asymptotic expansion

method for the analysis of 3D thermo-mechanical deformations of FG elliptic plates,

rigidly clamped at all the edges with material properties having power-law depen-

dence on the thickness coordinate. In addition, they have also presented the results

for the buckling and steady-state vibrations of a simply supported functionally

graded polygonal plate based on TSDT. Vel and Batra18 used the classical plate

theory (CPT), FOST and TSDT approximations, for the displacement ¯elds for

a simply supported plate assuming trigonometric variation of each displacement

components and derived an algebraic equation for the frequencies. The assumed

forms of displacements satisfy boundary conditions for only simply supported edge
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conditions. Carrera and Brischetto19 deduced advanced theories for bending analysis

of FG plates using the Reissner mixed variational approach. Other recent studies

on the 2D models of FG plates may be found in Della Croce et al.,20 GhannadPour

et al.,21 Nguyen et al.,22 and Matsunaga.23 Shahrjerdi et al.24 have studied the free

vibration of rectangular simply supported FG plates using second-order shear

deformation theory (SSDT). Kumar et al.25 have carried out the free vibration

analysis of FG plates using higher-order theory without enforcing zero transverse

shear stress conditions on the top and bottom surfaces of the plate using higher-order

displacement model. Benachour et al.26 have evaluated the natural frequency of

plates made of FG materials by using a four variable re¯ned plate theory with an

arbitrary gradient considering only the four number of unknown functions taking

account of transverse shear e®ects and parabolic distribution of the transverse

shear strains through the thickness of the plate. Free vibration analysis of FG and

composite sandwich plates are carried out by Xiang et al.27 using a displacement

model consisting n-order polynomial satisfying zero transverse shear stress boundary

conditions at the top and bottom of the plate. Neves et al.28,29 have developed the

quasi-3D sinusoidal and hyperbolic shear deformation theories for the bending and

free vibration analysis of FG plate accounting through thickness deformations. For

inhomogeneous plates, several 3D solutions are also available but most of these works

are for laminated plates consisting of homogeneous laminate layers (see Refs. 4, 5

and 30). 3D analytical solutions for FG plates are very useful since they provide

benchmark results to assess the accuracy of various 2D plate theories. Main and

Spencer31 constituted a class of exact 3D solutions for FG plates with traction-free

surfaces. An asymptotic 3D theory of thermo-mechanical deformations of FG rec-

tangular plates was developed by Reddy and Cheng.32 Batra and Vel33 presented a

3D solution for the cylindrical bending vibration of simply supported FG thick plates

using displacement ¯elds that identically satisfy boundary conditions to reduce the

governing equations to a set of coupled ordinary di®erential equations. The obtained

set of ODEs with variable coe±cients is then solved by the power series method. The

thermal stresses in a ceramic�metal plate subjected to through-thickness heat °ow

using the Mori�Tanaka scheme and the classical laminated plate theory were

examined by Tsukamoto.34 Kashtalyan35 obtained a 3D elasticity solution for a FG

simply supported plates using the Plevako36 general solution methodology for the

equilibrium equations of inhomogeneous isotropic media.

In the present article, free vibration analysis of simply supported (diaphragm) FG

plates has been carried out using a higher-order shear and normal deformation theory

(HOSNT). Hamilton's principle is used to obtain the governing equations of motion

for the free vibration of FG plates. The Navier solution method is used as the solution

technique for the free vibration problem of FG plate. The material properties are

considered to vary in the thickness direction according to power law distribution of

constituent volume fraction. The objective of present study is to study the in°uence

of the higher-order terms in the shear deformation theories of FG plate on its natural

frequencies. The e®ect of constituent volume fraction (material grading) of FGMs on

free vibration of FG plates is also captured. Natural frequencies evaluated by the
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present theory are presented in this article. These results are validated ¯rst with 3D

elasticity solutions and compared with the other models' solutions that are available

in the literature.

2. Problem Description and Governing Equations

A linearly-elastic square/rectangular simply supported (diaphragm) FG plate of

uniform thickness h is considered as shown in Fig. 1.

A higher-order re¯ned theory for the free vibration analysis of geometrically

thick FG plates is presented considering the e®ects of both the transverse shear and

normal strain/stress and the complete material constitutive relation. The theory

de¯nes a displacement ¯eld in which the in-plane and out-of-plane displacements are

nonlinear cubic variations through the plate thickness coordinate. The material

properties of the FG plate are assumed to be graded in the thickness direction and

the volume fractions of its constituent materials, i.e. ceramic and metal are assumed

to follow the power law distribution11 in the thickness direction, expressed as:

Vc ¼
z

h
þ 1

2

� �
k

; Vm ¼ 1� Vc: ð1Þ

Here subscripts, m and c indicate the metal and ceramic constituents of FGM,

respectively; z represents the thickness coordinate ð�h=2 � z � h=2Þ, and k is the

material gradient index (k � 0). The variation of the composition of ceramic and

metal is linear for k ¼ 1. The value of k equal to zero represents a fully ceramic plate.

The variation of the ceramic volume fraction function Vc versus nondimensional

thickness of plate z=h with di®erent material gradient index k is plotted in Fig. 2.

The mechanical properties of FGM are determined from the volume fraction of

the material constituents. The Young's modulus, E and density of material, � are

Fig. 1. Geometry of FG plate with positive set of reference axes and its displacement components.
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assumed to vary in the thickness direction based on the Voigt's rule over the whole

range of the volume fraction.11 The Poisson' ratio, � is assumed to be constant across

the plate thickness. The e®ective material properties of FGM with two constituents

can be expressed as:

EðzÞ ¼EcVc þ EmVm ¼ Em þ ðEc � EmÞ
z

h
þ 1

2

� �
k

¼Eb þ ðEt � EbÞ
z

h
þ 1

2

� �
k

; ð2aÞ

�ðzÞ ¼ �cVc þ �mVm ¼ �m þ ð�c � �mÞ
z

h
þ 1

2

� �
k

¼ �b þ ð�t � �bÞ
z

h
þ 1

2

� �
k

: ð2bÞ

Here subscripts b and t refer to the bottom ðz ¼ �h=2Þ and top ðz ¼ þh=2Þ
surfaces of FG plate. It is clear from the assumed variation expression that the

bottom surface of the FG plate is metal rich and the top is ceramic rich in

constituents.

2.1. Displacement-¯eld

The displacement model assumed here as theoretical basis is based on a higher-order

re¯ned theory (see Refs. 37�40) and is re-stated as follows:

uðx; y; zÞ ¼ uoðx; yÞ þ z�xðx; yÞ þ z2u�
oðx; yÞ þ z3��

xðx; yÞ;
vðx; y; zÞ ¼ voðx; yÞ þ z�yðx; yÞ þ z2v�

oðx; yÞ þ z3��
yðx; yÞ;

wðx; y; zÞ ¼ woðx; yÞ þ z�zðx; yÞ þ z2w�
oðx; yÞ þ z3��

zðx; yÞ:
ð3Þ

0
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V
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Fig. 2. Variation of ceramic volume fraction with respect to nondimensional thickness of plate with

di®erent power index k.
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This model is named as HOSNT12 as it has twelve middle surface parameters giving

rise to nonvanishing transverse normal strain term varying quadratically through

the thickness. In the above relations, the terms u, v and w are the displacements

of a general point (x, y, z) in the laminate domain in the x, y and z directions,

respectively. The parameters uo, vo are the in-plane tangential displacements and wo

is the transverse displacement of a point (x, y) on the middle surface. The functions

�x; �y are rotations of the normals to the middle surface about y and x axes,

respectively. The parameters u�
o; v

�
o;w

�
o; �

�
x; �

�
y; �

�
z and �z are the higher-order terms

in the Taylor's series expansion and they represent higher-order transverse cross-

sectional deformation modes.

2.2. Strain�displacement relations

The general linear strain�displacement relations41 at any point within a plate are:

"x ¼ @u

@x
; "y ¼

@v

@y
; �xy ¼

@u

@y
þ @v

@x
; "z ¼

@w

@z
;

�yz ¼
@v

@z
þ @w

@y
; �xz ¼

@u

@z
þ @w

@x
:

ð4Þ

The six quantities: three elongations ð"x; "y; "zÞ in three perpendicular directions

and three shear strains ð�xy; �yz; �xzÞ related to the three orthogonal planes are

called components of strain at a point. The strain expressions at a point P(x; y; z)

corresponding to HOSNT12 given by Eq. (3) can be written as below. The strain

vector "z is split into two parts, " z
MB and " z

S . The former corresponds to membrane-

bending part while the latter corresponds to transverse shear part. A superscript z

signi¯es that the parameters are de¯ned at a general point P located at a distance z

from the reference surface of FG plate.

" z
MB ¼

"x

"y

"z

�xy

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

z

¼

"xo

"yo

"zo

"xyo

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

þ z

�x

�y

��
z

�xy

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

þ z2

" �
xo

"�yo

"�zo

"�xyo

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

þ z3

��
x

� �
y

0

� �
xy

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

¼ "o þ z����þ z2"�
o þ z3�����; ð5aÞ

" z
S ¼ �yz

�xz

� �z

¼ �y

�x

� �
þ z

�yz

�xz

� �
þ z2

��
y

��
x

� �
þ z3

� �
yz

��
xz

� �

¼ 'o þ z����x þ z2'�
o þ z3���� �

x; ð5bÞ
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where,

ð"xo; "yo; "xyoÞ ¼ @uo

@x
;
@vo
@y

;
@uo

@y
þ @vo

@x

� �
;

ð"�xo; "�yo; "�xyoÞ ¼ @u�
o

@x
;
@v�

o

@y
;
@u�

o

@y
þ @v�

o

@x

� �
;

ð"zo; "�zoÞ ¼ ð�z; 3��
zÞ;

ð�xz; �yzÞ ¼ 2u�
o þ

@�z
@x

; 2v�
o þ

@�z
@y

� �
;

ð� �
xz; �

�
yzÞ ¼ @��

z

@x
;
@��

z

@y

� �
;

ð�x; �y; �
�
z; �xyÞ ¼ @�x

@x
;
@�y
@y

; 2w �
o;
@�x
@y

þ @�y
@x

� �
;

ð� �
x; �

�
y; �

�
xyÞ ¼ @��

x

@x
;
@��

y

@y
;
@��

x

@y
þ @��

y

@x

� �
;

ð’x; ’
�
x; ’y; ’

�
yÞ ¼ �x þ

@wo

@x
; 3� �

x þ
@w�

o

@x
; �y þ

@wo

@y
; 3��

y þ
@w�

o

@y

� �
:

ð6Þ

2.3. Stress-strain relations

A FG plate is modeled as an inhomogeneous plate. The material is assumed to be

isotropic/orthotropic with varying material properties along plate thickness direc-

tion. From linear elasticity theory, the generalized Hooke's law for an orthotropic

material can be written as,

¾ 0
i ¼ CijðzÞ" 0

j; i; j ¼ 1 to 6: ð7Þ
Here ¾ 0

i ¼ ð�1; �2; �3; �12; �23; �13Þ t is the stress vector, CijðzÞ is the plate's sti®ness

matrix and " 0
j ¼ ð"1; "1; "1; �12; �23; �13Þ t is the engineering strain vector of the

material at a distance z from the middle surface with reference to the principal

material axes (1, 2, 3). It is assumed here that the structural reference axes (x; y; z)

coincide with the principal material axes (1, 2, 3). For an orthotropic FG plate in a

3D state of stress/strain, the constitutive relations given by Eq. (7) can be written in

expanded form as follows8:

�1

�2

�3

�12
�23
�13

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

z

¼

C11 C12 C13 0 0 0

C12 C22 C23 0 0 0

C13 C23 C33 0 0 0

0 0 0 C44 0 0

0 0 0 0 C55 0

0 0 0 0 0 C66

2
66666664

3
77777775

z
"1
"2
"3
�12
�23
�13

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

z

ð8Þ
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in which,

C11 ¼
E1ð1� �23�32Þ

�
; C12 ¼

E1ð�21 þ �31�23Þ
�

¼ C21;

C22 ¼
E2ð1� �13�31Þ

�
; C13 ¼

E1ð�31 þ �21�32Þ
�

¼ C31;

C33 ¼
E3ð1� �12�21Þ

�
; C23 ¼

E2ð�32 þ �12�31Þ
�

¼ C32;

C44 ¼ G12; C55 ¼ G23; C66 ¼ G13;

� ¼ ð1� �12�21 � �23�32 � �31�13 � 2�12�23�31Þ:

ð9Þ

Here, E1;E2;E3 are the Young's modulii and G12;G23;G13 are the shear modulii for

an orthotropic plate in the three orthogonal planes. �ij is Poisson's ratio giving the

strain in the jth direction caused by a strain in the ith direction.

2.4. Equations of motion and natural boundary conditions

The governing equations of motion appropriate for the chosen displacement ¯eld,

Eq. (3), can be derived using the Hamilton's principle42 and represented as:

	uo :
@Nx

@x
þ @Nxy

@y
¼ �1u

::
o þ �2

€�x þ �3u
::�
o þ �4

€�
�
x;

	vo :
@Ny

@y
þ @Nxy

@x
¼ �1v

::
o þ �2

€�y þ �3v
::�
o þ �4

€�
�
y;

	wo :
@Qx

@x
þ @Qy

@y
¼ �1w

::
o þ �2

€�z þ �3w
:: �
o þ �4

€�
�
z;

	�x :
@Mx

@x
þ @Mxy

@y
�Qx ¼ �2u

::
o þ �3

€�x þ �4u
::�
o þ �5

€�
�
x;

	�y :
@My

@y
þ @Mxy

@x
�Qy ¼ �2v

::
o þ �3

€�y þ �4v
::�
o þ �5

€�
�
y;

	�z :
@Sx

@x
þ @Sy

@y
�Nz ¼ �2w

::
o þ �3

€�z þ �4w
:: �
o þ �5

€�
�
z;

	u�
o :

@N �
x

@x
þ @N �

xy

@y
� 2Sx ¼ �3u

::
o þ �4

€�x þ �5u
::�
o þ �6

€�
�
x;

	v�
o :

@N �
y

@y
þ @N �

xy

@x
� 2Sy ¼ �3v

::
o þ �4

€�y þ �5v
::�
o þ �6

€�
�
y;

	w�
o :

@Q�
x

@x
þ @Q�

y

@y
� 2M �

z ¼ �3w
::
o þ �4

€�z þ �5w
:: �
o þ �6

€�
�
z;

	��
x :

@M �
x

@x
þ @M �

xy

@y
� 3Q�

x ¼ �4u
::
o þ �5

€�x þ �6u
::�
o þ �7

€�
�
x;

	��
y :

@M �
y

@y
þ @M �

xy

@x
� 3Q�

y ¼ �4v
::
o þ �5

€�y þ �6v
::�
o þ �7

€�
�
y;

	��
z :

@S �
x

@x
þ @S �

y

@y
� 3N �

z ¼ �4w
::
o þ �5

€�z þ �6w
:: �
o þ �7

€�
�
z:

ð10Þ
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The inertia terms are de¯ned as

�1;�2;�3;�4;�5;�6;�7 ¼
Z h=2

�h=2

�ð1; z; z2; z3; z4; z5; z6Þdz: ð11Þ

and the boundary conditions are on the edge x ¼ constant,

uo ¼ �uo or Nx ¼ �Nx; vo ¼ �vo or Nxy ¼ �Nxy;

wo ¼ �wo or Qx ¼ �Qx; �x ¼ ��x or Mx ¼ �Mx;

�y ¼ ��y or Mxy ¼ �Mxy; �z ¼ ��z or Sx ¼ �Sx;

u�
o ¼ �u �

o or N �
x ¼ �N

�
x; v�

o ¼ �v �
o or N �

xy ¼ �N
�
xy;

w�
o ¼ �w �

o or Q�
x ¼ �Q

�
x; ��

x ¼ ��
�
x or M �

x ¼ �M
�
x;

��
y ¼ ��

�
y or M �

xy ¼ �M
�
xy; ��

x ¼ ��
�
x or S �

x ¼ �S
�
x

ð12Þ

on the edge y ¼ constant,

uo ¼ �uo or Nxy ¼ �Nxy; vo ¼ �vo or Ny ¼ �Ny;

wo ¼ �wo or Qy ¼ �Qy; �x ¼ ��x or Mxy ¼ �Mxy;

�y ¼ ��y or My ¼ �M y; �z ¼ ��z or Sy ¼ �Sy;

u�
o ¼ �u �

o or N �
xy ¼ �N

�
xy; v�

o ¼ �v �
o or N �

y ¼ �N
�
y;

w�
o ¼ �w �

o or Q�
y ¼ �Q

�
y; ��

x ¼ ��
�
x or M �

xy ¼ �M
�
xy;

��
y ¼ ��

�
y or M �

y ¼ �M
�
y; ��

z ¼ ��
�
z or S �

y ¼ �S
�
y:

ð13Þ

2.5. Relationship between stress-resultants and middle surface

displacements

The force and moment resultants of FG plate are given by

Mx M �
x

My M �
y

M �
z 0

Mxy M �
xy

2
6664

3
7775 ¼

Z h=2

�h=2

�x

�y

�z

�xy

8>><
>>:

9>>=
>>;
½ z z3 �dz; Qx Q�

x

Qy Q�
y

� �
¼

Z h=2

�h=2

�xz
�yz

� �
½ 1 z2 �dz;

Nx N �
x

Ny N �
y

Nz N �
z

Nxy N �
xy

2
6664

3
7775 ¼

Z h=2

�h=2

�x

�y

�z

�xy

8>><
>>:

9>>=
>>;
½ 1 z2 �dz; Sx S �

x

Sy S �
y

� �
¼

Z h=2

�h=2

�xz
�yz

� �
½ z z3 �dz:

ð14Þ

Free Vibration of FG Plates with HOSNT
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In the terms of displacements, we obtain

Nx

Ny

N �
x

N �
y

Nz

N �
z

Mx

My

M �
x

M �
y

M �
z

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>;

¼ ½A�

@uo

@x

@vo
@y

@u�
o

@x

@v�
o

@y

�z
��
z

@�x
@x

@�y
@y

@��
x

@x

@��
y

@y

w�
o

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

þ ½A 0�

@uo

@y

@vo
@x

@u�
o

@y

@v�
o

@x

@�x
@y

@�y
@x

@��
x

@y

@��
y

@x

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

;

Nxy

N �
xy

Mxy

M �
xy

8>>><
>>>:

9>>>=
>>>;

¼ ½B 0�

@uo

@x

@vo
@y

@u�
o

@x

@v�
o

@y

�z
��
z

@�x
@x

@�y
@y

@��
x

@x

@��
y

@y

w�
o

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

þ ½B�

@uo

@y

@vo
@x

@u�
o

@y

@v�
o

@x

@�x
@y

@�y
@x

@��
x

@y

@��
y

@x

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

;

Qx

Q�
x

Sx

S �
x

8>>><
>>>:

9>>>=
>>>;

¼ ½D�

�x
@wo

@x

��
x

@w�
o

@x

u�
o

@�z
@x

@��
z

@x

8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>;

þ D 0½ �

�y
@wo

@y

��
y

@w�
o

@y

v�
o

@�z
@y

@��
z

@y

8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>;

;

Qy

Q�
y

Sy

S �
y

8>>><
>>>:

9>>>=
>>>;

¼ E 0½ �

�x
@wo

@x

��
x

@w�
o

@x

u�
o

@�z
@x

@��
z

@x

8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>;

þ E½ �

�y
@wo

@y

��
y

@w�
o

@y

v�
o

@�z
@y

@��
z

@y

8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>;

: ð15Þ

The matrices [A], [A 0], [B], [B 0], [D], [D 0], [E], [E 0] are the sub matrices of plate

rigidity matrix, and their elements are de¯ned in Appendix A.

3. Analytical Solution

Among all the analytical methods available the Navier solution technique is very

simple and easy to use when the plate is of rectangular geometry (side dimensions

¼ a and b, thickness ¼ h) with simply supported (diaphragm) edge conditions. This

D. K. Jha, T. Kant & R. K. Singh
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method of solution for Kirchho® plate problems of rectangular geometry is well

documented.8

3.1. Solution technique

Navier solution technique using the double Fourier series is described in this

section. The boundary conditions for the simply supported (diaphragm) FG plate

are:

At edges x ¼ 0 and x ¼ a:

vo ¼ 0; wo ¼ 0; �y ¼ 0; �z ¼ 0; Mx ¼ 0; Nx ¼ 0;

v�
o ¼ 0; w�

o ¼ 0; ��
y ¼ 0; ��

z ¼ 0; M �
x ¼ 0; N �

x ¼ 0:
ð16Þ

At edges y ¼ 0 and y ¼ b:

uo ¼ 0; wo ¼ 0; �x ¼ 0; �z ¼ 0; My ¼ 0; Ny ¼ 0;

u�
o ¼ 0; w �

o ¼ 0; ��
x ¼ 0; ��

z ¼ 0; M �
y ¼ 0; N �

y ¼ 0:
ð17Þ

The generalized displacement ¯eld, to satisfy the above boundary conditions, is

expanded in double Fourier series as:

uo ¼
X1
m¼1

X1
n¼1

uomn
cos
mx sin �nye

�i!
mn

t ; u�
o ¼

X1
m¼1

X1
n¼1

u�
omn

cos
mx sin �nye
�i!

mn
t ;

vo ¼
X1
m¼1

X1
n¼1

vomn
sin
mx cos �ny e

�i!
mn

t ; v�
o ¼

X1
m¼1

X1
n¼1

v�
omn

sin
mx cos �ny e
�i!

mn
t ;

wo ¼
X1
m¼1

X1
n¼1

womn
sin
mx sin �ny e

�i!
mn

t ; w �
o ¼

X1
m¼1

X1
n¼1

w�
omn

sin
mx sin �ny e
�i!

mn
t ;

�x ¼
X1
m¼1

X1
n¼1

�xmn
cos
mx sin �ny e

�i!
mn

t ; ��
x ¼

X1
m¼1

X1
n¼1

��
xmn

cos
mx sin �ny e
�i!

mn
t ;

�y ¼
X1
m¼1

X1
n¼1

�ymn
sin
mx cos �ny e

�i!
mn

t ; ��
y ¼

X1
m¼1

X1
n¼1

��
ymn

sin
mx cos �ny e
�i!

mn
t ;

�z ¼
X1
m¼1

X1
n¼1

�zmn
sin
mx sin �ny e

�i!
mn

t ; ��
z ¼

X1
m¼1

X1
n¼1

��
zmn

sin
mx sin �ny e
�i!

mn
t ;

ð18Þ

where, 
m ¼ m�=a, and �n ¼ n�=b in which m;n ¼ 1; 2; 3; . . ..

Using the above generalized displacement ¯eld and following the standard steps

for collecting the coe±cients of the twelve displacement degrees of freedom in a

Free Vibration of FG Plates with HOSNT
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(12� 12) system of simultaneous equations we obtain the following eigenvalue

problem for any ¯xed values of m and n:

ð½X�12�12 � !2
mn½M�12�12Þ

uomn

vomn

womn

�xmn

�ymn

�zmn

u�
omn

v�
omn

w�
omn

��
xmn

��
ymn

��
zmn

8>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>;

12�1

¼ f0g: ð19Þ

Here, [X] is the sti®ness coe±cient matrix whose elements are presented in

Appendix B. [M] is the mass matrix, whose elements are provided in Appendix C.

!mn is the circular natural frequency of vibration of the system associated with mth

mode in x-direction and nth mode in y-direction. uomn
; vomn

;womn
; �xmn

; �ymn
; �zmn

;u�
omn

;

v�
omn

;w �
omn

; ��
xmn

; ��
ymn

, and ��
zmn

are the unknown coe±cients. The above eigenvalue

problem can be solved for the various eigenvalues and associated eigenvectors. To

obtain nontrivial solution, we must set j½X� � !2
mn½M�j ¼ 0. The real positive roots of

Eq. (19) yield the square of the circular natural frequency !mn corresponding to

vibration modes (m, n). The lowest eigenvalue gives the square of the fundamental

natural frequency of vibration of FG plate.

4. Numerical Examples

The present higher-order shear and normal deformation theory (HOSNT12) has

been used to analyze the free vibration of simply supported (diaphragm) FG plates

for di®erent aspect ratios. The material properties are assumed to be graded in the

thickness direction as a power law model. A computer program is developed in

MATLAB 7.0 based on the theoretical formulation described earlier for the free

vibration analysis of FG plates. The parallel modules are also developed for the free

vibration analysis of isotropic and orthotropic plates. The natural frequencies for the

simply supported (diaphragm) isotropic, orthotropic and FG plates are evaluated

using the developed codes. In order to validate the accuracy, the numerical results

using present model (HOSNT12) are compared with the other models' solutions, viz.

CPT, FOST, SSDT, TSDT, re¯ned plate theory (RPT) and the exact 3D elasticity

solutions available in the literature. The comparisons of the results are presented in

tabular form. The errors in the solutions are computed as follows:

% Error ¼ Value obtained by a theory

Corresponding value by exact solution
� 1

� �
� 100:

D. K. Jha, T. Kant & R. K. Singh
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The following material properties are used in the analysis:

Isotropic Plates:

E ¼ 1Gpa; G ¼ ½E=2ð1þ �Þ�; � ¼ 0:3:

Non-dimensional frequency, !̂mn ¼ !mnh
ffiffiffiffiffiffiffiffiffi
�=G

p
.

Orthotropic Plates:

Q11 ¼ 160GPa, E2=E1 ¼ 0:5250, G12=E1 ¼ 0:2629, G13=E1 ¼ 0:1599, G23=E1 ¼
0:2688, �12 ¼ 0:4405, �21 ¼ 0:2312.

Non-dimensional frequency,!mn ¼ !mnh
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�=Q11

p
.

FG Plates:

Metal (Aluminum): Em ¼ 70Gpa, � ¼ 0:3, �m ¼ 2707 kg/m3

Ceramic (Zirconia): Ec ¼ 151Gpa, � ¼ 0:3, �c ¼ 3000 kg/m3

Non-dimensional frequency, ~!mn ¼ !mnh
ffiffiffiffiffiffiffiffiffiffiffiffi
�c=Gc

p
.

Natural frequencies (bending frequencies predominantly) using HOSNT12 for

isotropic and orthotropic square plates are tabulated in Tables 1 and 2, respectively.

The tables also show the 3D elasticity solutions,4 solutions by Reddy's theory43,44

named as TSDT, Mindlin's theory which is FOST, CPT taking into account rotary

inertias, results using the displacement model considered by Senthilnathan et al.45

and results of RPT.46 Present results are obtained using same values of m and n as

those used for obtaining results using 3D elasticity exact theory.4

The HOSNT12 has been used to evaluate the fundamental natural frequency of

simply supported (diaphragm) FG plates for di®erent values of aspect ratios (b=a).

The exact values of nondimensional natural frequencies of simply supported (dia-

phragm) isotropic plates using 3D elasticity theory are available for b=a ¼ 1 and

a=h ¼ 10 in Ref. 4. The exact value of the same is available for b=a ¼ ffiffiffi
2

p
and

a=h ¼ 10 in Ref. 47. The nondimensional natural frequencies of simply supported

(diaphragm) isotropic plates are available using CPT without and with rotary

inertia (CPT1 and CPT2), FOST, TSDT in various references. A comparison

between these results and the presented results (HOSNT12) is shown in Table 3. The

comparison shows that the presented results are much closed to the 3D elasticity

solutions. The in°uence of constituents volume fraction on the natural frequencies

of FG plate is studied by varying the value of material gradient index, k. As can be

seen from the presented results, the natural frequencies decreased with increasing the

value of power index, k. The natural frequencies of rectangular plate with b ¼ ffiffiffi
2

p
a

are smaller than the other one, b ¼ a.

The nondimensional fundamental natural frequency of square and rectangular

FG plates is presented in Table 4 for di®erent side-to-thickness (a=h) ratios using

HOSNT12. In order to obtain the frequencies of simply supported (diaphragm) FG

plates with various aspect ratio (b=a), thickness ratio (a=h) and material gradient

index (k), a separate formulation for FOST and associated computer program has

also been developed. The results of FOST considering the shear correction factor

are also provided in Table 4. This has especially been done in order to compare the

HOSNT12 results with FOST results for FG plates. The results show that for a=h

more than 10, i.e. thin plates, FOST and HOSNT12 results are very closed. But, for

Free Vibration of FG Plates with HOSNT
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thick plates, i.e. a=h less than 10, the natural frequencies by HOSNT12 and FOST

are di®erent. The e®ectiveness of HOSNT12 can be easily observed by the presented

results for thick FG plates.

The nondimensional fundamental natural frequency of simply supported (dia-

phragm) FG plates against material gradient index, k for various side-to-thickness

ratio, a=h and for b=a ¼ 1 and
ffiffiffi
2

p
are plotted in Figs. 3 and 4 based on HOSNT12.

The fundamental natural frequency decreases signi¯cantly with increase of the metal

percentage of FGM. It is basically due to the fact that the Young's modulus of

ceramic is higher than metal. It is worth noting that, as a=h increases, the natural

frequencies decreases because of the decrease in sti®ness of the plate. Also, when the

ratio a=h is small (thicker plates), the di®erence between the results of HOSNT12

and FOST results are more.

0

0.2

0.4

0.6

0.8

1

1.2

1.4

2 4 6 8 10

a/h

k-0

k=0.1

k=0.5

k=1

k=2

k=10

k=100

(a)

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

10 20 30 40 50 60 70 80 90 100

a/h

k-0

k=0.1

k=0.5

k=1

k=2

k=10

k=100

(b)

Fig. 4. Nondimensional fundamental natural frequency ~!mnðm ¼ n ¼ 1Þ of simply supported (diaphragm)

FG rectangular plates ðb ¼ p
2aÞ as a function of side-to-thickness ratio (a=h) for di®erent \k" using

HOSNT12. (a) for a=h ¼ 2 to 10; (b) for a=h ¼ 10 to 100.
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Fig. 3. Nondimensional fundamental natural frequency ~!mnðm ¼ n ¼ 1Þ of simply supported (diaphragm)

FG square plates (b ¼ a) as a function of side-to thickness ratio (a=h) for di®erent \k" using HOSNT12.

(a) for a=h ¼ 2 to 10; (b) for a=h ¼ 10 to 100.
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There is one another kind of nondimensionalization of natural frequency available

in the literature (Refs. 24�27). The nondimensional frequency in these references is

de¯ned as ~~!mn ¼ ð!mna
2=hÞ ffiffiffiffiffiffiffiffiffiffiffiffi

�c=Ec

p
. This kind of nondimensional fundamental

natural frequency, ~~!mnðm ¼ n ¼ 1Þ is evaluated using HOSNT12 for various k, a=h

and b=a, and is presented in Table 5.

It can be clearly seen from the presented results that this nondimensional fre-

quency also decreases with the increase of material gradient index (k). Here, it is

interesting to note that this nondimensional frequency increases with the increase of

thickness ratio (a=h) of the plate. This is because of the fact that thickness ratio

(a=h) term is getting multiplied into the nondimensional frequency parameter.

In Table 6, nondimensional frequency parameter ~~!mn of rectangular FG plates

based on HOSNT12 is compared with the SSDT solutions by Shahrjerdi et al.24

Table 5. Nondimensional fundamental natural frequencies ~!mn and ~~!mn of simply supported (diaphragm)

FG plates using HOSNT12.

Material gradient index (k)

Aspect Thickness
k ¼ 0 (Ceramic) k ¼ 1 k ¼ 10 k ¼ 100 (Metal)

ratio ðb=aÞ ratio ða=hÞ ~!mn ~~!mn
~!mn ~~!mn

~!mn ~~!mn
~!mn ~~!mn

b=a ¼ 1 2 1.5185 3.7670 1.3160 3.2650 1.1481 2.8482 1.0990 2.7264

5 0.3421 5.3042 0.2943 4.5621 0.2646 4.1022 0.2485 3.8535

10 0.0932 5.7713 0.0799 4.9573 0.0727 4.5067 0.0678 4.2029

20 0.0239 5.9219 0.0205 5.0780 0.0187 4.6332 0.0174 4.3104

50 0.0038 5.9650 0.0033 5.1138 0.0030 4.6710 0.0028 4.3424

100 0.0010 5.9713 0.0008 5.1190 0.0008 4.6765 0.0007 4.3470

b=a ¼ p
2 2 1.2292 3.0493 1.0638 2.6389 0.9330 2.3144 0.8902 2.2083

5 0.2634 4.0845 0.2264 3.5107 0.2043 3.1668 0.1915 2.9686

10 0.0704 4.3679 0.0604 3.7472 0.0550 3.4106 0.0512 3.1782

20 0.0179 4.4510 0.0154 3.8164 0.0140 3.4832 0.0131 3.2398

50 0.0029 4.4753 0.0025 3.8367 0.0023 3.5046 0.0021 3.2579

100 0.0007 4.4788 0.0006 3.8396 0.0006 3.5077 0.0005 3.2605

Table 6. Natural frequencies of rectangular FG plate (b=a ¼ 2, a=h ¼ 10).

Nondimensional natural frequencies, ~~!mn ¼ ð!mna
2=hÞ ffiffiffiffiffiffiffiffiffiffiffiffi

�c=Ec

p
k ¼ 0 k ¼ 0:5 k ¼ 1 k ¼ 2

m� n Mode SSDT f HOSNT12 SSDT f HOSNT12 SSDT f HOSNT12 SSDT f HOSNT12

1� 1 1 3.6983 3.6911 3.3713 3.3664 3.2225 3.2179 3.1354 3.1291

1� 2 2 5.8498 5.8323 5.3359 5.3238 5.1002 5.0886 4.9594 4.9434
2� 1 3 12.0345 11.965 10.9940 10.946 10.5062 10.461 10.1985 10.137

2� 2 4 14.0144 13.921 12.8103 12.745 12.2421 12.180 11.8784 11.794

2� 3 5 17.2325 17.096 15.7660 15.668 15.0670 14.973 14.6092 14.481

3� 2 6 26.3462 26.051 24.1494 23.941 23.0749 22.876 22.3273 22.059
3� 3 7 29.2257 28.871 26.8100 26.554 25.6184 25.372 24.7781 24.446

fTaken from Shahrjerdi et al.24
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The material properties of FG plates are same as being used by Shahrjerdi et al.,24

and restated as follows:

Metal (Al): Em ¼ 68.9Gpa, � ¼ 0.33, �m ¼ 2 700 kg/m3.

Ceramic (ZrO2): Ec ¼ 211Gpa, � ¼ 0.33, �c ¼ 4 500 kg/m3.

The in°uence of constituents volume fraction on the natural frequencies of

FG plate is studied by varying the value of material gradient index, k. As can be

seen from the presented results, the natural frequencies decrease with increasing

value of material gradient index, k for the same mode. For the same value of k,

natural frequency increases for the higher modes. Actually, this kind of non-

dimensionalization de¯es the physical characteristics of the frequency parameter,

although mathematically it is all right. With the increase of thickness ratio (a=h) of

the plate, the plates become thin, hence becoming more °exible, the fundamental

natural frequency must decrease because of the decreasing sti®ness of plate.

5. Concluding Remarks

In this article, a 2D plate theory for the free vibration analysis of moderately thick

isotropic, orthotropic and FG elastic, rectangular plates is derived using HOSNT12.

Free vibration analysis of plates with simply supported (diaphragm) edge conditions

is carried out. The material properties of FG plates are assumed to vary in the

thickness direction according to power law distribution. The e®ects of the side-

to-thickness ratio, the material gradient index of constituent volume fraction on the

natural frequencies are also discussed. Navier solution technique employing double

Fourier series is used to get the results with desired level of accuracy. The numerical

solutions are compared with the available exact 3D solutions under similar edge

conditions. FG plate is modeled using power law and the obtained numerical sol-

utions have high accuracy compared to the available 3D elasticity solutions. These

high accurate numerical solutions can be used as benchmark to assess any other

analytical/computational model for FG plates. The results show that the natural

frequencies decrease with increasing the material gradient index as well as side-

to-thickness ratios. FOST and HOST have almost the same accuracy for thin FG

plates, but HOSNT12 has improved accuracy for thicker plates, therefore it is better

to use this theory for thick plates. Although the presented formulation for FGM

using HOSNT12 involves large computations compared to FOST and CPT, but the

obtained numerical results are very accurate when compared to the 3D elasticity

solutions. The bene¯t of this approach is that a 2D theory is able to predict solutions

as good as 3D elasticity solutions.

Acknowledgments

The authors would like to thank Dr Xu Sipeng (College of Engineering, Ocean

University of China, Qingdao, China) for his thorough comments involving editorial,

typographical and most importantly technical, which has helped in improving the

quality of the revised manuscript.

D. K. Jha, T. Kant & R. K. Singh

1350004-20

In
t. 

J.
 S

tr
. S

ta
b.

 D
yn

. 2
01

3.
13

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 I
N

D
IA

N
 I

N
ST

IT
U

T
E

 O
F 

T
E

C
H

N
O

L
O

G
Y

 o
n 

08
/1

6/
13

. F
or

 p
er

so
na

l u
se

 o
nl

y.



Appendix A.

Elements of plate rigidity matrices using HOSNT12

½A�11�11 ¼

I11;0 I12;0 I11;2 I12;2 I13;0 3I13;2 I11;1 I12;1 I11;3 I12;3 2I13;1
I12;0 I22;0 I12;2 I22;2 I23;0 3I23;2 I12;1 I22;1 I12;3 I22;3 2I23;1
I11;2 I12;2 I11;4 I12;4 I13;2 3I13;4 I11;3 I12;3 I11;5 I12;5 2I13;3
I12;2 I22;2 I12;4 I22;4 I23;2 3I23;4 I12;3 I22;3 I12;5 I22;5 2I23;3
I13;0 I23;0 I13;2 I23;2 I33;0 3I33;2 I13;1 I23;1 I13;3 I23;3 2I33;1
I13;2 I23;2 I13;4 I23;4 I33;2 3I33;4 I13;3 I23;3 I13;5 I23;5 2I33;3
I11;1 I12;1 I11;3 I12;3 I13;1 3I13;3 I11;2 I12;2 I11;4 I12;4 2I13;2
I12;1 I22;1 I12;3 I22;3 I23;1 3I23;3 I12;2 I22;2 I12;4 I22;4 2I23;2
I11;3 I12;3 I11;5 I12;5 I13;3 3I13;5 I11;4 I12;4 I11;6 I12;6 2I13;4
I12;3 I22;3 I12;5 I22;5 I23;3 3I23;5 I12;4 I22;4 I12;6 I22;6 2I23;4
I13;1 I23;1 I13;3 I23;3 I33;1 3I33;3 I13;2 I23;2 I13;4 I23;4 2I33;2

2
66666666666666666664

3
77777777777777777775

;

ðA:1Þ

½A 0�11�8 ¼

I14;0 I14;0 I14;2 I14;2 I14;1 I14;1 I14;3 I14;3
I24;0 I24;0 I24;2 I24;2 I24;1 I24;1 I24;3 I24;3
I14;2 I14;2 I14;4 I14;4 I14;3 I14;3 I14;5 I14;5
I24;2 I24;2 I24;4 I24;4 I24;3 I24;3 I24;5 I24;5
I34;0 I34;0 I34;2 I34;2 I34;1 I34;1 I34;3 I34;3
I34;2 I34;2 I34;4 I34;4 I34;3 I34;3 I34;5 I34;5
I14;1 I14;1 I14;3 I14;3 I14;2 I14;2 I14;4 I14;4
I24;1 I24;1 I24;3 I24;3 I24;2 I24;2 I24;4 I24;4
I14;3 I14;3 I14;5 I14;5 I14;4 I14;4 I14;6 I14;6
I24;3 I24;3 I24;5 I24;5 I24;4 I24;4 I24;6 I24;6
I34;1 I34;1 I34;3 I34;3 I34;2 I34;2 I34;4 I34;4

2
66666666666666666664

3
77777777777777777775

; ðA:2Þ

½B 0�4�11 ¼
I14;0 I24;0 I14;2 I24;2 I34;0 3I34;2 I14;1 I24;1 I14;3 I24;3 2I34;1
I14;2 I24;2 I14;4 I24;4 I34;2 3I34;4 I14;3 I24;3 I14;5 I24;5 2I34;3
I14;1 I24;1 I14;3 I24;3 I34;1 3I34;3 I14;2 I24;2 I14;4 I24;4 2I34;2
I14;3 I24;3 I14;5 I24;5 I34;3 3I34;5 I14;4 I24;4 I14;6 I24;6 2I34;4

2
6664

3
7775;

ðA:3Þ

½B�4�8 ¼
I44;0 I44;0 I44;2 I44;2 I44;1 I44;1 I44;3 I44;3
I44;2 I44;2 I44;4 I44;4 I44;3 I44;3 I44;5 I44;5
I44;1 I44;1 I44;3 I44;3 I44;2 I44;2 I44;4 I44;4
I44;3 I44;3 I44;5 I44;5 I44;4 I44;4 I44;6 I44;6

2
6664

3
7775; ðA:4Þ

½D�4�7 ¼
I66;0 I66;0 3I66;2 I66;2 2I66;1 I66;1 I66;3
I66;2 I66;2 3I66;4 I66;4 2I66;3 I66;3 I66;5
I66;1 I66;1 3I66;3 I66;3 2I66;2 I66;2 I66;4
I66;3 I66;3 3I66;5 I66;5 2I66;4 I66;4 I66;6

2
6664

3
7775; ðA:5Þ
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½D 0�4�7 ¼
I56;0 I56;0 3I56;2 I56;2 2I56;1 I56;1 I56;3
I56;2 I56;2 3I56;4 I56;4 2I56;3 I56;3 I56;5
I56;1 I56;1 3I56;3 I56;3 2I56;2 I56;2 I56;4
I56;3 I56;3 3I56;5 I56;5 2I56;4 I56;4 I56;6

2
6664

3
7775; ðA:6Þ

½E 0�4�7 ¼
I56;0 I56;0 3I56;2 I56;2 2I56;1 I56;1 I56;3
I56;2 I56;2 3I56;4 I56;4 2I56;3 I56;3 I56;5
I56;1 I56;1 3I56;3 I56;3 2I56;2 I56;2 I56;4
I56;3 I56;3 3I56;5 I56;5 2I56;4 I56;4 I56;6

2
6664

3
7775; ðA:7Þ

½E�4�7 ¼
I55;0 I55;0 3I55;2 I55;2 2I55;1 I55;1 I55;3
I55;2 I55;2 3I55;4 I55;4 2I55;3 I55;3 I55;5
I55;1 I55;1 3I55;3 I55;3 2I55;2 I55;2 I55;4
I55;3 I55;3 3I55;5 I55;5 2I55;4 I55;4 I55;6

2
6664

3
7775; ðA:8Þ

where

Iij;k ¼
Z þh=2

�h=2

Qijz
kdz: ðA:9Þ

As structural reference axes (x; y; z) of the FG plate coincide with the principal

material axes (1, 2, 3) of the FG plate, thus:

Q11 ¼ C11; Q12 ¼ C12; Q13 ¼ C13; Q22 ¼ C22; Q23 ¼ C23; Q33 ¼ C33;

Q44 ¼ C44; Q55 ¼ C55; Q66 ¼ C66; Q14 ¼ Q24 ¼ Q34 ¼ Q56 ¼ 0:

ðA:10Þ

Appendix B.

Elements of coe±cient matrix \X" using HOSNT12

X1;1 ¼ A1;1

2
m þ B1;1�

2
n; X2;2 ¼ A2;2�

2
n þB2;2


2
m;

X1;2 ¼ A1;2
m�n þ B1;2
m�n; X2;3 ¼ 0;

X1;3 ¼ 0; X2;4 ¼ A2;7
m�n þ B1;5
m�n;

X1;4 ¼ A1;7

2
m þ B1;5�

2
n; X2;5 ¼ A2;8�

2
n þB1;6


2
m;

X1;5 ¼ A1;8
m�n þB1;6
m�n; X2;6 ¼ �A2;5�n;

X1;6 ¼ �A1;5
m; X2;7 ¼ A2;3
m�n þ B1;3
m�n;

X1;7 ¼ A1;3

2
m þ B1;3�

2
n; X2;8 ¼ A2;4�

2
n þB1;4


2
m;

X1;8 ¼ A1;4
m�n þ B1;4
m�n; X2;9 ¼ �A2;11�n;

X1;9 ¼ �A1;11
m; X2;10 ¼ A2;9
m�n þ B1;7
m�n;

X1;10 ¼ A1;9

2
m þ B1;7�

2
n; X2;11 ¼ A2;10�

2
n þ B1;8


2
m;

X1;11 ¼ A1;10
m�n þ B1;8
m�n; X2;12 ¼ �A2;6�n;

X1;12 ¼ �A1;6
m;
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X3;3 ¼ D1;2

2
m þ E1;2�

2
n; X4;4 ¼ A7;7


2
m þ B3;5�

2
n þD1;1;

X3;4 ¼ D1;1
m; X4;5 ¼ A7;8
m�n þB3;6
m�n;

X3;5 ¼ E1;1�n; X4;6 ¼ �A7;5
m þD1;6
m;

X3;6 ¼ D1;6

2
m þ E1;6�

2
n; X4;7 ¼ A7;3


2
m þ B3;3�

2
n þD1;5;

X3;7 ¼ D1;5
m; X4;8 ¼ A7;4
m�n þB3;4
m�n;

X3;8 ¼ E1;5�n; X4;9 ¼ �A7;11
m þD1;4
m;

X3;9 ¼ D1;4

2
m þ E1;4�

2
n; X4;10 ¼ A7;9


2
m þ B3;7�

2
n þD1;3;

X3;10 ¼ D1;3
m; X4;11 ¼ A7;10
m�n þ B3;8
m�n;

X3;11 ¼ E1;3�n; X4;12 ¼ �A7;6
m þD1;7
m;

X3;12 ¼ D1;7

2
m þ E1;7�

2
n;

X5;5 ¼ A8;8�
2
n þ B3;6


2
m þ E1;1; X6;6 ¼ D3;6


2
m þ B3;6�

2
n þ A5;5;

X5;6 ¼ �A8;5�n þ E1;6�n; X6;7 ¼ D3;5
m � A5;3
m;

X5;7 ¼ A8;3
m�n þ B3;3
m�n; X6;8 ¼ E3;5�n �A5;4�n;

X5;8 ¼ A8;4�
2
n þ B3;4


2
m þ E1;5; X6;9 ¼ D3;4


2
m þ E3;4�

2
n þ A5;11;

X5;9 ¼ �A8;11
m�n þ E1;4
m�n; X6;10 ¼ D3;3
m � A5;9
m;

X5;10 ¼ A8;9
m�n þ B3;7
m�n; X6;11 ¼ E3;3�n � A5;10�n;

X5;11 ¼ A8;10�
2
n þ B3;8


2
m þ E1;3; X6;12 ¼ D3;7


2
m þ E3;7�

2
n þ A5;6;

X5;12 ¼ �A8;6�n þ E1;7�n;

X7;7 ¼ A3;3

2
m þ B2;3�

2
n þ 2D3;5; X8;8 ¼ A4;4�

2
n þ B2;4


2
m þ 2E3;5;

X7;8 ¼ A3;4
m�n þ B2;4
m�n; X8;9 ¼ �A4;11
m�n þ 2E3;4
m�n;

X7;9 ¼ �A3;11
m þ 2D3;4
m; X8;10 ¼ A4;9
m�n þ B2;7
m�n;

X7;10 ¼ A3;9

2
m þB2;7�

2
n þ 2D3;3; X8;11 ¼ A4;10�

2
n þ B2;8


2
m þ 2E1;3;

X7;11 ¼ A3;10
m�n þ B2;8
m�n; X8;12 ¼ �A4;6�n þ 2E3;7�n;

X7;12 ¼ �A3;6
m þ 2D3;7
m;

X9;9 ¼ D2;4

2
m þ E2;4�

2
n þ 2A11;11; X10;10 ¼ A9;9


2
m þ B4;7�

2
n þ 3D2;3;

X9;10 ¼ D2;3
m � 2A11;9
m; X10;11 ¼ A9;10
m�n þB4;8
m�n;

X9;11 ¼ E2;3�n � 2A11;10�n; X10;12 ¼ �A9;6
m þ 3D2;7
m;

X9;12 ¼ D2;7

2
m þ E2;7�

2
n þ 2A11;6;

X11;11 ¼ A10;10�
2
n þ B4;8


2
m þ 3E2;3; X12;12 ¼ D4;7


2
m þ E4;7�

2
n þ 3A6;6;

X11;12 ¼ �A10;6�n þ 3E2;7�n;

ðB:1Þ

where Xi;j ¼ Xj;i (for all i; j).

Appendix C.

Elements of mass matrix \M" using HOSNT12

M1;1 ¼ �1;M1;4 ¼ �2;M1;7 ¼ �3;M1;10 ¼ �4;

M1;2 ¼ M1;3 ¼ M1;5 ¼ M1;6 ¼ M1;8 ¼ M1;9 ¼ M1;11 ¼ M1;12 ¼ 0;
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M2;2 ¼ �1;M2;5 ¼ �2;M2;8 ¼ �3;M2;11 ¼ �4;

M2;3 ¼ M2;4 ¼ M2;6 ¼ M2;7 ¼ M2;9 ¼ M2;10 ¼ M2;12 ¼ 0;

M3;3 ¼ �1;M3;6 ¼ �2;M3;9 ¼ �3;M3;12 ¼ �4;

M3;4 ¼ M3;5 ¼ M3;7 ¼ M3;8 ¼ M3;10 ¼ M3;11 ¼ 0;

M4;4 ¼ �3;M4;7 ¼ �4;M4;10 ¼ �5;

M4;5 ¼ M4;6 ¼ M4;8 ¼ M4;9 ¼ M4;11 ¼ M4;12 ¼ 0;

M5;5 ¼ �3;M5;8 ¼ �4;M5;11 ¼ �5;M5;6 ¼ M5;7 ¼ M5;9 ¼ M5;10 ¼ M5;12 ¼ 0;

M6;6 ¼ �3;M6;9 ¼ �4;M6;12 ¼ �5;M6;7 ¼ M6;8 ¼ M6;10 ¼ M6;11 ¼ 0;

M7;7 ¼ �5;M7;10 ¼ �6;M7;8 ¼ M7;9 ¼ M7;11 ¼ M7;12 ¼ 0;

M8;8 ¼ �5;M8;11 ¼ �6;M8;9 ¼ M8;10 ¼ M8;12 ¼ 0;

M9;9 ¼ �5;M9;12 ¼ �6;M9;10 ¼ M9;11 ¼ 0;

M10;10 ¼ �7;M10;11 ¼ M10;12 ¼ 0;

M11;11 ¼ �7;M11;12 ¼ 0;

M12;12 ¼ �7;

ðC:1Þ

where, Mi;j ¼ Mj;i (for i; j ¼ 1� 12).
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